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TIME SCALES ON OPIAL-TYPE INEQUALITIES

K. RAUF, Y. O. ANTHONIO

ABSTRACT. The purpose of the present paper is to establish Opial-type in-
equalities for time scales via Jensen inequality. Various extensions of our in-
equalities are stated.

1. INTRODUCTION

Opial [I7] established an inequality which involves integral of a function and it
derivatives. Shortly after the result, a lot of information as regards it’s applica-
tions, alternative proofs, variants, generalizations and refinements abound in the
literature.

The inequality and many of it’s generalizations have various applications in the
theories of differential and difference equations. This is properly illustrated in [2],
which is one of the books devoted exclusively to continuous and discrete versions
of Opial-type inequalities. The following are some versions of Opial inequality:
Theorem A ([I7]): Suppose f € C’[0, h| satisfies f(0) = f(h) = 0 and f(z) > 0
for all z € (0, k). Then, the following integral inequality holds:

g / h 4 / 2
[ 1@ @lae< g [ (7@ (11)

where % is the best possible constant.
The discrete version of the above result was produced by Pang and Agarwal [18]:
Theorem B ([18]): If {x; }o<i<n is a sequence of real numbers with o = z, =0
and [z] is the greatest integer function, we have

h—1 h—1
1[h+1
>l —a)| < g | "5 | S e (1)

Shortly after the publication of Opial, Olech [16] gave the following refined inte-
gral inequality:
Theorem C ([I6]): If f is absolutely continuous on [0, k] with f(0) = 0, then
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h / Wt
[ @r@iae<y [ rapa (13

with equality in (1.3) if and only if f(z) = cx where c is a constant.
In particular, Beesack [7] used different measure and obtained

g / 1 g dt 7 ’ 2
[ (t)x(t)dt<2< / M) ( | ) dt) (1.4)

in which z(¢) is a positive and continuous function with ff :,;(15) ds < oo.

Yang [21] in his own write up replaced p(t) by p(t)q(t) and ¢(t) is a positive,
bounded and non increasing functions on [«, 3] and obtained

7 / 1 g dt 7 / 2
| atoa <t>x<t>dts2< / p(ﬂ) ( | e o) dt) (15)

He also extended the result to more generalized form. We observed that the fol-
lowing result of Yang contained (1.4) and (1.5) and that

8 m 8 6
|l @i < (5 - o) ( / pf;) ( / p(t)q(t)(w’<t>>2dt> (1.6)

Time scales was introduced by Hilger [14] in order to unify discrete and contin-
uous analysis. Hence, a time scale is an arbitrary nonempty closed subset of real
numbers. Thus,

R, Z, N, Ny
i.e. the real numbers, integers, natural numbers and non negative integers are
examples of time scales, also are [0,1] U [2,3], [0,1] UN and the cantor set, while

Q, RNQ°, C, (0,1)

i.e. the rational number, the irrational numbers, complex numbers and the open
interval between 0 and 1 are not time scales. Throughout this manuscript, we shall
denotes time scale by the symbol T.

Time-scale T being a closed subset of R, topological structure of T, especially
from the openness point of view has various features. Obviously any subset A of
T which is open in R, is also open in T. The reverse is generally not true, though,
as the simple example T := Z shows, where any subset in the induced topology
is open in T but not open in R. This is taken care of by distinguishing between
R-openness and T-openness. In order to investigate the details of the notion of
openness in time-scales, we must define the concept of neighborhood in this set-up.
We give two different versions of neighborhood definitions, distinguishing between
the concepts of R-neighborhood and T-neighborhood, giving way to the distinction
between R-openness and T-openness.

Given a time-scale T, ¢t € T and € > 0, we denote by

R(t):={zeR: t—e<ax<t+e}
T.(t) ={xeT: t—e<z<t+e}
the e-neighborhoods of t € R and T respectively.

An interval, in the time-scale context, is always understood as the intersection of a
real interval with a given time-scale.
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We shall write the delta derivatives f2 for a function f defined on T and it turns
out that:
(i) fA = f’ is the usual derivative if T = R and
(ii) f» = Af is the usual forward difference operator if T = Z.

