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EXTENSIONS OF JENSEN’S DISCRETE INEQUALITY WITH

ORDERED VARIABLES TO HALF AND PARTIALLY CONVEX

FUNCTIONS

VASILE CIRTOAJE

Abstract. We extend Jensen’s weighted discrete inequality with ordered vari-

ables to half and partially convex functions. Several applications are given to
show the effectiveness of the proposed extensions.

1. Introduction

Let x = {x1, x2, . . . , xn} be a sequence of real numbers belonging to a given
real interval I, and let p = {p1, p2, . . . , pn} be a sequence of given positive weights
satisfying p1 + p2 + · · ·+ pn = 1. If f is a convex function on I, then

n∑
i=1

pif(xi) ≥ f

(
n∑

i=1

pixi

)
is Jensen’s weighted discrete inequality [6, 8]. For p1 = p2 = · · · = pn = 1/n, we
get Jensen’s non-weighted discrete inequality

n∑
i=1

f(xi) ≥ nf

(
1

n

n∑
i=1

xi

)
.

For any interior point s of I, let us denote

I≥s = {u|u ∈ I, u ≥ s}, I≤s = {u|u ∈ I, u ≤ s}.

We say that f is right convex on I if there exists an interior point s of I such that
f is convex on I≥s. Similarly, f is left convex on I if there exists an interior point
s of I such that f is convex on I≤s. In addition, f is half convex on I if there exists
an interior point s of I such that f is convex on either I≥s or I≤s.

In [2], we proved Right Half Convex Function Theorem for Ordered Variables
(RHCF-OV Theorem) and Left Half Convex Function Theorem for Ordered Vari-
ables (LHCF-OV Theorem).
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RHCF-OV Theorem. Let f be a real function defined on an interval I and convex
on I≥s, where s ∈ int(I). The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns and

x1 ≤ x2 ≤ · · · ≤ xm ≤ s, m ∈ {1, 2, . . . , n− 1},

if and only if

f(x) + (n−m)f(y) ≥ (1 + n−m)f(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, x + (n−m)y = (1 + n−m)s.

LHCF-OV Theorem. Let f be a real function defined on an interval I and convex
on I≤s, where s ∈ int(I). The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns and

x1 ≥ x2 ≥ · · · ≥ xm ≥ s, m ∈ {1, 2, . . . , n− 1},

if and only if

f(x) + (n−m)f(y) ≥ (1 + n−m)f(s)

for all x, y ∈ I satisfying

x ≥ s ≥ y, x + (n−m)y = (1 + n−m)s.

Setting m = 1 in RHCF-OV Theorem and LHCF-OV Theorem leads to RHCF-
Theorem and LHCF-Theorem, respectively [1].

RHCF-Theorem. Let f be a real function defined on an interval I and convex on
I≥s, where s ∈ int(I). The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns if and only if

f(x) + (n− 1)f(y) ≥ nf(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, x + (n− 1)y = ns.

LHCF-Theorem. Let f be a real function defined on an interval I and convex on
I≤s, where s ∈ int(I). The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns if and only if

f(x) + (n− 1)f(y) ≥ nf(s)
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for all x, y ∈ I satisfying

x ≥ s ≥ y, x + (n− 1)y = ns.

Some characteristic properties of half convex functions were presented in [10].
In [3] and [4], we presented Right Partially Convex Function Theorem (RPCF-
Theorem) and Left Partially Convex Function Theorem (LPCF-Theorem).

RPCF-Theorem. Let f be a real function defined on an interval I and convex
on [s, s0], where s, s0 ∈ int(I), s < s0. In addition, f is decreasing on I≤s0 and
f(u) ≥ f(s0) for u ∈ I≥s0 . The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I satisfying x1 + x2 + · · ·+ xn = ns if and only if

f(x) + (n− 1)f(y) ≥ nf(s)

for all x, y ∈ I such that x ≤ s ≤ y and x + (n− 1)y = ns.

LPCF-Theorem. Let f be a real function defined on an interval I and convex
on [s0, s], where s0, s ∈ int(I), s0 < s. In addition, f is increasing on I≥s0 and
f(u) ≥ f(s0) for u ∈ I≤s0 . The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I satisfying x1 + x2 + · · ·+ xn = ns if and only if

f(x) + (n− 1)f(y) ≥ nf(s)

for all x, y ∈ I such that x ≥ s ≥ y and x + (n− 1)y = ns.

