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EXTENSIONS OF JENSEN’S DISCRETE INEQUALITY WITH
ORDERED VARIABLES TO HALF AND PARTIALLY CONVEX
FUNCTIONS

VASILE CIRTOAJE

ABSTRACT. We extend Jensen’s weighted discrete inequality with ordered vari-
ables to half and partially convex functions. Several applications are given to
show the effectiveness of the proposed extensions.

1. INTRODUCTION

Let x = {x1,22,...,2,} be a sequence of real numbers belonging to a given
real interval I, and let p = {p1,p2,...,pn} be a sequence of given positive weights
satisfying p1 +p2 + -+ p, = 1. If f is a convex function on I, then

sz )= f (Z pm)

is Jensen’s weighted discrete inequality [6, 8]. For py = ps = -+ = p, = 1/n, we
get Jensen’s non-weighted discrete inequality

zn:f(xz >nf< sz>.

i=1
For any interior point s of I, let us denote
Iss = {uju € I,u > s}, I<; = {uu e I,u < s}

We say that f is right convex on I if there exists an interior point s of I such that
f is convex on I>,. Similarly, f is left convex on I if there exists an interior point
s of I such that f is convex on I<,. In addition, f is half convex on I if there exists
an interior point s of I such that f is convex on either I or I<,.

In [2], we proved Right Half Convex Function Theorem for Ordered Variables
(RHCF-OV Theorem) and Left Half Convex Function Theorem for Ordered Vari-
ables (LHCF-OV Theorem).
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RHCF-OV Theorem. Let f be a real function defined on an interval I and convex
on Is,, where s € int(I). The inequality

n

holds for all x1,x2,...,x, € 1 such that 1 + 2 + -+ - + x,, = ns and
11 <xy <o < Ty <o, me{1,2,...,n—1},
if and only if
f@)+(n—=m)f(y) = (1+n—m)f(s)
for all x,y € 1 satisfying

r<s<y, z+m-m)y=(1+n—m)s.

LHCF-OV Theorem. Let f be a real function defined on an interval I and convex
on I<,, where s € int(I). The inequality

F@1) + f(z2) + -+ flan) > nf <x1+x2+...+xn>

n
holds for all x1,x2,...,x, € 1 such that 1 + x5+ --- 4+ x, = ns and
T1 > Ty > > Ty > S, me{l,2,...,n—1},
if and only if
f@)+m-—m)f(y) = 1+n-m)f(s)
for all x,y € 1 satisfying
x>s>y, z+(n—m)y=(1+n—m)s.

Setting m = 1 in RHCF-OV Theorem and LHCF-OV Theorem leads to RHCF-
Theorem and LHCF-Theorem, respectively [I].

RHCF-Theorem. Let f be a real function defined on an interval I and convex on
I>s, where s € int(I). The inequality

n

Flan) 4 flaa) +ooo flan) 2 nf
holds for all x1,x2,...,x, € 1 such that 1 + T2 + - - - + x, = ns if and only if
f(@)+(n—=1)f(y) = nf(s)

x1+x2+~-~+xn>

for all x,y € 1 satisfying

r<s<y, x4+ (n-1)y=ns.

LHCF-Theorem. Let f be a real function defined on an interval I and convex on
I<s, where s € int(I). The inequality

Flan) 4 flan) 4ot S 2
holds for all x1,x2,...,x, € 1 such that 1 + x5 + - - - + x, = ns if and only if

f@)+(n=1)f(y) = nf(s)

1+ T4+ Ty
n
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for all x,y €1 satisfying
x>s>y, x+(n-—1)y=ns.

Some characteristic properties of half convex functions were presented in [10].
In [3] and [4], we presented Right Partially Convex Function Theorem (RPCF-
Theorem) and Left Partially Convex Function Theorem (LPCF-Theorem).

RPCF-Theorem. Let f be a real function defined on an interval I and convex
on [s, so], where s,s9 € int(I), s < so. In addition, f is decreasing on I<,, and
f(u) > f(so) for u € Iss,. The inequality

f(x1)+f(x2)+...+f(xn)>nf<x1+x2+...+mn>

n
holds for all x1,x2,...,x, € 1 satisfying 1 + x2 + - - - + x, = ns if and only if
f@)+(n=1)f(y) = nf(s)

for all z,y €T such that x < s <y and x + (n — 1)y = ns.

