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BIVARIATE VDIS WITH SHAPE PARAMETERS: DESCRIPTION

AND ANALYSIS OF THEIR GEOMETRICAL PROPERTIES

F. CALIÒ, E. MARCHETTI

Abstract. Surfaces generated from bivariate tensor parametric splines are
particularly interesting in geometrical modeling in the field of reverse engi-
neering. Precisely in this paper we focus on a particular class of bivariate
tensor splines defined by means of an integral operator and of two shape pa-
rameters.

The main goal of the present work is to show and prove some geometri-
cal properties of this class of bivariate splines, denoted by λ-τ VDIS, really
important in the surface reconstruction.
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Introduction

Variation diminishing splines (VDS) (see for example [5]) were introduced in
the approximation theory during the eighties of the last century and they have
found many important applications in the field of differential, integral and integral-
differential problems (see for example a survey in [6]).

Due to geometrical interesting properties, VDS in parametric form have been
successfully applied in Computer Graphics, in order to obtain regularly behaving
and pleasantly shaped curves and surfaces, called B-spline models (see [7] for uni-
variate VDS and [2] for the bivariate case).

In the applications (for example in some problems in the field of reverse engineer-
ing) fairing or modifying of the model shape is crucial : moving interactively the
control points produces local effects, while changing the spline knots gives effects,
even if acceptable, but not predictable.

So, in order to control the global shape of the curve or surface in an easy way,
the basic idea in [7] and [2] is to apply on VDS an integral operator (generating
the VDIS), depending on real parameters. By changing the parameters the form of
the curve or of the surface is modified as to help the designer in choosing the final
shape of the form he works with. In this sense in [1], to obtain shape smoothness
or modification of curves and surfaces in a predictable way, an automatic method

2010 Mathematics Subject Classification. 65D10.
Key words and phrases. Bivariate VDIS Spline Functions, Computer Graphics, Reverse

Engineering.
c©2017 Ilirias Research Institute, Prishtinë, Kosovë.
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to define optimal parameters, introduced in the VDIS approximation functions, is
proposed, using suitable functional minimization.

In [7] it is proved that the involved parameter don’t disturb all good properties
of the univariate VDS.

The main goal of this paper is, analogously, to show and prove geometrical
properties of the bivariate tensor λ− τ VDIS (where λ and τ are real parameters),
underlying the interest of them in the applications.

This paper is organized as follows: in Section 1 and 2 a refresher on a parametriza-
tion univariate λ VDIS and bivariate tensor λ − τ VDIS, by matrix expression, is
presented; Section 3 is devoted to present and prove the properties of bivariate ten-
sor λ− τ VDIS, in Section 4 some examples are presented to illustrate the positive
effects of structure and properties of the used models.

1. A refresher on univariate VDIS with shape parameter

In this Section we recall the basic concepts about univariate VDS and the genesis
of univariate VDIS with shape parameter proposed in [7], to acquire the terminology
to describe and study, in the next Sections, bivariate tensor λ− τ VDIS.

Let be t a knot vector:

0 = t
−k = ... = t0 < t1 < ... < tn−1 < tn = ... = tm = 1 m = n+ k, (1.1)

and

bkm = (Bk
0 (t), B

k
1 (t), ..., B

k
m(t)) (1.2)

a vector of the B-spline basis functions of k order Bk
i (t) (i = 0, 1, . . . ,m) recursively

defined as

Bk
i (t) =

t− ti−k

ti−1 − ti−k

Bk−1
i (t) +

ti − t

ti − ti−k+1
Bk−1

i+1 (t)

with

B0
i (t) = 1 ti ≤ t ≤ ti+1

B0
i (t) = 0 otherwise.

Given a set of vector points (control points) in a three-dimensional space:

P = (P 0, P 1, ..., Pm),

the parametric function (SmP )(t) defined, in the matrix form, by the following
expression:

(SmP )(t) = bkm(t)P 0 ≤ t ≤ 1 (1.3)

represents the parametric k-order variation diminishing spline (VDS).
The authors, in [7], proposed modifications to this class of splines by introducing

an integral operator depending on a real parameter. This new class is designated
as univariate λ VDS.

