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ON OSTROWSKI TYPE INEQUALITIES FOR GENERALIZED
k-FRACTIONAL INTEGRALS

SHAHID MUBEEN, SANA IQBAL, ZAFAR IQBAL

ABSTRACT. Over the years, the integral inequalities received special atten-
tion from many researchers due to their importance and applications. Con-
sequently, this theory has been extended and generalized in various different
directions by using innovative ideas and techniques. The concept of fractional
calculus plays an important role in many fields of mathematics. Recently, by
applying the fractional integral operators, many researchers have obtained a lot
of fractional integral inequalities. In this paper, we use the left and right-sided
Riemann-Liouville fractional integrals to establish some new integral inequal-
ities of Ostrowski type in terms of a new parameter k > 0. From our results,
the classical Ostrowski inequalities can be deduced as some special cases.

1. INTRODUCTION

Fractional calculus was introduced at the end of the nineteenth century by Li-
ouville and Riemann. This subject has become a rapidly growing area and has
found applications in many fields of sciences and engineering such as biophysics,
quantum mechanics, wave theory, continuum mechanics, Lie theory, spectroscopy
and in group theory. In particular, fractional integrals, fractional derivatives and
inequalities involving these two operators arise in many engineering and scientific
disciplines. Therefore, the researchers have a great interest in this field due to vast
applications of these inequalities.

The classical Ostrowski’s inequality [I] was proved by Ostrowski in 1938. It gives
an upper bound for the approximation of the integral average ﬁ f; f(x)dx by the
value f(z) at point = € [a,b]. It is defined as follows:

Definition 1. Let f : [a,b] — R be continuous on [a, b] and differentiable on (a, b).
Assume that | f/'(z)| < M for all z € (a,b), then

M (b—2)%?+ (v —a)?
— 5 (1.1)

[f (@) =T (f;a,b)| <
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for all z € (a,b), where T(f;a,b) f flz

During past several years, many researchers and mathematicians [2}, [3, 4 [5] [6] [7]
have worked on this inequality and found many generalizations, variants and ex-
tensions of this inequality.

In the years thereafter, numerous generalizations, extensions and variants of
Griiss inequality [8] have appeared in the literature (see [0, [10, 1T} 12} 13]). Tt
states that:

Definition 2. If f, g : [a,b] — R be integrable functions such that ¢ < f(z) < ®
and ¢ < g(x) < ¥ for all z € [a,b], where @, ®,1, ¥ € R. Then

=/ " fa)oe)ds e / ’ Ho)da / " o(2)ds

(© —@)(¥ =), (1.2)

»4>\»—*

where the constant i is sharp.

Now, we recall definitions and preliminary facts of fractional calculus which will
be used in this paper.

Definition 3. Korkine’s identity [I4] states that if f and g be integrable functions
on [a, b], then

T(fg;a,b) — (f,a b)T(g;a,b)

= s | [ 00~ 500 - stopasar (13)

Definition 4. A function f is said to be in L, ,[a,b] if

(/b |f(t)|ptrdt> < 00, 1<p<oo,reR\{-1}.

The Riemann-Liouville fractional integrals play a major role in fractional calcu-
lus. They are defined as follows:

Definition 5. Let f € Li[a,b]. Then left and right sided Riemann-Liouville frac-
tional integral of order o > 0 are defined by

@) = g [ -0 0 ol

and
b
e f(z) = ﬁ/ (t—2)* L f(t)dt, @ € [a,b],

where I' is the Euler gamma function.

Definition 6. Iet f € L; ,[a, b], then the generalized left and right sided Riemann-
Liouville fractional integral of order & > 0 and R\{—1}, introduced by Katugom-
pola [I5], are defined by

e fy = 0

‘ xr-‘rl _ gr+la—1yr T a
e A S L )
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and

1o f(x) = % / " et i, e o)

where I' is the Euler gamma function.

Many researchers [16] [17, [I8] 19} 20} 2], 22 23] paid attention to these integrals
and obtained many genaralizations and inequalities involving Riemann-Liouville
fractional integrals like Griiss, Chebyshev and Hermite-Hadamard type inequalities
for integrable functions as well as for convex functions.