Other new extensions and features of Jensen’s inequality are presented and anal-
ysed in [5, 7, 9, 11].

In this paper, we present four extensions of Jensen’s weighted discrete inequality
with order variables to right half convex functions, left half convex functions, right
partially convex functions and left partially convex functions.

2. Half convexity

We extend Jensen’s weighted discrete inequality to right and left half convex
functions with ordered variables establishing Weighted Right Half Convex Function
Theorem for Ordered Variables (WRHCF-OV Theorem) and Weighted Left Half
Convex Function Theorem for Ordered Variables (WLHCF-OV Theorem).

WRHCF-OV Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on I≥s, where
s ∈ int(I). The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)
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holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 ≤ x2 ≤ · · · ≤ xn, xm ≤ s, m ∈ {1, 2, . . . , n− 1},

if and only if

f(x) + kf(y) ≥ (1 + k)f(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, x + ky = (1 + k)s,

where

k =
pm+1 + pm+2 + · · ·+ pn

p1
.

Replacing f(u) by f(−u), s by −s, x by −x, y by −y, and each xi by −xi

for i = 1, 2, · · · , n, from WRHCF-OV Theorem we get the weighted left convex
function theorem with ordered variables (WLHCF-OV Theorem).

WLHCF-OV Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on I≤s, where
s ∈ int(I). The the inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 ≥ x2 ≥ · · · ≥ xn, xm ≥ s, m ∈ {1, 2, . . . , n− 1},

if and only if

f(x) + kf(y) ≥ (1 + k)f(s)

for all x, y ∈ I satisfying

x ≥ s ≥ y, x + ky = (1 + k)s,

where

k =
pm+1 + pm+2 + · · ·+ pn

p1
.

For the most commonly used case

p1 = p2 = · · · = pn =
1

n
,

WRHCF-OV Theorem and WLHCF-OV Theorem yield RHCF-OV Theorem and
LHCF-OV Theorem, respectively. Also, for m = 1, WRHCF-OV Theorem and
WLHCF-OV Theorem turn into WRHCF-Theorem and WLHCF-Theorem, respec-
tively.

WRHCF-Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on I≥s, where
s ∈ int(I). The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)



EXTENSIONS OF JENSEN’S INEQUALITY WITH ORDERED VARIABLES 5

holds for all x1, x2, . . . , xn ∈ I such that

p1x1 + p2x2 + · · ·+ pnxn = s

and

x1 = min{x1, x2, . . . , xn},
if and only if

p1f(x) + (1− p1)f(y) ≥ f(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, p1x + (1− p1)y = s.

WLHCF-Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on I≤s, where
s ∈ int(I). The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that

p1x1 + p2x2 + · · ·+ pnxn = s

and

x1 = max{x1, x2, . . . , xn},
if and only if

p1f(x) + (1− p1)f(y) ≥ f(s)

for all x, y ∈ I satisfying

x ≥ s ≥ y, p1x + (1− p1)y = s.

Remark 2.1. WRHCF-OV Theorem is also valid in the case where f is defined on
I \ {u0}, where u0 is an interior point of I (u0 < s for WRHCF-OV Theorem, and
u0 > s for WLHCF-OV Theorem).

Remark 2.2. The inequalities in WRHCF-OV Theorem and WLHCF-OV Theorem
become equalities for

x1 = x2 = · · · = xn = s.

In addition, if there exist x, y ∈ I such that

x + ky = (1 + k)s, f(x) + kf(y) = (1 + k)f(s), x 6= y,

then the equality holds also for

x1 = x, x2 = · · · = xm = s, xm+1 = · · · = xn = y.

Notice that these equality conditions are equivalent to

x + ky = (1 + k)s, h(x, y) = 0

(x < y for WRHCF-OV Theorem, and x > y for WLHCF-OV Theorem).