LPCF-Theorem. Let f be a real function defined on an interval I and convex
on [so, s], where sg,s € int(l), so < s. In addition, f is increasing on I>,, and
f(u) > f(so) for u € I<ys,. The inequality

f(x1)+f(x2)+"'+f($n)>nf<x1+x2—;"'+xn>

holds for all x1,x2,...,2, € 1 satisfying 1 + x2 + - - - + x, = ns if and only if
f@)+ (n=1)f(y) = nf(s)

for all x,y € T such that x > s >y and x + (n — 1)y = ns.

Other new extensions and features of Jensen’s inequality are presented and anal-
ysed in [Bl [, [, [IT].

In this paper, we present four extensions of Jensen’s weighted discrete inequality
with order variables to right half convex functions, left half convex functions, right
partially convex functions and left partially convex functions.

2. HALF CONVEXITY

We extend Jensen’s weighted discrete inequality to right and left half convex
functions with ordered variables establishing Weighted Right Half Convex Function
Theorem for Ordered Variables (WRHCF-OV Theorem) and Weighted Left Half
Convex Function Theorem for Ordered Variables (WLHCF-OV Theorem).
WRHCF-OV Theorem. Let p1,ps,...,p, be positive real numbers such that

p1tpet+-+pn=1,

and let f be a real function defined on an interval I and convex on I, where
s € int(l). The inequality

pirf(z1) +paf(xe) + -+ pnflan) > f(pro1 + p2xe + - + PuZy)
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holds for all x1,x2,...,x, € 1 such that p1x1 + poxo + -+ + ppx, = s and
21 <29 < - <y, T <s, me{l,2,....,n—1},
if and only if
f@)+kfly) = (1 +k)f(s)
for all x,y €1 satisfying

x<s<y, z+ky=(1+k)s,

where
_ Pmt1+Pmi2t - H P

D1

k

Replacing f(u) by f(—u), s by —s, © by —z, y by —y, and each z; by —z;
fori = 1,2,--- ,n, from WRHCF-OV Theorem we get the weighted left convex
function theorem with ordered variables (WLHCF-OV Theorem).

WLHCF-OV Theorem. Let p1,ps,...,p, be positive real numbers such that
prt+pet-+pn =1,

and let f be a real function defined on an interval I and convex on l<s, where
s € int(l). The the inequality

prf(x1) +paf(xa) + -+ puf(xn) > f(P121 + D22 + - + Ppy)
holds for all x1,x2,...,x, € 1 such that p1x1 + poxo + -+ + ppr, = s and
lexQZ"’an; $m257 me{]-??a"'an*l}a

if and only if
f@)+kfly) = A+ Ek)f(s)
for all x,y € 1 satisfying

r>s>y, x+ky=(1+k)s,

where
k= Pm+1 +Pm42+ -+ Dn
p1
For the most commonly used case
1
P1r=p2=""=DPn=—,
n

WRHCF-OV Theorem and WLHCF-OV Theorem yield RHCF-OV Theorem and
LHCF-OV Theorem, respectively. Also, for m = 1, WRHCF-OV Theorem and
WLHCF-OV Theorem turn into WRHCF-Theorem and WLHCF-Theorem, respec-
tively.

WRHCF-Theorem. Let py,ps,...,pn be positive real numbers such that

prtp2t-+pa=1,

and let f be a real function defined on an interval I and convex on I, where
s € int(I). The inequality

prf(z1) +paf(xe) + -+ pnflan) > f(pro1 + p2xe + - + Puy)
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holds for all x1,x2,...,x, € 1 such that
P1T1 + Ppaxo+ -+ PuXn =S

and
x1 = min{x1, 9, ..., Tn},

if and only if
puf(@)+ (1 =p1)f(y) = f(s)
for all x,y € 1 satisfying

r<s<y, piz+(l-p)y=s.