Precisely: let Φ =< ϕ1, ϕ2, ϕ3 > be the linear polynomial vector interpolating
the control points.

The Sm can be expressed as:

SmP = SmΦ(ξki )

where

ξki =
ti−k+1 + ...+ ti

k
i = 0, 1, ...,m (1.4)
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are the so called Schoenberg or correspondence points.
Firstly, if we substitute ϕj(ξ

k
i ) (j = 1, 2, 3) by the integral mean:

µiϕj =

∫ ξ
k+1

i+1

ξ
k+1

i

ϕj(u)du

ξk+1
i+1 − ξk+1

i

, (1.5)

we obtain the VDIS.
Secondly, if a shape parameter is introduced in (1.5) as follows:

µλ
i ϕj =

∫ ηi

ζi
ϕj(u)du

ηi − ζi
(1.6)

where:

ζi = (1− λ)ξki + λξk+1
i

ηi = (1− λ)ξki + λξk+1
i+1

with 0 ≤ λ ≤ 1, then the VDIS is modified so that in matrix form λ VDIS can be
written by the following parametric function (see [7]):

(T λ
mP )(t) = bkm(t)MλP 0 ≤ λ ≤ 1 0 ≤ t ≤ 1 (1.7)

where

Mλ =













βλ
0 γλ

0 0 ... 0
αλ
1 βλ

1 γλ
1 ... 0

0 αλ
2 βλ

2 ... 0
0 ... ... γλ

m−1

0 ... ... αλ
m βλ

m













(1.8)

αλ
i = λαi i = 0, ...,m

βλ
i = 1− λ(αi + γi), i = 0, ...,m

γλ
i = λγi i = 0, ...,m− 1

α0 = 0, αi =
(δl

i
)2

2∆k

i−1
∆k+1

i

, i = 1, ...m;

βi = 1− αi − γi, i = 1, ...,m

γi =
(δr

i
)2

2∆k

i
∆k+1

i

, i = 1, ...,m, γm = 0

∆k
i = ξki+1 − ξki ,

δri = ξk+1
i+1 − ξki ,

δli = ξki − ξk+1
i ,

ξk+1
i < ξki < ξk+1

i+1

(1.9)

It can be shown (see [7]) that the λ parameter allows to control the global shape
of the curve (whereas with the conventional spline only a local control can be
achieved).

2. The refresher on bivariate spline operator

The extension to the bivariate case (see [2]), which gives rise to a technique to
describe surfaces in a three-dimensional space, is briefly synthesized in this Section.

Let us organize our control points into p + 1 sets of m + 1 elements each, i.e.:
P ij i = 0, 1, . . . , p and j = 0, 1, . . . ,m where P ij is a three–dimensional vector. The
global set of control points is denoted by Π.

By exploiting the separability of the tensor product basis functions, we get:

(T λτ
mpΠ)l = bkmM τΠlM

λ(bhp)T (2.1)
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with l = 1, 2, 3 and where:

(1) (T λτ
mpΠ)l is the l-th component of the parametric function representing the

bivariate tensor λ− τ VDIS;
(2) Πl is the matrix containing the l-th components of vectors P ij

Πl =





p00l ... p
0p
l

... ... ...

pm0
l ... p

mp
l



 ; (2.2)

(3) bkm is k-order B-spline vector defined in (1.1) and in (1.2); analogously

bhp is h-order B-spline vector, based on a set of p+ h+ 1 knots;
(4) M τ is a m+1-order square matrix (analogous to the univariate case),

depending on the knots of the k-order B-spline and on parameter τ ;
(5) Mλ is a p+1-order square matrix (analogous to the univariate case), de-

pending on the knots of the h-order B-spline and on parameter λ.

3. Geometrical properties of λ-τ VDIS

In this Section we will investigate on the geometrical properties of λ-τ VDIS
crucial in their applications in Computer Graphics.