6 VASILE CIRTOAJE

Remark 2.3. In many applications, it is useful to replace the hypothesis

f(x) + kf(y) ≥ (1 + k)f(s)

in WRPCF-OV Theorem and WLPCF-OV Theorem by the equivalent condition

h(x, y) ≥ 0 for all x, y ∈ I, x + ky = (1 + k)s,

where

h(x, y) =
g(x)− g(y)

x− y
, g(u) =

f(u)− f(s)

u− s
.

This equivalence follows from the identity

f(x) + kf(y)− (1 + k)f(s) =
k

1 + k
(x− y)2h(x, y).

Example 2.1. If p1, p2, p3, p4 are positive real numbers such that

p1 + p2 > p4,

and a, b, c, d are real numbers such that

a ≥ b ≥ 1 ≥ c ≥ d ≥ −2p1 + 2p2 + p4
p1 + p2 − p4

,

p1(a− 1) + p2(b− 1) + p3(c− 1) + p4(d− 1) = 0,

then
p1(a3 − 1) + p2(b3 − 1) + p3(c3 − 1) + p4(d3 − 1) ≥ 0,

with equality for a = b = c = d = 1, and also for

a = b =
p1 + p2 + 2p4
p1 + p2 − p4

, c = 1, d = −2p1 + 2p2 + p4
p1 + p2 − p4

.

To prove the desired inequality, we write it as

p1f(a) + p2f(b) + p3f(c) + p4f(d) ≥ (p1 + p2 + p3 + p4)f(s),

where s = 1 and
f(u) = u3, u ∈ I = R.

Since f is convex on I≥s = [1,∞), we apply WRHCF-OV Theorem for n = 4 and
m = 2. Thus, we need to show that f(x) + kf(y) ≥ (1 + k)f(1) for all x, y ∈ I
which satisfy x + ky = 1 + k, where

k =
p1 + p2

p4
.

Having in view Remark 2.3, it suffices to show that h(x, y) ≥ 0 for all x, y ∈ I such
that

x + ky = 1 + k,

where

h(x, y) =
g(x)− g(y)

x− y
, g(u) =

f(u)− f(s)

u− s
.

We have
g(u) = u2 + u + 1

and

h(x, y) = x + y + 1 =
(p1 + p2 − p4)x + 2p1 + 2p2 + p4

p1 + p2
≥ 0.
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3. Proof of WRHCF-OV Theorem

Necessity. For

x1 = x, x2 = · · · = xm = s, xm+1 = · · · = xn = y,

the inequality
p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(s)

becomes
f(x) + kf(y) ≥ (1 + k)f(s);

therefore, the necessity is obvious.
Sufficiency. Since x1 ≤ x2 ≤ · · · ≤ xm ≤ s, there exists an integer

j ∈ {m,m + 1, . . . , n− 1}
such that

x1 ≤ · · · ≤ xj ≤ s ≤ xj+1 ≤ · · · ≤ xn.

From j ≥ m, it follows that

k ≥ pj+1 + pj+2 + · · ·+ pn
p1

.

Since f is convex on I≥s, we apply Jensen’s inequality to get

pj+1f(xj+1) + pj+2f(xj+2) + · · ·+ pnf(xn) ≥ (pj+1 + pj+2 + · · ·+ pn)f(z),

where

z =
pj+1xj+1 + pj+2xj+2 + · · ·+ pnxn

pj+1 + pj+2 + · · ·+ pn
, z ∈ I.

Therefore, to prove the desired inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(s),

it suffices to show that
j∑

i=1

pif(xi) + (pj+1 + pj+2 + · · ·+ pn)f(z) ≥ f(s). (3.1)

Let z1, z2, . . . , zj be defined by

x1 + kz1 = (1 + k)s, x2 + kz2 = (1 + k)s, . . . , xj + kzj = (1 + k)s.