Recently, Diaz and Pariguan [24] have defined the generalization of the classical
gamma and beta functions in terms of a new parameter k£ > 0, called gamma and
beta k-functions respectively.

|- z—1
Pp() = Tim FOR)ET
n—oo (x)n,k

, k>0,2e€C\kZ™,

where
@k =z(@+Ek)(x+2k)---(z+n-1k), n>1,

is called Pochhammer k-symbol. The integral representation of gamma k-function
is

Ty (x) :/ tzflef%dt, Re(x) > 0.
0

In 2010, Krasniqi [25] proved some inequalities and monotonicity for the ratio
of gamma k-function. Later, in 2012, by using the above definitions, Mubeen and
Habibullah [26] have introduced the left sided k-fractional integral of the Riemann
Liouville type as

Definition 7. Let f € Lq[a,b], then

o 1 * a_
sl @) = gy [ =0T 0w e o (14)
where I'y, is the Euler gamma k-function.

In 2013, Kokologiannaki and Krasniqi [27] gave completely monotonicity prop-
erties and inequalities for functions involving the gamma and psi k-functions. They
also introduced the k-analogue of the Riemann Zeta function and obtained some
inequalities relating gamma and zeta k-functions. Romero et al. [28] introduced
a new fractional operator called k-Riemann-Liouville fractional derivative by us-
ing gamma k-function. They also proved some properties of this newly defined
fractional operator and found its relationship with Riemann-Liouville k-fractional
integral.

In 2014, Sarikaya and Karaca [29] gave a generalization of Riemann-Liouville
k-fractional integral with some properties. Also they proved some new integral in-
equalities involving this generalized Riemann-Liouville k-fractional integral.

In 2015, Sarikaya et al. [30] have introduced the left sided (k,r)-fractional inte-
gral of the Reimann type as
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Definition 8. Let f € Ly ;[a,b]

197, 4 (@) = (,jriza) [ e n e @)

where I'y; is the Euler gamma k-function.

In view of the wider applications, integral inequalities have received consider-
able attention. Recently, different versions of such inequalities have been devel-
oped which are useful in the study of different classes of differential and integral
equations. It is well known that Ostrowski type inequalities play a crucial role in
studying the qualitative behavior of differential and difference equations, as well as
many other areas of mathematics.

Motivated by the definitions [7] and [§] we have introduced right sided generalized
Riemann-Liouville k-fractional integral. Due to the wide application of fractional
integrals, some authors extended the theory of fractional integral inequalities in
many directions. The main aim of this work is to develop new integral inequalities
of Ostrowski type involving the left and right sided generalized Riemann-Liouville
fractional integrals in terms of a new parameter £k > 0. From our results, the
classical Ostrowski type inequality can be deduced as some special case and some
further special cases are also discussed.

2. MAIN RESULTS

In this section, we establish some new Ostrowski type inequalities involving
the left and right sided Riemann-Liouville fractional integrals in terms of a new
parameter k > 0, which generalize the inequalities of [31]. First of all, we define
the right sided generalized Riemann-Liouville k-fractional integral.

Definition 9. Let f € L; ,[a, b], then the right sided generalized Riemann-Liouville
k-fractional integral, denoted by I;>",, of order o > 0 and r € R\{—1} is defined
as

r + DI
Ib_’,kf(x) = (rkrk()a)

where I'y; is the Euler gamma k-function.
Now, we prove that the integral defined in is well defined.
Theorem 2.1. For k > 0, let f € Li,[a,b], r € R\{~1} and o > 0, then I,"",
exists for any x € [a, b].
Proof. Let Q := [a,b] X [a,b] and F : Q@ — R is defined by
F(x,t) = (" — 2"t e -1,
It is clear to see that F' = F, + F_, where
(tr+t —grtHE-4r g <z <t<b

b
/ (T — " THE T f(dt, b > (2.1)

Fi(z,t):=
0 a<t<xz<b
and
(xr+1 _ tr+1)%fltr a<x<t<bh
F_(x,t) :=
0 a<t<z<hb.
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Since F' is measurable on 2, then we can write

b b b
/F(x,t)dt:/ F(x,t)dt:/ (¢t — RN dt

k r+1 r+1\ %
a(rJrl)(b TR,

Now, by using repeated integrals, we have

/;(/ab Pt/ >|dt>dx_/f (/F“ )

S I

alr+1

k r+1 7"+1
<2+ |f )ldz

k T r a
=T e ||f<x>HL1[a,b]
< o0.