According to [4], the approximating surface must be characterized by some geo-
metrical properties, important for fair reconstruction of surfaces:

1. it is invariant under affine transformations;
2. it entirely lies inside the convex hull;
3. it contains all the four corners of the control net;
4. it is uniquely determined;
5. it is defined by a simple and efficient algorithm.

We refresh the main properties of univariate B-splines, defined in Section 1.,
necessary for the proofs in this Section:

i)

m
∑

i=0

Bk
i (t) = 1;

ii) Bk
i (t) ≥ 0 i = 0, 1, · · · ,m;

iii) bkm =
(

Bk
0 (t), B

k
1 (t), · · · , B

k
m(t)

)

is a basis in the space of splines with
given knots.

In order to show, by the following theorems, the properties 1. and 2., it will be
proved that (T λτ

mpΠ)l(u, v) is a convex barycentric combination of control points .

Lemma 3.1. The tensor basis spline is a unit partition.

Proof. :
∑p

j=0

∑m
i=0 B

k
i B

h
j = 1 follows from property i) of univariate B-spline �

Lemma 3.2. Matrices Mλ and M τ in (1.8) satisfy the Markov chain properties.

Proof. : The proof is based on the Theorem 2. in [7], whose proof in the following
will be refreshed and adapted. From (1.8) follows:

Mλ = (1− λ)I + λM (3.1)
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where the matrix M is defined as:

M =













β0 γ0 0 ... 0
α1 β1 γ1 ... 0
0 α2 β2 ... 0
0 ... ... γm−1

0 ... ... αm βm













(3.2)

with (see (1.9)):
αi + βi + γi = 1 (i = 0, 1, ...,m). (3.3)

Consequently for i, j = 0, 1, ...,m:

Mλ
ij = (1− λ)δij + λMij . (3.4)

Being from (1.9) Mij ≥ 0, follows:

Mλ
ij ≥ 0, (3.5)

Moreover
m
∑

j=0

Mλ
ij = 1− λ+ λ(αi + βi + γi) = 1 (3.6)

From (3.5) and (3.6) the matrices Mλ and M τ satisfy the Markov chain prop-
erties. �

Theorem 3.3. Let

(T λτ
mpΠ)l(u, v) = bkm(u)M τΠlM

λ(bhp(v))T (3.7)

with l = 1, 2, 3, 0 ≤ u ≤ 1, 0 ≤ v ≤ 1 and 0 ≤ λ ≤ 1, 0 ≤ τ ≤ 1
Then (T λτ

mpΠ)l(u, v) is a convex barycentric combination of the control points.

Proof. : taking into account (3.11) and using Lemma 1. and Lemma 2. we obtain
that:

m
∑

j=0

Aj =

m
∑

j=0

m
∑

i=0

Bk
i M

τ
ij = 1 (3.8)

p
∑

r=0

Cr =

p
∑

r=0

p
∑

s=0

Bh
sM

λ
rs = 1 (3.9)

where

M τ = [M τ
ij ] (i, j = 0, ...,m) Mλ = [Mλ

rs] (r, s = 0, ..., p),

Aj =

m
∑

i=0

Bk
i M

τ
ij (j = 0, ...,m) Cr =

p
∑

s=0

Bh
sM

λ
rs (r = 0, ..., p).

Let
(T λτ

mpΠ)l = AΠlC
T (3.10)

where A = (A1, A2, ..., Am) and C = (C1, C2, ..., Cp)
Consequently:

m
∑

j=0

p
∑

r=0

AjCr = 1 (3.11)

with l = 1, 2, 3, 0 ≤ u ≤ 1, 0 ≤ v ≤ 1 and 0 ≤ λ ≤ 1, 0 ≤ τ ≤ 1.
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From property ii) of univariate spline and from (3.5) it follows that:

Aj ≥ 0, Cr ≥ 0 (3.12)

From (3.11) and (3.12) it follows that (T λτ
mpΠ)l(u, v) is a convex barycentric

combination of the control points. �

Being (T λτ
mpΠ)l(u, v) a barycentric combination of the control points property

1. holds and being (T λτ
mpΠ)l(u, v) also convex barycentric combination, property 2.

holds.
The proof of property 3. is based on the following:

Theorem 3.4. Considering in (3.11) the case u = v = 0 (corresponding to a corner
of the control net on the patch), the control point P 00 belongs to the approximating
surface, if and only if P 00 = P 01 = P 10 = P 11.