WLHCF-Theorem. Let pi,ps,...,pn be positive real numbers such that
prtp2t-+pa=1,

and let f be a real function defined on an interval I and convex on I<s, where
s € int(I). The inequality

pif(z1) +paf(x2) + -+ puf(xn) > f(Pr21 + p2x2 + -+ + Pon)

holds for all x1,x2,...,x, € 1 such that

P1T1 +p2Xa + -+ Ppy = S
and

1 = max{x1,T2,...,Tn},

if and only if

pif(x) + (1 =p1)f(y) = f(s)
for all x,y €1 satisfying

r>s>y, piz+(l-py=s.
Remark 2.1. WRHCF-OV Theorem is also valid in the case where f is defined on

I\ {uo}, where ug is an interior point of I (ug < s for WRHCF-OV Theorem, and
ug > s for WLHCF-OV Theorem).

Remark 2.2. The inequalities in WRHCF-OV Theorem and WLHCF-OV Theorem
become equalities for

T1=Tg=--+ =0Ty =S.
In addition, if there exist x,y € I such that
r+ky=(1+k)s, [fl@)+kfy)=0+k)[f(s), =7y,
then the equality holds also for
T1=T, Xo=- =Ty =25, Tmil=- =2y =71.
Notice that these equality conditions are equivalent to
x+ky=(14+k)s, h(z,y)=0
(x <y for WRHCF-OV Theorem, and z > y for WLHCF-OV Theorem).
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Remark 2.3. In many applications, it is useful to replace the hypothesis
f@) +kf(y) = (L+ k) [f(s)
in WRPCF-OV Theorem and WLPCF-OV Theorem by the equivalent condition
h(z,y) >0 forall z,yel, v+ ky=(14+k)s,

where
R (oL ) P (D0}
T —y u—s
This equivalence follows from the identity
k
F@)+kfy) = A+ k) f(s) = (@ = y)*h(z,y).

Example 2.1. If p1,po, p3, psa are positive real numbers such that

P1+ D2 > pa,
and a,b, c,d are real numbers such that
2p1 + 2p2 + p4
pr+p2—ps’
pi(a—1)+p2(b—1) +ps(c—1) +ps(d—1) =0,

a>b>1>c>d>—

then
pi(a® = 1)+ pa(b® — 1) + pa(c® = 1) + pa(d® — 1) > 0,

with equality fora =b=c=d =1, and also for
_p D + p2 + 2py
pL+p2—ps’

_ 2p1 + 2pa + g

c=1 d= .
D1+ P2 —Pa

)

To prove the desired inequality, we write it as

pif(a) +p2f(b) + psf(c) +paf(d) = (p1+p2 + ps + pa) f(s),
where s = 1 and
flw)y=v* uwel=R.
Since f is convex on I>s = [1,00), we apply WRHCF-OV Theorem for n = 4 and
m = 2. Thus, we need to show that f(x) + kf(y) > (1 +k)f(1) for all z,y € I
which satisfy  + ky = 1 + k, where
= D1 + D2
yz

Having in view Remark it suffices to show that h(z,y) > 0 for all z,y € I such
that

r+ky=1+k,
where
Moy~ S = 0) ) = f(s),
T—y uU—s
We have
gu) =u? +u+1
and

(p1 4+ p2 — pa)x + 2p1 + 2p2 + pa S

hz,y)=x+y+1= > 0.
(@9) Y p1+ P2
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3. ProorF oF WRHCF-OV THEOREM
Necessity. For
r1 =, T2 = " =Tm = S, Tm41 =" =ITn =Y,
the inequality
prf(x1) + paf(ze) + -+ puf(n) > f(s)
becomes
f@) +kf(y) = A +k)f(s);
therefore, the necessity is obvious.
Sufficiency. Since x1 < x9 < -+ <z, < 8, there exists an integer
je{mm+1,...,n—1}
such that
21 < Sy <s<wjp < S xy
From j > m, it follows that

Dj+1 +Pjy2+ -+ DPn
P
Since f is convex on I, we apply Jensen’s inequality to get
pivif (@) +pjraf(xipe) + -+ paf(xn) = (Pjy1 +pjra + -+ p0) f(2),
where

k>

o, = Pit1%ir1 T Dj4oZito T ¥ Pnln
Pj+1tPj+2+ -+ Pn
Therefore, to prove the desired inequality
p1f(x1) +paf(x2) + - +puf(2n) > f(5),

it suffices to show that

, =zel

Zpif(l“i) + (Pj+1 +Pj2 -+ 00)f(2) > f(5). (3.1)