Therefore, the function G : Q@ — R, G(z,t) := F(x,t) f(z) is integrable over Q by
Tonelli’s theorem. Hence, by Fubini’s theorem f; F(z,t)f(z)dx is an integrable

function on [a,d], as a function of ¢ € [a,b]. That is, I,"", f(z) exists. O
Theorem 2.2. For k>0, if f,g € L1 ;[a,b], r € R\{—1}, then
k 1
fsfk[ﬂb)g(b)] - fﬁf )flffl); 17 F O (D)
B a(r+1)2 B
22T, () (br+1 — ar+1 3 / / Ng(t) —g(s))
x (b — g Rt gt R L s dsdt (2.2)
Proof. For (f(t) — f(s))(g(t) — g(s)), we have
b b
[ G0 = F)a(t) — gl = 7@ - e s
b b
— 9 [ / (B — ) L / (B — gyt f(t)g(t)trdt]
b b
2| [t s g(e)sds [t -y f(t)ﬂdt]
_ 2k2(br+l T+1)%F/€( ) T 2k2rk( ) 7T a,r
= alr + )2 % a+7kf(b)9(b) - W a+ wf (B) a+7k9(b)7
(]

which gives the required equality.
Remark. If we use a =k in we obtain the following identity
(fg,a b) — f,ab r(g;a,b)

(r+1)° / / N(g(t) — g(s))t"s"dsdt, (2.3)

(br—i—l _ ar+1
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where T,.(f;a,b) = brff_larﬂ)f ferde.

Theorem 2.3. Let f be differentiable function on [a,b] and |f'(x)] < M for any
x € [a,b]. Then the following generalized fractional inequality holds for a > 0 and
r € R\{-1}

(7’ -+ 1)(1:) [(:Cr+1 _ ar+1)% + (errl o errl)%} l‘rf(l‘)

KTy (o + k)
! b
3 [ @) o) - [I;“*,’Z“ @) _ poyr )
< m [(ggTJrl _ aﬂ“Jrl)%Jrl + (bT+1 _ xT+1)%+1] ] (24)

- Fk(a + 2](5)
Proof. Since
+1)"% [T a
Iajk,r / _ (7“ / tr+1 o r+1 ktr / t dt
xz—k (a) k’Fk(O&—‘rk‘) a( a ) f()
Integration by parts gives us
(r+1)"%a" (2"t — ot %

1 ) = ) )
kfi” (a"f(a)) —rI220" <fia)> (2.5)
Similarly
ey = SO S
+]1€ O F () = eI (@) (2.6)
Now as

107 1) = IR )

(r+1)"% /ff 41 rINE g /” )
= T — @Y R () dt— [ (07— TR ()t
s | e = Ee - [ VEE ()
(r+1)" % 'M +1 +1y241 1 2
<M 77 r+1 _ 7 3 prtl _ prtlye+1] 2.7
o2k (@ =) LA 27)

The inequality (2.7) together with relations (2.5) and (2.6) yields the required
inequality. (]

Remark. If we use r = 0 in inequality , we get
z—a)k +(b—x)* o o
@+ 0D pa) 13 (@) — 12 1S 0)

Ir(a+k)
Mk ((z — a)#+1 + (b — 2) )
- k(o +2k) ’
Remark. Toke a =k =1 in (@, we get

) -0 < o Lo oo

—a 2 ’
which is Ostrowski’s inequality.
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Theorem 2.4. Let f : [a,b] = R be differentiable function and f' € Lo [a,b]. If
1! is bounded on [a,b] with m < f'(x) < M, then the following inequality

r —%—i—l mr-i—l _ CLT+1 %—1 x

1
’ﬁ {fﬁ’fk(arf(a) +rkIothr (f(a) > }

a
(T+1)_?+1(b7+1 7+1 -1 k /b , -
+ t)t"dt
) toavi ) f(@)

1 b
br?rgr = 7‘)+1 { z+ k( (b) o kl;lrir (fé)>}
< (e — Y E T (% a,2) — T2(f50,m) )2
_’_nk(br—&-l —{ET-H)% {T /Q.x b) T2 f z, b }%

< (M —m) {( Tl g1y f ; b+t — r+1)‘;] (29)
holds, where
(r+1)"% k k2
M= T (@) \/2a+k T (at k)
Proof. From relations and (2.6| ., we have
rk<a§?mff1)_zar+l> / =t = R R gy

_% {Ij{k(arf(a)) +rkI0 (%‘”) } . (2.10)

and

(r+1)-% b (r 4+ 1)~ FH1gr(pr+l — grt1)E-1
T (a) (b1 — gr+1) / (" — YR () dt = T(a)
o {Isfk(brf(b)) e (f(bb)) } @.11)

Adding

r —%tl ) T ‘ . b ,
_W{($7+1 7+1)7_1/ tTf/(t)dt—(b7+1 7+1)7—1/ tTf/(t)dt}
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on both sides after adding (2.10) and (2.11)), we get

