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ON ¢-CONVERGENCE BY DE LA VALLEE POUSSIN MEAN
AND MATRIX TRANSFORMATIONS

MOHAMMAD AYMAN MURSALEEN

ABSTRACT. In this paper, we recall the space VU)‘ which is defined by invariant
mean and de la Vallée Poussin mean. This sequence space is a generalization of
the space of almost convergent as well as o-convergent sequences. We charac-
terize the matrix classes (w(p), V3), (boo(p), V'), (£(p), V') and (Mo (p), V);
where for w(p), £oo (p), £(p) and Mo(p) we refer as Maddox sequence spaces.

1. INTRODUCTION AND PRELIMINARIES

We shall write w for the set of all complex sequences x = (x1)72 . Let {o, ¢ and
co denote the sets of bounded, convergent and null sequences respectively; and cs
be the set of all convergent series. We write £, := {z € w: > ro | z) |[P< oo} for
1 <p < oo. By e and e™ (n € N), we denote the sequences such that e, = 1 for
k=0,1,..., and esln) =1 and e,(c") =0(k #n).

Let o be a one-to-one mapping from the set N of natural numbers into itself. A
continuous linear functional ¢ on the space /, is said to be an invariant mean or
a o-mean if and only if (i) ¢(z) > 0if z > 0 (i.e. x > 0 for all k), (ii) ¢(e) =1,
where e = (1,1,1,---), (iii) ¢(z) = @((zow))) for all z € .

Throughout this paper we consider the mapping o which has no finite orbits,
that is, oP(k) # k for all integer £ > 0 and p > 1, where o?(k) denotes the pth
iterate of o at k. Note that, a o-mean extends the limit functional on the space
¢ in the sense that ¢(z) = limx for all x € ¢, (cf [9]). We denote by V, for the
set of bounded sequences all of whose o-means are equal. Consequently, ¢ C V.
We say that a sequence x = (xy) is o-convergent if and only if x € V,. Using
this concept, Schaefer [13] defined and characterized o-conservative, o-regular and
o-coercive matrices. If o is translation then V is reduced to the set f of almost
convergent sequences [4].

Let p = (px) be a sequence of strictly positive numbers with sup,, pr < co. The
following sequence spaces have been introduced and studied by various authors (see
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[
co(p) = A{z: |zl — 0} (1.1)
c(p) = {z:|zr—1P* - 0 for some ! € C} (1.2)
los(p) = {=: St;plxkl”’“ < oo} (1.3)

(p) = |

8

: Z |z |PF < oo} (1.4)
k

Mo(p) = Un>1{z: Z |2 N7HPE < o0} (1.5)
k
and
w(p) ={z: lzkﬂk,”m — 0 for some [ € C} (1.6)
n
k=1

If pr = p Vk, we have co(p) = co, c(p) = ¢, loc(p) = oo, £(p) = {p, Mo(p) = £1 and
w(p) = w,, respectively.

Let A = (\,) be a nondecreasing sequence of positive numbers tending to oo,
such that A\, 41 < A, +1and Ay =1.
Write )

tni(z) = 3 > Thg (1.7)
k€I,

where I, = [n — A\, + 1,n].

A bounded sequence 2 = (x) of complex numbers is said to be almost A—convergent
to a number [ (see [I]) if and only if

uniformly in 4; and write [ = f\ —limx. If \,, = n, almost A—convergence is reduced
to almost convergence.

A sequence x = (xy) of real numbers is said to be (o, A)-convergent to a number
L (see [10]) if and only if = € V}, where

V) ={x €l : lim ty,(xr) = L uniformly in n; L = (o, \)-limz},
m—00

tmn(z) = )\i Z Lgi(n)s
" jelnm
We denote by V. the space of (o, \)-convergent sequences z = (). Note that
¢ C V) Cly. For o(n) =n+1, V) is reduced to the space fy (cf [1]). If A, =n
then V. is reduced to the space V.
In this paper, we characterize the matrices of the classes (w(p), V,\), (s (p), V),
(2(]))7 V(r)\) and (Mo(p), VO'/\)'

2. MAIN RESULTS

For all integers n,m > 1, we write

tmn(Ax) = Z t(n, k,m)z,
k

where t(?’L, k,m) = ﬁ Zjejm Ao (n),k-

First we prove the following result which is a generalization of Theorem 1 of [g].
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Theorem 2.1. Let 0 < p, < 1. Then A € (w(p), V) if and only if
(i) there exists some integer B > 1 such that for every n,
D, = sup,, >0 ymax, (2" B~ YPx|t(n, k,m)| < oo,
(i) am) = (ank)32y € V) for each k;
and
(i) a = (X, ank)py € V3.
In this case the V}-limit of Az is (lima) [u — Y, up] + >, ukazk for z € w(p),
where u =V} —lima and u, = V) —limag, (k=1,2,3,...).

Proof. Let A € (w(p), V). Since e¥, e € w(p), necessity of (ii) and (iii) is obvi-
ous. We know that ), t(n, k, m)z;, converges for each m and = € w(p). Therefore
(t(n, k,m))x, € (w(p))? (B-dual of w(p)) and

Z max (2" B~)YPx|t(n, k,m)| < co
r=0

for each m (see [3]). Further (t,,,(2))m is a sequence of continuous linear function-
als on w(p) such that lim,, oo tmn(Az) exists. Therefore by Banach-Steinhauss
theorem, necessity of (i) follows immediately.