Let 21, 22,...,2; be defined by
r1+kz=(1+k)s, za+kzn=>0+k)s, ..., z;+kz=(1+Ek)s.
We will show that

2> >m > >z >, (3.2)
which involves z1, 22, ..., 2; € I. Indeed, we have
Zj— 8= % >0,
21222 2 %
and
z 2 z1,
because

kpizi = (p1 + kp1)s — prw1 = (p1 + kpr — 1)s + (p2x2 + -+ - + pnTn)
< (p1+kpr—1)s+ (p2+-+pj)s+ (Pjy1Tj41 + - + Pun)
= (kp1 —pj+1 —Pjr2 — - —pu)s+ (Pj+1 +Djy2 + - +pPn)2

kpiz+ (kpr — pj41 — pjt2 — - — pa)(s — 2) < kpa1z.
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Since z1, 22, ...,2; € I, by hypothesis
Therefore,

sz sz Z kf(21>]

sz () > (L+EK)(p: +p2+"'+Pj)f(5)—kZPif(Zi)'

According to thlb result, the inequality (3.1)) is true if

(1+k)(p1+p2+-+p;)f(s)— kZpif(zi) +(Pj1 +pjr2+-+pa)f(2) > f(s),

which can be rewritten as

J
q1f(s) +aaf(2) = sz‘f(zz‘)’ (3.3)
i=1
where
(A +k)(p1+pat-+py) -1 _Pi+1tDpiyet+pn
q1 = ) q2 = .
k k
We have
Gutq=prtp2+-+pj, @S+qz= Zpizi,
i=1
1+ P+ Dy,
g1 =p1 +p2+"'+Pj*p]H pﬁ; b > ((p1+p2+-+pj)—p1>0.

Since g1 >0, g2 > 0, g1 +q2 = p1 +pa+- - +pj, 15+ a2z = S1_, iz, [ is convex
on [s,z] and z1,29,...,2; € [s,2], the inequality (3.3)) is true (see Lemma 2.1 in
[1]). Thus, the proof is completed.

4. PARTIAL CONVEXITY

By extending Jensen’s weighted discrete inequality to right and left partially
convex functions with ordered variables, we will establish Weighted Right Par-
tially Convex Function Theorem for Ordered Variables (WRPCF-OV Theorem) and
Weighted Left Partially Convex Function Theorem for Ordered Variables (WLPCF-
OV Theorem).

WRPCF-0OV Theorem. Let p1,pa,...,pn be positive real numbers such that

prtpat-tpn=1,
and let f be a real function defined on an interval 1 and convex on [s, sg|, where
s,s0 € nt(l), s < so. In addition, f is decreasing on l<s, and f(u) > f(so) for
u € I>g,. The inequality
pif(z1) +paf(w2) + -+ puf(wn) > f(Pr21 + p2v2 + - + Pozn)
holds for all x1,x2,...,x, € 1 such that p1x1 4+ poxo + -+ + ppx, = s and
x1§x2§"'§$n; QL'mSS, me{]-??v"wn*l}a
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if and only if
f@) +kf(y) = (L+k)f(s)
for all x,y €1 satisfying
r<s<y, wx+ky=(1+k)s,

where
_ DPm+41+DPm42+ -+ Dn

D1

k

Replacing f(u) by f(—u), s by —s, * by —z, y by —y, and each z; by —z;
for i = 1,2,--- ,n, from WRPCF-OV Theorem we get the weighted left convex
function theorem with ordered variables (WLPCF-OV Theorem).

WLPCF-OV Theorem. Let p1,ps,...,p, be positive real numbers such that
p1tpet-dpn=1,

and let f be a real function defined on an interval I and convex on [sg,s], where
s0,s €1, so < s. In addition, f is increasing on s, and f(u) > f(so) foru € I<s,.
The inequality

pif(@1) +paf(@2) + -+ pnf(zn) = f(Pr121 + p2x2 + -+ + Do)
holds for all x1,x4,...,x, €1 such that pyx1 + poxs + -+ + ppr, = s and
T > Tp > > Ty, Tm >8, me{l,2,...,n—1},
if and only if

f@) +kfly) = 1+ E)f(s)
for all x,y € 1 satisfying

x>s>y, z+ky=(1+k)s,

where
k _ perl +pm+2 + - +pn
n
For the most commonly used case
1
Pr=p2="=Pn=—,
n

WRPCF-OV Theorem and WLPCF-OV Theorem yield RPCF-OV Theorem and
LPCF-OV Theorem, respectively.

