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MIXED NORM HARDY TYPE INEQUALITIES FOR
NON-DECREASING FUNCTIONS

SANTOSH KUMARI

ABSTRACT. We obtain necessary and sufficient conditions for the bounded-
ness of the two-dimensional adjoint Hardy operator in mixed norm weighted
Lebesgue spaces of functions of two variables in terms of two one dimensional
adjoint Hardy operator in corresponding weighted Lebesgue spaces of functions
of one variable for non-decreasing functions.

1. INTRODUCTION

By a weight function, we shall mean a function which is measurable, positive,
integrable and finite a.e. on (0,00). For weights w;, wy, v; and vy, consider
the two-dimensional mixed norm inequality

L
a1

Je ( | e y>w2<y>dy> % e

<c /Omm(x) (/wam(x,y)vz(y)dy)ﬁdx g (1.1)

and the following two one dimensional inequalities:

([ o) <c([“pomme)® oz

(/OOO (Hih)* (y)wz(y)dy) g <C (/OOO hP2 (y)vg(y)dy> g , (1.3)

and

where
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is the one dimensional adjoint Hardy operator and

(H3 f)(w,y) = / h / (s, t)dtds

is the two dimensional adjoint Hardy operator. The aim of this paper is to find
necessary as well as sufficient conditions for the inequality (1.1) to hold for non-
negative functions f which is non-decreasing in each variable. In fact, the condi-
tions are obtained in terms of the inequalities (1.2) and (1.3).

Such inequalities were first considered by Appell and Kufner [I] and afterwards
in [2], their result was improved. Recently, in [5], the inequality (1.1) was studied
in which the function f was non-increasing in each variable. In order to deal with
non-increasing functions, in [5], level functions were used which were introduced
by Halperin in [3](see also [6]). In the present paper, we shall be dealing with
non-decreasing functions for which we make use of complementary level functions
[].

Let 0<a<b<oo. Let f>0 bea measurable function and w be a weight
function, both defined on (a,b). Denote, for («,5) C (a,b)

B 8 N
CHE) :=/ fe)dt,  w(e, B) :=/ w(t)dt, R(a,fB):= iia’g))

We say that the interval (a, 8) is a complementary level interval of f with respect
to the weight w if

R(z,8) < R(a, B)

for every z € (a, ). The complementary level interval («, 3) is said to be a max-
imal complementary level interval if it is not contained in a larger complementary
level interval. By C := C(a,b, f,w) and Cjp; := Cp(a,b, f,w), we shall denote
the class of all complementary level intervals and maximal complementary level
intervals, respectively. We have the following results:

Lemma A. [4] The family Cy; is either empty or it is a denumerable system of
non-overlapping intervals.

In view of the above lemma, if Cj; # @) , then it can be expressed as
Cy ={I, = (ap,by);n=1,2,3,...} with I, =0 for n# m. Denote

I = UIn7 CM#@,
o, Cn = 0.

We define the complementary level function f¢ of a measurable function f >0
with respect to a weight w as follows:

Clp) = R(an,bp)w(z), =€ I,,
@) {f(a:), x € (a,b) \ 1.

Lemma B. [4] Let 0 < a <b< oo and w be a weight function on (a,b) . Suppose

that f:w(x)dx < 0o. Then for each measurable function f > 0, there exists a
non-negative function F such that

G) [P f@)dt < [P F(t)dt for € (a,b),

(ii) 58 is non-decreasing on (a,b),
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(i) [ (F(m))pw(m)dx <[’ (M)pw(az)daf for p>1.

a \w(x) a \w(x)

Remark 1.1. It was proved in [4] that the complementary level function f¢ cor-
responding to the given f is a good choice for F' in Lemma B.