Conversely, suppose that conditions (i), (ii) and (iii) hold and z € w(p). We know
that (t(n,k,m))x and (uy)y are in (w(p))?, whence, the series >, t(n, k, m)z), and
Zk upxE converge for each m. Put

c(n,k,m) =t(n, k,m) — uy
then
Z t(n,k,m)x, = Z ugxy + 1 Z c(n, k,m) + Z c(n, k,m)(xg —1).
k k k k
By (ii) for an integer ko > 0, we have
lim Z c(n,k,m)(z —1) =0,
™ k<ko

uniformly in n, where ! being the limit of x € w(p). Now, since

o0
sup g max(2" B~ 1Yk |¢(n, k,m)| < 2D,,
m ks

r=0

and
lim > | tn,k,m)(z 1) =0,
k>ko
whence
li%nZt(n, E,m)z, = lu+ Z up(zg — 1),
k k
uniformly in n. This completes the proof. O

Theorem 2.2. Let p, > 0 for every k. Then A € ({oo(p), V3') if and only if
(i) sup,, >, |t(n, k,m)| < oo for every i;
(i) aw) € V2 for every k;
(iii) for every integer N > 1, lim,, 00 >y [t(n, k,m) — ug|[ NY/Pe = 0 uniformly
in n.

In this case the V) -limit Az is Y, ugzy for every x € Loo(p).
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Proof. Suppose that A € ({s(p), V') and x € Lo (p). Since e¥ € £ (p), (ii) must
hold. It is easy to see that ({uo(p), V) C (¢, V'), therefore, (i) is satisfied. Now,
suppose that (iii) is not true, then the matrix.

B = (bjr) = (ajNYP*) ¢ (6, V7)),

for an absolute integer N > 1. Therefore, there exists x € £, such that Bx ¢ V}.
Now,
y = (yr) = (NP ay) € Loo(p).
But
Ay = Bx € VM.

This contradicts the fact that A € (oo (p), V). Hence (iii) must hold.
Conversely, suppose that A satisfies the conditions (i), (ii) and (iii). Choose an
integer.

N > max <l,sup |xk|pk> .
k

Then, by virtue of conditions we have
hrgl Z t(n, k}, m)xk = Z Uk T,
k k

uniformly in n. This completes the proof. O
Next two results extend Theorem 3.1 and 3.2 of [7], respectively.

Theorem 2.3. (a). Let 1 < py, < oo, for every k. Then A € (£(p),V}}) if and
only if
(i) there exists an integer B > 1 such that for every 1,

sup Y _ [t(n, k,m)|" B~ < oo, (pj1+q;1=1);
Mok

(i) aw) € V3, for every k.

In this case the V) —lim Ax is Y., ugzy, for every x € £(p).
(b). Let 0 < px < 1 for every k. Then A € (£(p), V) if and only if
(i) sup,, x [t(n, k,m)[P* < oo, for every n,
and
(ii) awy € V;}, for evry k.

Proof. Part (a) Suppose that A € (¢(p),V,'). Necessity of (ii) is obvious, since
ek € £(p). Since fp.n(x) exists for each m,n and z € £(p), therefore (fom, ,(2))m is
a sequence of continuous real functionals on ¢(p) and further on £(p)

SUP | fim,n ()] < 00,
m

for every n.
Now, condition (i) follows by arguing with uniform boundedness principle.
Conversely, suppose that the condition (i) and (ii) are satisfied and = € ¢(p).
Now, we have, for every r > 1,

Z |(n, k,m)|%* B~9%| < supz [t(n, k,m)|% B~%;
k=1 ™ok
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and therefore

> lug® BT = limlim Y |T(n, k,m)|%* B~ %
k " mk:l
< sup»_ [t(n,k,m)|% B~
mok
< o0

Thus the series ), t(n, k,m)x, and ), upzs converge for each m,n and x € £(p).
For a given € > 0 and = € ¢(p), choose kg, such that,

~ 1/H
(Z kal”’“> <e, (2.1)

k=ko+1

where H = suppy. Since (ii) holds, therefore there exists mg such that for every
m > my,

ko
> (tn, kym) —up)| <e.
k=1
By equation it follows that
Z (t(n, k,m) — u)
k=ko+1

is very small. Therefore
lim Z t(n, k,m)xy = Z Uk T,
e k
uniformly in n, and hence the proof is complete.

Part (b) The case 0 < p; < 1 as similar proof as in part (a). Hence theorem
is completely proved. O

Theorem 2.4. A € (My(p), V) if and only if for every N > 1
(i) M, = sup,, ; [t(n,k,m)|N'/Px < oo for every n;
(ii) aw) €V, for every k.
In this case the V) -limit Ax is same as in Theorem 2.3.
Proof. Let A € (My(p), V). Since e®) € My(p), (ii) must hold. On suppose that
(i) does not hold. Then there exists N > 1 such that My = oo. Therefore by
Theorem 2.3, matrix B = (bpx) = (ankN'/P*) ¢ (£1,V)), i.e. there exists x € £
such that Bz ¢ V). Now y = (yx) = (N'/Pra,) € My(p). But Ay = Bx ¢ V),
which contradicts that A € (My(p), V). Hence (i) is true.
Conversely, suppose conditions (i) and (ii) are true and € My(p). Then
Z [t(n, k,m)|z, < Z | 2 | N7YPr|t(n, kym)|NYPr < oo
k k
Now arguing as in Theorem 2.3 we get

hgln Z t(n, k, m)xk = Z URTf--
k k

Hence A € (My(p), V). This completes the proof. O
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