Some Basic Definitions
Let T be time-scale for t € T, we define the forward jump operator o : T — T by

o(t):=inf{s € T:s >t}
while the backward jump operator p: T — T by
p(t) :=sup{seT:s <t}

In this definition, we put inf )= sup T (i.e., o(t) = ¢ if T has a maximum ¢) and
sup @ =inf T (i.e., p(t) = t, if T has a minimum ¢ where () denotes the empty set).
If o(t) > t, we say that ¢ is right-scattered and while p(t) < t we say that ¢t is
left-scattered. Points that are right-scattered and left-scattered at the same time
are called isolated. Also, if ¢t < sup T and o(¢t) = ¢, then ¢ is called right-dense,
and if t > inf T and p(t) = ¢, then ¢ is called left-dense. Point that are right-dense
and left-dense at the same time are called dense. Finally, the graininess function
w:T — (0,00) is defined by

ull) = o(t) — t
If T has a left-scattered maximum m, the T* = T — m. Otherwise T* = T.
In summary,
T* TN ((psup T),sup T)¢ sup T < o0 (1.7)
T, sup T = o0

T* = T is defined as T, = T N (inf T, o(inf T))°.

If there exist a number a € R such that for all € > 0 there exist a neighborhood
U of t with

[f(a(t) = f(s) — alo(t) = s)| < elo(t) — 5 (1.8)
for all s € U, then f is said to be differentiable at ¢, and we call « the delta

derivative of f at ¢t and denote it by f2.
If T =R, then

o+ AN — f(1)
o) =)= Jim SESUEIE

Suppose T = R, then f2(t) = f(t+1)— f(t) for all t € T. For a function f : T — R
the (delta) derivative is defined by

JforallteT (1.9)

flo(®) = £(1)

20 = e (1.10)

If f is continuous at ¢ then t is right-scattered. If ¢ is not right-scattered then the
derivative is defined by

_ o fle®) = f(s) o f() = f(s)
FAw) = lim S = i S

provided this limit exists.
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2. PRELIMINARY RESULT

The next definition is the modified Jensen inequality.
Let ¥, ¢ € C([a, 8], R), suppose ¢ is convex, 1) non-negative and x non-decreasing,
then,

(/:d)\(S)><<(/:sﬁ(¢( CdA(s > (/w t)dA(s )g(/:cu(svC (2.1)

Theorem D
Assume f,g: T — R are delta differentiable at ¢t € T. Then
(f9)® = [P+ [79% = fg® + [2¢°
(F9)22 = (F2g+ 17g%)"
(fg)AA — fAAg-l-fA gA +fUAgA +fUUgAA
(fg)AA _ fAAng (on' + faA) gA +f(ragAA
A
( f > e
g 99°
where we wrote f27 for f27 e.t.c.

Theorem E
Let f,g € Crq(]a,b],R) be rd-continuous functions and a,b,c € R. Then, the fol-
lowing are valid:

Jl(af(t) + Bg(t) At = o [) f(t) AL+ 5 [ g(t) At
[P pat = — [ ft)At

i FRAt= [T f(OAL+ [7 f(t)AL

)f”af At\ < [PIFw)lA

ff At— ()g( IAt—ffA >at>At
faf" Ft)g)l At — 7 fA(Hg(H)A

S

Bohner and Kaymakcalan [8] obtained (1.4) and (1.5) Opial-type inequalities on

Opial dynamic inequality time scale with two different weight functions, r and ¢
h At
0 r(®)
increasing and z : [0, bl — R is the delta differentiable with x(0) then

h . . h At h
/O q7 (t)]a(t) + 2 ()]« (t) At < (/0 r(t)> (/0 T(t)q(t)xA(t)IQAt>

Moreover, Saker [I9] proved some new Opial-type inequalities on time scales
and established several results related to the spacing between consecutive zeros of
a solution or between a zero of a solution and a zero of its derivative for second
order dynamic equations on time scales. He applied the results to obtain a lower
bound for the smallest eigenvalue of a SturmLiouville eigenvalue problem on time
scales. Also, he obtained some dynamic inequalities of Opial-type on time scales
with discrete inequalities as special cases. See [20].

For introduction to time scales calculus, we refer to the work of [[I], [3], [6], [9],
[10], [13] & [15]] and also, [[], [1I] & [12]] for Opial-type Inequalities.

which are positive rd—continuous functions on [0, hr, < oo and ¢ is non
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The purpose of this work is to obtain some Opial-type inequalities for convex
functions, through the modified Jensen inequality, which extends and generalizes
some recent results. We shall assume that T is bounded.