We will show that
z ≥ z1 ≥ z2 ≥ · · · ≥ zj ≥ s, (3.2)

which involves z1, z2, . . . , zj ∈ I. Indeed, we have

zj − s =
s− xj

k
≥ 0,

z1 ≥ z2 ≥ · · · ≥ zj

and
z ≥ z1,

because

kp1z1 = (p1 + kp1)s− p1x1 = (p1 + kp1 − 1)s + (p2x2 + · · ·+ pnxn)

≤ (p1 + kp1 − 1)s + (p2 + · · ·+ pj)s + (pj+1xj+1 + · · ·+ pnxn)

= (kp1 − pj+1 − pj+2 − · · · − pn)s + (pj+1 + pj+2 + · · ·+ pn)z

= kp1z + (kp1 − pj+1 − pj+2 − · · · − pn)(s− z) ≤ kp1z.
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Since z1, z2, . . . , zj ∈ I, by hypothesis

f(xi) + kf(zi) ≥ (1 + k)f(s), i = 1, 2, · · · , j.
Therefore,

j∑
i=1

pif(xi) ≥
j∑

i=1

pi[(1 + k)f(s)− kf(zi)],

j∑
i=1

pif(xi) ≥ (1 + k)(p1 + p2 + · · ·+ pj)f(s)− k

j∑
i=1

pif(zi).

According to this result, the inequality (3.1) is true if

(1 + k)(p1 + p2 + · · ·+ pj)f(s)− k

j∑
i=1

pif(zi) + (pj+1 + pj+2 + · · ·+ pn)f(z) ≥ f(s),

which can be rewritten as

q1f(s) + q2f(z) ≥
j∑

i=1

pif(zi), (3.3)

where

q1 =
(1 + k)(p1 + p2 + · · ·+ pj)− 1

k
, q2 =

pj+1 + pj+2 + · · ·+ pn
k

.

We have

q1 + q2 = p1 + p2 + · · ·+ pj , q1s + q2z =

j∑
i=1

pizi,

q1 = p1 + p2 + · · ·+ pj −
pj+1 + pj+2 + · · ·+ pn

k
≥ (p1 + p2 + · · ·+ pj)− p1 ≥ 0.

Since q1 ≥ 0, q2 > 0, q1 + q2 = p1 + p2 + · · ·+ pj , q1s+ q2z =
∑j

i=1 pizi, f is convex
on [s, z] and z1, z2, . . . , zj ∈ [s, z], the inequality (3.3) is true (see Lemma 2.1 in
[1]). Thus, the proof is completed.

4. Partial convexity

By extending Jensen’s weighted discrete inequality to right and left partially
convex functions with ordered variables, we will establish Weighted Right Par-
tially Convex Function Theorem for Ordered Variables (WRPCF-OV Theorem) and
Weighted Left Partially Convex Function Theorem for Ordered Variables (WLPCF-
OV Theorem).

WRPCF-OV Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on [s, s0], where
s, s0 ∈ int(I), s < s0. In addition, f is decreasing on I≤s0 and f(u) ≥ f(s0) for
u ∈ I≥s0 . The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 ≤ x2 ≤ · · · ≤ xn, xm ≤ s, m ∈ {1, 2, . . . , n− 1},
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if and only if

f(x) + kf(y) ≥ (1 + k)f(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, x + ky = (1 + k)s,

where

k =
pm+1 + pm+2 + · · ·+ pn

p1
.

Replacing f(u) by f(−u), s by −s, x by −x, y by −y, and each xi by −xi

for i = 1, 2, · · · , n, from WRPCF-OV Theorem we get the weighted left convex
function theorem with ordered variables (WLPCF-OV Theorem).

WLPCF-OV Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on [s0, s], where
s0, s ∈ I, s0 < s. In addition, f is increasing on I≥s0 and f(u) ≥ f(s0) for u ∈ I≤s0 .
The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 ≥ x2 ≥ · · · ≥ xn, xm ≥ s, m ∈ {1, 2, . . . , n− 1},

if and only if

f(x) + kf(y) ≥ (1 + k)f(s)

for all x, y ∈ I satisfying

x ≥ s ≥ y, x + ky = (1 + k)s,

where

k =
pm+1 + pm+2 + · · ·+ pn

p1
.

For the most commonly used case

p1 = p2 = · · · = pn =
1

n
,

WRPCF-OV Theorem and WLPCF-OV Theorem yield RPCF-OV Theorem and
LPCF-OV Theorem, respectively.