1 —%+1 o k T
%(IT“ —arthET! {xrf(fv) Sl k/a £ f'(t)dt

g { a7 f(@) + RIS (f())

a
r41)"%+!
LG En

|
}
Iy (a) (bmxm)(’:l{ )+ — btrf/(t)dt}
|

a+k

g sy ez (1)
- rk(a()r(;izzjam) /j(”“ TR () dt
—W(er m+1)_1/j P (bt
_Fk(of;(;“jzﬁ;ﬂ) /:(bm — Rt dt

+W<br“ —arthE / rpma. (212

Now using Korkine’s identity for the generalized Riemann-Liouville k-fractional
integral on the right hand side of (2.12)), we get

P —%+1 o T
(—;iza)(zr+l 7a'r+1)z*1 {(Erf(:ﬂ) N aik/a trf/(t)dt}

o ) e (K
(r+1)"%*! k

+1 F1ye—1 b ,
+W(b —x" )k {x fz) + a—i—k/w tf (t)dt}
e e s - ezt (42)

b
F+2
= 2Fk((3(—;r1+1 —y / / tr+1 r+1)% _ (Sr+1 _ ar+1)%} (f’(t) . f/(s))trsrdsdt
)R+ o o
+2Fk((r)(—zi&-l — xr+1 / / bT+1 r-‘rl)z _ (br-i-l _ tT-H)?} (f/(t) _ f/(S))tTSTdSO(IQ,li%)

Using the Cauchy-Schwarz inequality on the double integrals in we get

/a: /x [(tr-‘rl _ ar-‘rl)% _ (Sr-‘rl _ ar+1)%] (f/(t) _ f/(8))tr/2tr/2sr/28T/2d8dt
x ( / [ww-reresaa)’ . e
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However
/ / tr+1 r+1)% o (Sr+1 . ar+1)%]2trsrd$dt
r+1 _ r+1)2242 1 k
_ 2k(x a™t )% B (2.15)
(r+1)2 2a0+k  (a+k)?
and

/ / (8))%t"s"dsdt

2(1‘7"—&-1 7~+1 2

(r+1)2
So by m-m, we have the following inequality
)~ R+2
(’l"+ k / / tr+1 r+1)% _ (8r+1 _ar+1)%] (f’(t) —f/(S))trsrdet

Tk (a)(amtl — qrtl)2

N|=

< (@™ —a" ) B [T(f%a,2) = T (f50,2)] 7 (2.17)

Similarly

T a+2 a a
2Fk(( ){Zikl )2 / / (7 =™ — (07T =TT R](f(t) — f'(s))t"s"dsdt

< (0 = B [T (% a,0) - T2 b)) (2.18)

By using ([2.13)), (2.17)) and (2.18]), we obtain first inequality of To prove second
inequality, use the condition m < f’(z) < M on [a,b]. Then by Griss inequality,
we have

T(f% a,) ~ T2(f'0,2) < 3 (M —m) (219)

and
T (f?52,b) — T?(f';2,0) < i(M—m). (2.20)
O

Remark. Lettingr =0 in , we obtain
af(z)+kf(a a_ a o,
M( —a)*® 1_ Ix—,kf(a)

(a+k)T(a) ¢ r—a
af@)+kf®) ey o
ot e OO T g s 0)
k2 1 a 2. _ o 1
\/2a+k @i T O T e =T 50 2)}

k2 1 “ 2 B - 1
+\/2a+k (a + k)2 T (e )(b_@k{T(f?,M T(f';2,b)}

k2 1 (x—a)% +(b—2)%
<\/2a+k ( . (M —m). (2.21)

a+ k)2 Tg(a)
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Corollary 2.5. Under the assumptions of theorem [2.4 with o = k, then inequality

(@) becomes

b xr
2 fle) + % {/ f@)edt - / fl(t)trdt}
_%,im {ff’r,k(a’"f (a) + rkIZ?", (f (“)> }

+1 r . - f b
e {Iﬁx,kw FO) - kI (E)))}

1 1

< - =
T 4V3r+1
1 1 ) 1
a1 M e ) - M(S b))

($r+1 — G/T+1) {Mr<f127 a,w) - MTQ(fI’a’x)}%

< 1 1
T 4/3r+1
Remark. User =0 in , we get

(0"t — @™ (M —m). (2.22)

T b
2f(r)+ LW L@ 1 /f(t)dtf% F(6)dt

2 T —a

Remark. Put x = ‘%rb mn , we have

b
|f(a—2’_b)+f(b)l_f(a) 7bia/ f(t)dt

1
< 87§(b—a)(M—m). (2.24)
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