RPCF-OV Theorem. Let f be a real function defined on an interval I and convex
on [s, so], where s,s0 € int(I), s < so. In addition, f is decreasing on I<s, and
f(u) > f(so) for u € Iss,. The inequality

n

holds for all x1,x4,...,x, €1 such that x1 + x5+ -+ - + x, = ns and
Ty Sxp < STy, T S8,
where m € {1,2,...,n — 1}, if and only if
f@)+m—-—m)f(y) = 1+n—-m)f(s)
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for all x,y €1 satisfying
r<s<y, z+m-m)y=(1+n—m)s.

LPCF-OV Theorem. Let f be a real function defined on an interval I and convex
on [so, 8|, where sg,s €I, so < s. In addition, f is increasing on I>s, and f(u) >
f(so) for u € I<s,. The inequality

o) + Fz2) + o+ foa) > nf (

holds for all x1,x2,...,x, €1 such that x1 + xo + -+ -+ x, = ns and

BTt T,
n

T1 2T 2 2Ty, Tm S,
where m € {1,2,...,n — 1}, if and only if
f@)+m—-—m)f(y) = 1+n—m)f(s)
for all x,y €1 satisfying

x>s>y, xz+m—-—m)y=(1+n—m)s.

Also, for m = 1, WRPCF-OV Theorem and WLPCF-OV Theorem turn into
WRPCF-Theorem and WLPCF-Theorem, respectively.
WRPCF-Theorem. Let py,po,...,p, be positive real numbers such that
prt+pe+-+pn=1,

and let f be a real function defined on an interval T and convex on convex on [s, So),
where s, so € int(I), s < so. In addition, f is decreasing on I<,, and f(u) > f(so)
foru € I>,,. The inequality

prf(z1) +paf(r2) +- 4+ puf(xn) > f(Pro1 4+ p2v2 + - + ppy)
holds for all x1,x2,...,x, € 1 such that p1x1 4+ poxo + -+ + ppr, = s and
x1 = min{xy, xa,...,Tn},

if and only if
pif(z)+ 1 —p1)f(y) > f(s)
for all x,y € 1 satisfying

r<s<y, piz+1-—p)y=s.

WLPCF-Theorem. Let py,pa,...,pn be positive real numbers such that
prt+pet-+pn=1,

and let f be a real function defined on an interval I and convex on [sg,s], where
s0,s €1, so < s. In addition, f is increasing onIsg, and f(u) > f(so) foru € I<s,.
The inequality

prf(x1) +paf(r2) +- -+ puf(xn) > f(Pro1 4+ p2v2 + - + ppy)
holds for all x1,x2,...,x, € 1 such that p1x1 + poxo + -+ + ppr, = s and
x1 = max{xy, Ta,...,Tn},

if and only if
prf(x) + (1 =p1)fy) = f(s)
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for all x,y €1 satisfying
r>s>y, piz+(l-—py=s.

Remark 4.1. WRPCF-OV Theorem and WLPCF-OV Theorem are also valid in
the case where f is defined on I\ {ug}, where ug is an interior point of I (ug > s¢
for WRPCF-OV, and ug < sg for WLPCF-OV Theorem).

Remark 4.2. The inequalities in WRPCF-OV Theorem and WLPCF-OV Theorem
become equalities for
Tl =Ty =+ =1y =S8.
In addition, if there exist x,y € I such that
r+ky=Q0+k)s, [flx)+kfly)=0+k)f(s), x#y,
then the equality holds also for
T1=T, Xa=+"" =Ty =25, Tmtl="''=2Tp="71.
These equality conditions are equivalent to
x+ky=(14+k)s, h(z,y)=0
(x <y for WRPCF-OV Theorem, and z > y for WLPCF-OV Theorem).