RPCF-OV Theorem. Let f be a real function defined on an interval I and convex
on [s, s0], where s, s0 ∈ int(I), s < s0. In addition, f is decreasing on I≤s0 and
f(u) ≥ f(s0) for u ∈ I≥s0 . The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns and

x1 ≤ x2 ≤ · · · ≤ xn, xm ≤ s,

where m ∈ {1, 2, . . . , n− 1}, if and only if

f(x) + (n−m)f(y) ≥ (1 + n−m)f(s)
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for all x, y ∈ I satisfying

x ≤ s ≤ y, x + (n−m)y = (1 + n−m)s.

LPCF-OV Theorem. Let f be a real function defined on an interval I and convex
on [s0, s], where s0, s ∈ I, s0 < s. In addition, f is increasing on I≥s0 and f(u) ≥
f(s0) for u ∈ I≤s0 . The inequality

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf

(
x1 + x2 + · · ·+ xn

n

)
holds for all x1, x2, . . . , xn ∈ I such that x1 + x2 + · · ·+ xn = ns and

x1 ≥ x2 ≥ · · · ≥ xn, xm ≥ s,

where m ∈ {1, 2, . . . , n− 1}, if and only if

f(x) + (n−m)f(y) ≥ (1 + n−m)f(s)

for all x, y ∈ I satisfying

x ≥ s ≥ y, x + (n−m)y = (1 + n−m)s.

Also, for m = 1, WRPCF-OV Theorem and WLPCF-OV Theorem turn into
WRPCF-Theorem and WLPCF-Theorem, respectively.

WRPCF-Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on convex on [s, s0],
where s, s0 ∈ int(I), s < s0. In addition, f is decreasing on I≤s0 and f(u) ≥ f(s0)
for u ∈ I≥s0 . The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 = min{x1, x2, . . . , xn},
if and only if

p1f(x) + (1− p1)f(y) ≥ f(s)

for all x, y ∈ I satisfying

x ≤ s ≤ y, p1x + (1− p1)y = s.

WLPCF-Theorem. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I and convex on [s0, s], where
s0, s ∈ I, s0 < s. In addition, f is increasing on I≥s0 and f(u) ≥ f(s0) for u ∈ I≤s0 .
The inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s and

x1 = max{x1, x2, . . . , xn},
if and only if

p1f(x) + (1− p1)f(y) ≥ f(s)
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for all x, y ∈ I satisfying

x ≥ s ≥ y, p1x + (1− p1)y = s.

Remark 4.1. WRPCF-OV Theorem and WLPCF-OV Theorem are also valid in
the case where f is defined on I \ {u0}, where u0 is an interior point of I (u0 > s0
for WRPCF-OV, and u0 < s0 for WLPCF-OV Theorem).

Remark 4.2. The inequalities in WRPCF-OV Theorem and WLPCF-OV Theorem
become equalities for

x1 = x2 = · · · = xn = s.

In addition, if there exist x, y ∈ I such that

x + ky = (1 + k)s, f(x) + kf(y) = (1 + k)f(s), x 6= y,

then the equality holds also for

x1 = x, x2 = · · · = xm = s, xm+1 = · · · = xn = y.

These equality conditions are equivalent to

x + ky = (1 + k)s, h(x, y) = 0

(x < y for WRPCF-OV Theorem, and x > y for WLPCF-OV Theorem).

Remark 4.3. In many applications, it is useful to replace the hypothesis

f(x) + kf(y) ≥ (1 + k)f(s)

in WRPCF-OV Theorem and WLPCF-OV Theorem by the equivalent condition

h(x, y) ≥ 0 for all x, y ∈ I, x + ky = (1 + k)s,

where

h(x, y) =
g(x)− g(y)

x− y
, g(u) =

f(u)− f(s)

u− s
.

This equivalence follows from the identity

f(x) + kf(y)− (1 + k)f(s) =
k

1 + k
(x− y)2h(x, y).

Example 4.1. Let x1, x2, . . . , xn be nonnegative real numbers such that

x1 + x2 + · · ·+ xn = n

and

x1 ≥ · · · ≥ xm ≥ 1 ≥ xm+1 ≥ · · · ≥ xn, m ∈ {1, 2, · · · , n− 1}.
Then,

1

x2
1 − x1 + a

+
1

x2
2 − x2 + a

+ · · ·+ 1

x2
n − xn + a

≤ n

a
,

where

a =
(1 + n−m)2

4(n−m)
.