2. MAIN RESULTS
We prove the following:

Theorem 2.1. A necessary condition of the two-dimensional inequality

1

( [ wto ( | e <x,y>w2<y>dy) g dx> 5
<c ( / " (@) ( / e (%y)vz(y)dy) " dx> ; (2.1)

for all non-negative measurable functions f, non-decreasing in each variable, de-
fined on (0,00) x (0,00) is the validity of both of the one-dimensional inequalities

(/OOO (Hig)" (fff)wl(w)dx> " <G (/Ooo g (x)vl(x)dx> g (2.2)

and

(/OOO (H{h)* (y)wz(y)dy> . <Cy (/OOO hP? (y)vg(y)dy> g (2.3)

for all non-negative non-decreasing measurable functions g and h defined on
(0,00) .

Proof. If (2.1) holds for all non-negative measurable functions f on (0,00) X
(0,00) that are non-decreasing in each variable, it holds in particular, for f(s,t) =
g(s)h(t), where g and h are non-negative non-decreasing functions on (0, 00).
Then (2.1) becomes

(o omtos) i ([~ e weatian) ’

<o [ r@uwn) 8 ([ 1 weatay) " e

We argue as in [2] and [5]. Corresponding to the weight ws, we can choose
Aw, > 0 and a bounded set F,, C (0,00) of positive measure with inf F,,, > 0
such that wy(z) > Ay, for all z € F,, . Thus, we have

/ wQ(J?)d.Z‘ > / /\w2d$ = /\w2|Fw2| > 0.
F F,

wy wo
This gives that xr,, € L%, and waz wa(z)dx > 0.

Similarly, for the weight vg, let A,, > 0 and F,, C (0,00) with inf F,, >0,
be a bounded set of positive measure such that vy(z) > A,, for all z € F,, . This
will imply that xr,, € LP? and fFuz va(x)dx > 0. Clearly, 0 < infF,, < oo
and 0 < infF,, < co. Let my = inf (Fy, UF,,). Then 0 < m; < oo. Let
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h = ho = X(m,00) - Then hg is non-decreasing on (0,00) and (2.4) holds for
h = hg . We have

0</F vz(y)dyé/oo h? (y)va (y)dy

vo my
— [ W@y

0
< / va(y)dy < oo.

0

The above inequalities show that hg is such that

0< /000 hb? (y)v2(y)dy < oo. (2.5)

Similarly for g = go, we can prove that

0< /000 gi (x)vy (z)dx < oc. (2.6)

/000 wi () (/:O go(t)dt> ! dz >0 (2.7)
/OOO wa(y) (/yoo ho(t)dt> - dy > 0. (2.8)

Now, (2.5) and (2.6) give that the RHS of (2.4) is non-zero finite. Moreover,
(2.7) and (2.8) suggest that LHS of (2.4) is non-zero. Consequently, both the
terms on the LHS of (2.4) are finite as well. Dividing both sides of (2.4) by

1
(J5~ v2(y)h? (y)dy) "2 , we find that (2.2) holds. Similarly, we can prove that
(2.3) holds. O

Also, it is noted that

and

The next theorem gives the sufficient condition for the inequality (2.1) to hold:

Theorem 2.2. Let 1 < p;, < o0, 0 < ¢ < o0, ¢ #1 (i =1,2) and let
w1y, We, V1, V2 are weight functions on (0,00) such that v1 and vy are decreasing.
Assume, in addition, that either p1 < ps < q1 or p1 < g2 < q1. Then a sufficient
condition for the validity of the two-dimensional inequality (2.1) for non-negative
functions f is the validity of both one-dimensional inequalities (2.2) and (2.3) for
non-negative non-decreasing functions g and h .

Proof. Assume first that p; < ps < ¢;. Let f be a non-negative measurable
function on (0,00) x (0,00) . For a fixed z, define the function h, as

ha(t) = /oo F(s,1)ds.