Remark 4.3. In many applications, it is useful to replace the hypothesis
F(@)+ kF@) = (1+ k) f(s)
in WRPCF-OV Theorem and WLPCF-OV Theorem by the equivalent condition
h(z,y) >0 forall z,y€l, x+ky=(1+k)s,

where

h(z,y) = w, g(u) = w

This equivalence follows from the identity

k
F(@) + kfy) = (L4 W)F(s) = T = )bl y).
Example 4.1. Let x1,xs,...,z, be nonnegative real numbers such that

1+ T+ -+, =n

and
1> 2Ty 21> 1 > > Xy, me{1,2,--- ,n—1}.
Then,
1 1 1 n
5 + — +ot s < -,
r{—x1+a T3 — T2+ a Ts— Tyt a a
where
(14+n—m)?
a=—"
4(n —m)

The equality holds for
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and for

- 1+n—m

14+n—m 1
= ——— Xg ==y = T = =T, = .
2 m ’ m—+1 n 2(’]’L m)

) = 92 ’

To prove the desired inequality, we write it as

f@@1) + fz2) + -+ + flan) 2 nf(s),

where
s=1
and )
= — I[ = .
f(u) P R——— u € [0, 7]
From 5 )
/ _ U —
f(u)_ (u2_u+a)27
and )
—-m-1
bu(l —u)+ oM=L

" _ Q(n_m)
f(u)_ (uz_u+a)3

it follows that f is decreasing on [0, so], increasing on [sg, n] and is convex on [sg, 5|,
where

)

1
So = 5
By LPCF-OV Theorem, it suffices to show that f(x)+(n—m)f(y) > (14+n—m)f(1)
for all ,y € T which satisfy z + (n —m)y = 1 +n — m. According to Remark
this is true if h(z,y) > 0 for z,y € T and 4+ (n — m)y = 1 + n — m, where
oy = S0 Z90) )= ),
r—y u—1

Indeed, we have

(u) = v
gL = a(u?® —u+a)
and
a—zy
h(z,y) = >0,
) = e oo~y >
since

1+n—m\>

5. PROOF OF WRPCF-OV THEOREM

Necessity. For
T =, To ="'+ =Ty =8, Tl = =Ty =Y,

the inequality
p1f(x1) +paf(z2) + -+ pof(xn) > f(5)
becomes
f(@) +kf(y) > (1+k)f(s);

therefore, the necessity is obvious.
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Sufficiency. By Lemma[5.1] below, it suffices to consider that zy,z2,...,x, € J,
where
J=1<,.
Because f(u) is convex on J>, the desired inequality follows from RHCF-Theorem
applied to the interval J.

Lemma 5.1. Let p1,ps,...,pn be positive real numbers such that

prtpattpa=1,

and let f be a real function defined on an interval 1. In addition, f is decreasing
on I<g,, and f(u) > f(so) for u € Iss,, where s,s0 €1, s < sg. If the inequality

prf(xr) +paf(xa) + -+ puf(xn) > f(Pr21 + P22 + - -+ Ppy)

holds for all x1,x2,...,2, € I<s, such that pyzy + paxe + -+ + ppxy = S, then it
holds for all x1,x2,...,x, € 1 such that p1x1 + poxo + -+ + ppT, = S.

Proof. For i =1,2,...,n, define the numbers

ZTi, X < So
Y; =
S0, X; > So.
Clearly, y; € I<s, and y; < ;. Since f(u) > f(so) for u € I, it follows that
fy:) < f(=;) for i = 1,2, n. Therefore,

P1y1 +p2y2 + -+ Py < P1T1 P22+ pry =S

and

p1f(yn) +p2f(y2) + -+ puf(yn) < pif(xr) +paf(xe) + - 4 pof(Tn).
Thus, it suffices to show that

prf(yn) + paf(y2) + -+ puf(yn) > f(s)
for all y1,y2,...,yn € I<s, such that p1y;1 + pay2 + - - - + Pryn < s. By hypothesis,

this inequality is true for y1,y2, ..., yn € I<s, and pry1 +pay2+- - - +ppyn = 5. Since
f(u) is decreasing on I<,, the more we have p1 f(y1)+p2f(y2)+- - -+pnf(yn) > f(s)
for y1,y2,...,yn € l<s, and p1y1 +p2y2 + -+ + Pl < 5.
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