The equality holds for

x1 = x2 = · · · = xn = 1,
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and for

x1 =
1 + n−m

2
, x2 = · · · = xm = 1, xm+1 = · · · = xn =

1 + n−m

2(n−m)
.

To prove the desired inequality, we write it as

f(x1) + f(x2) + · · ·+ f(xn) ≥ nf(s),

where

s = 1

and

f(u) =
−1

u2 − u + a
, u ∈ I = [0, n].

From

f ′(u) =
2u− 1

(u2 − u + a)2
,

and

f ′′(u) =

6u(1− u) +
(n−m− 1)2

2(n−m)

(u2 − u + a)3
,

it follows that f is decreasing on [0, s0], increasing on [s0, n] and is convex on [s0, s],
where

s0 =
1

2
.

By LPCF-OV Theorem, it suffices to show that f(x)+(n−m)f(y) ≥ (1+n−m)f(1)
for all x, y ∈ I which satisfy x + (n−m)y = 1 + n−m. According to Remark 4.3,
this is true if h(x, y) ≥ 0 for x, y ∈ I and x + (n−m)y = 1 + n−m, where

h(x, y) =
g(x)− g(y)

x− y
, g(u) =

f(u)− f(1)

u− 1
.

Indeed, we have

g(u) =
u

a(u2 − u + a)

and

h(x, y) =
a− xy

a(x2 − x + a)(y2 − y + a)
≥ 0,

since

a− xy = (n−m)

(
y − 1 + n−m

2n− 2m

)2

≥ 0.

5. Proof of WRPCF-OV Theorem

Necessity. For

x1 = x, x2 = · · · = xm = s, xm+1 = · · · = xn = y,

the inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(s)

becomes

f(x) + kf(y) ≥ (1 + k)f(s);

therefore, the necessity is obvious.
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Sufficiency. By Lemma 5.1 below, it suffices to consider that x1, x2, . . . , xn ∈ J,
where

J = I≤s0 .
Because f(u) is convex on J≥s, the desired inequality follows from RHCF-Theorem
applied to the interval J.

Lemma 5.1. Let p1, p2, . . . , pn be positive real numbers such that

p1 + p2 + · · ·+ pn = 1,

and let f be a real function defined on an interval I. In addition, f is decreasing
on I≤s0 , and f(u) ≥ f(s0) for u ∈ I≥s0 , where s, s0 ∈ I, s < s0. If the inequality

p1f(x1) + p2f(x2) + · · ·+ pnf(xn) ≥ f(p1x1 + p2x2 + · · ·+ pnxn)

holds for all x1, x2, . . . , xn ∈ I≤s0 such that p1x1 + p2x2 + · · · + pnxn = s, then it
holds for all x1, x2, . . . , xn ∈ I such that p1x1 + p2x2 + · · ·+ pnxn = s.

Proof. For i = 1, 2, . . . , n, define the numbers

yi =

{
xi, xi ≤ s0

s0, xi > s0.

Clearly, yi ∈ I≤s0 and yi ≤ xi. Since f(u) ≥ f(s0) for u ∈ I≥s0 , it follows that
f(yi) ≤ f(xi) for i = 1, 2, · · · , n. Therefore,

p1y1 + p2y2 + · · ·+ pnyn ≤ p1x1 + p2x2 + · · ·+ pnxn = s

and

p1f(y1) + p2f(y2) + · · ·+ pnf(yn) ≤ p1f(x1) + p2f(x2) + · · ·+ pnf(xn).

Thus, it suffices to show that

p1f(y1) + p2f(y2) + · · ·+ pnf(yn) ≥ f(s)

for all y1, y2, . . . , yn ∈ I≤s0 such that p1y1 + p2y2 + · · ·+ pnyn ≤ s. By hypothesis,
this inequality is true for y1, y2, . . . , yn ∈ I≤s0 and p1y1+p2y2+· · ·+pnyn = s. Since
f(u) is decreasing on I≤s0 , the more we have p1f(y1)+p2f(y2)+· · ·+pnf(yn) ≥ f(s)
for y1, y2, . . . , yn ∈ I≤s0 and p1y1 + p2y2 + · · ·+ pnyn ≤ s.
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