Consider w(y) = [v2(y)] =5 . Let h¢ be the complementary level function of h,
w.r.t. the weight function w. Since vy is decreasing, the weight w is increasing
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and thus in view of Remark 1.1 and Lemma B (ii), hS is increasing. Consequently,
by using Lemma B (i), (2.3) and Lemma B (iii), we obtain

([ ([ )" ) < ([ (0] )’
<o [“rimis)”
(25 o)
e ([ (i) “’(”)dyf
([T <>dy)”12 (2.9)

for every z € (0,00), where Co > 0 is independent of h, . Since

s = [ / " (s, tydeds = / [ Hstydse = / ()t

we have using (2.9) that

¥

N

1

1= ( e ( [ wato) () <x,y>dy) g dx> 5
e ( e ( I v2<y>h22<y>dy) " dx) "

Note that the condition p; < ps < ¢; implies that ;—; > 1. Therefore applying
Minkowski’s integral inequality to the last integral, we get

1<, (/Oo ([T w@nEonree >dx)ﬁdy)p12
_ o (/Ooovg(y) (/Ooowl(x) (/f f(s,y)ds)m dx)ﬁdy)plz.

Now, for a fixed ¥, define the function h, as
hy(s) = f(s,y).

Consider w'(z) = [v1(x)] =5 . Let hg, be the complementary level function of h,
w.r.t. the weight function w’. Since v; is decreasing, the weight w’ is increasing
and thus in view of Remark 1.1 and Lemma B (i), hj, is increasing. Consequently,
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by using Lemma B (i), (2.2) and Lemma B (iii), we obtain

(e I )
([ o ([ 5conae) " ac) "

IN

1
(hy)P ( 1(x)dx> "

Raya—
o[ () )
<a(f (i <f:> ;) i)
-ai(

1

/0 e )dm) "
e ( /0 i, y)vl(x)d:zc> ")

for every y € (0,00) . Therefore, by using (2.10) , we get

1

1< ( [t ([ wwm wai) dy)
0 0

B\ A

o0 o0 p1 T r2
yexer ( / ( / v (y)r (2) /7 <x,y>dx) dy) .

0 0

Again, the condition p; < ps < ¢; implies that g—f > 1 and applying Minkowski’s
integral inequality to the last integral yields

]

1

1<00 ( / h ( / oo @) <x,y>dy) . dx> "
yexer ( / T @) ( / oy (x,y>dy) " dw> .

and the inequality (2.1) is obtained with C'= C1Cy. The case p; < g2 < g1 can
be disposed of similarly.

For the case p1 < ¢2 < q1 , we proceed similarly using the Minkowskii’s inequality
at the beginning and applying the one dimensional Hardy inequality to the function
9s(y) = fuoo f(s,t)dt rather than h,(t). O

el

Remark 2.3. By Theorem 2.2, if (2.2) and (2.3) hold for non-negative non-
decreasing functions g and h then (2.1) holds for all non-negative functions. In
particular, it holds for all non-negative functions those are non-decreasing in each
variables. This fact combined with Theorem 2.1 immediately yields the following:
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Theorem 2.4. Let 1 < p; < o0, 0 < ¢ < o0, ¢ #1 (i =1,2) and let
wy, Wa, V1,V be weight functions on (0,00) such that vy and vy are decreasing.
Assume, in addition, that either p1 < pa < q1 or p1 < q2 < q1 . Then the inequality
(2.1) holds for all non-negative functions f non-decreasing in each variable if and
only if (2.2) and (2.3) hold for all non-negative non-decreasing functions g and
h.

Theorem 2.5. Let 1 < p;, < o0, 0 < g < o0, ¢ #1 (i = 1,2) and let
wy, we, V1,V be weight functions on (0,00). Assume, in addition, that either
p1<ps<q or p1 <qo <qi. Then the inequality

a1

/000 (@) (/OOO(H2f)q2 (%y)w2(y)dy> " da

<o () ( /Omfp2<x7y>v2<y>dy)§;dx .

holds for all non-negative measurable function f , non-decreasing in each variable,
defined on (0,00) x (0,00) if and only if the inequalities

(/OOO (Hig)" (z)wl(x)dx> i <0 (/OOO gP (SC)Ul(I)dx>

(/OOO (Hih)® (y)wz(y)dy> - <0y (/OOO hP2 (y)vg(y)dy> ”

for all non-negative non-decreasing measurable functions g and h defined on
(0,00) .
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