Proof. : Let

(T λτ
mpΠ)l(0, 0) = bkm(0)M τΠlM

λ(bhp(0))T (l = 1, 2, 3)

where the matrix Πl is defined in (2.2).
Taking into account the definition of matrices M τ and Mλ, through easy steps

the following expression holds:

(T λτ
mpΠ)l(0, 0) = βλ

0 (β
τ
0P

00
l + γτ

0P
10
l ) + γλ

0 (β
τ
0P

01
l + γτ

0P
11
l ) (3.13)

Taking into account that:

βλ
0 = 1− λγ0,

βτ
0 = 1− τγ0,

γλ
0 = λγ0

γτ
0 = τγ0,

follows:

(T λτ
mpΠ)l(0, 0) = (1− λγ0)((1− τγ0)P

00
l + τγ0P

10
l ) + λγ0((1− τγ0)P

01
l + τγ0P

11
l )

(3.14)
consequently we can conclude that:

(T λτ
mpΠ)l(0, 0) = P 00

l l = 1, 2, 3 (3.15)

if and only if P 00
l = P 01

l = P 10
l = P 11

l

Analogously for the other three corners. �

Being Bk
i (u)B

h
j (v) (i = 0, 1, ...,m)(j = 0, 1, ..., p) a basis in the space with given

knots, property 4. holds.

4. Test example

In this section two examples of surface reconstruction from a cloud of points,
based on the approximating bivariate λ− τ VDIS, are presented.

The aim is to show the efficiency of the method, in particular to underline as the
structure and properties of the λ− τ VDIS are very interesting in these problems.

Taking into account that the ”fairing” reconstruction is crucial in the field of
reverse engineering, the steps of the algorithm by which we apply the bivariate
λ− τ VDIS in these problems are the following:

(1) determination of control points from the cloud of points measured on real
object, choosing an approximation criterion (interpolation, least square...);
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(2) choice of functional to be minimized, depending on shape parameters of
the λ− τ VDIS, according to the requests of the users;

(3) determination of λ− τ VDIS with the optimal obtained parameters.

Two tests are referred to theoretical function graphics random perturbed, which
simulate the surface reconstruction of a real object from a cloud of measured points
on it (some applications of the proposed surface model to real cases can be found
in [1], [2]).

In both examples, interpolating approximation of the set of measured points is
used. A functional based on the Euclidean distance and an energy functional are
used respectively in the first and second example. The points on a 20× 20 grid are
perturbed by an uniform additional noise (to simulate a real case).

In the first example the saddle surface (hyperbolic paraboloid) of Figure 1a has
been used for testing.

Figure 1b shows the analytical surface affected by random noise, while Figure 1c
illustrates the surface reconstructed by λ − τ VDIS with the minimization of the
Euclidean distance functional, that is the distance of the given data points from
the correspondence points on the reconstructed surface.

In the second example a cloud of points obtained from Figure 2a is presented.
Figure 2b represents the perturbed surface. Figure 2c shows the same surface,

smoothed by means of the approximation based on the proposed tensor spline and
minimizing a functional depending on λ and τ , representing the energy accumulated
by the surface when considered as an elastic plate.

For the implementation of examples in optimal way we use the algorithm pre-
sented in [1].

(a) The original saddle

surface (b) Saddle surface with ran-

dom noise

(c) Reconstruction by

minimizing the distance-

functional.

Figure 1

5. Conclusions

In this paper we propose an approximation based on bivariate integral parametric
functions.

By this approximation it is possible to obtain ”fair surfaces”, without modifying
each single control point. Such surfaces exhibit a user-drive behavior and interesting
properties as far as engineering applications are involved.

We studied and proved the theorems which involve the properties of this function
family, to acquire a wider record of application cases.
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(a) The original test surface. (b) Random noise. (c) Reconstructed surface.

Figure 2
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