3. MAIN RESULTS

In this section, we present the results on generalized Opial-type inequalities on
time scales as follows:

Theorem 3.1. Let T be a time scale with t € T. Let g, ( be real numbers , let
h,q € Crq([0,b]1,R) where h and q are positive rd-continuous functions on [, ]t
such that f[O.t] r(t)A(s) < co. We define ¢ as convex function and if x : [a, Bl —
R is delta differentiable with «(0) = 0, then we have

/[ VG2 6124 (9)8()

L s e A(s) OO A ING
< (B-a) (/M( h(s))HC)/[a?m( BTl a2 (5) < ALs)

let 1(s) = \/q(s) and dA(s) = z2(s) in inequality(2.1),
then

¢
(B-a)" < (/ ¢(¢(5))2$A(5)A(8)> < zb(S)xA(S)A(S)) (B—a)™
[, 8] o8]

1 ¢ .
: </[a”6’] (Vi) xA(sm@) </[a,/3] \/@“’”A(S)A(SO (B—a)*

—<

< ¢
<< / (\/q<s>)‘xﬂ<s>A<s>>( \/q<s>xAA<s>> (B=a)¢
[, 8] [, 8]

¢ -5
g( \/q<s>mAA<s>) < / q<s>mA<s>A<s>> (6 - )
[, ] [, ]
which implies

(B-a)™

< ( [ Vit eae
[a,]

Hence )
<

< - \/q(S)IAA(S)> <

¢ -
< /[ | \/q<s>xﬁ<s>A<s>> (B-a)¢

¢
/[5] \/q(S)xA(S)A(S)> (B-a)™* (3.1)

A

Now
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and

72 (s) = Vals)z®(s) (3-2)
In view of (3.1) and (3.2), we obtain

< A s
:c%)( » \/q<s>xﬁ<s>A<s>> < (B-a) ¢ g

and

Hence
(Va(s)Ta?(s) </ IA(S)A(S)> < (B—a) A (s)1(s)
[aﬂﬁ]

Integrating both side of the latter with respect to delta derivative, we have the
following inequality:

(Va(s)) e (s)a* (s)As) < (8 — a)gfc/ 72 (s)7(s)° A(s)

[a,] (o8]
< 2 (B=a) ™ (8) ¢ 5(a)
1+¢
h(s)q(s)x2(s)A(s
<1 (/ﬁﬁ[am“)q” ()())
Which implies
[ Va9 (9A0)
[, 8]
b —a)¢ O h(s)q(s)) a2 (s)HCA(s
< —(6-a) (/W] (M)HC) VR a6 A

(3.3)
Inequality (3.3) becomes (1.4) when T =R. If ¢ = { = ¢(s) = 1 then (3.3) yields

<1 A(s) N
/[a,ﬁ]x ({94 < 5 (/[ g h(s) ) /[aﬁ] h(s)z'(s)"A(s) (3.4)

The case when T =R and ¢ = ¢ = h(s) = 1 in (3.3) coincides with the following
inequality:

[ a@renene < 5D [ gwaeras es)
[, 8] e, 8]

We observe that (3.3) reduces to (1.5) when T = R and if ¢ = { = 1, it reduces to

s)z2(s)z(s)A(s 1 A(s) Sols)zd ()2 A (s
/W]q() ()()A()<2</[a,m h(s)>/mh( )g(s)z™(s)*As)  (3.6)

The next theorem generalizes Opial type inequality (2.1) on time scale.
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Theorem 3.2. Let T be a time scale witht € T. Let ¢, and o be real numbers,
let hyq € Crq(]0,b]T,R) and positive rd-continuous functions on [a, Slt such that
f[ojt]r(t)A(s) < oo and q(t) is non increasing on [0,b]. We define ¢ as convex
function and if x : [a, 8] — R is delta differentiable with a(0) = 0, then we have

/[ , (Va7 @7l A)

7 —a) _Al) s)h(s)z™(s)) T A(s
<2 (5-a) (/M : h(s))&U) | VARG )7 a6)
Proof:

let ¢ (s) = v/q(s) and dX(s) = 22 (s) in inequality(2.1),
then

¢
(B-a)" < (/ @(w(S))émA(S)A(S)> < ¢(8)wA(S)A(S)> (B—a)™
[ ] [, 8]

Which is
(/ q(S)SCA(S)A(S)> < (/ Q(S)”wA(S)"A(S)> (B-a) 7 (3.7)
[, 8] [a,5]
Now
t) = $)7x2(s)7 A(s
) /W] 272 (5)7A(s)
and

In view of (2.1) and (3.1), we obtain

S

o(¢—1 A <
a:%)"( w(s)af:A(s)A(s)) <(B-a) 22D s
[a,5] q(t)?

and
(Va2 (1)° (/ xA(s)A@) <(B-a) T A W)F
[, 8]

Which implies that

/ (Va®) o (1) (/ x%ws)) At) < (B — )" / VA (s)y(s)F A
[, ] [, 8] [, 8]
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By Holder’s inequality

/ (VaB) oz (1) (b Al)
[, ]

Therefore
[ Vatoy et @t at)
[a,]

o A(t)

< To@-ar ([ ) [ (Valhat ) AG)
sto () (VA(E) 7 ) Jias)

Note that (3.10) is equivalent to (3.3) when (8 —«a) = 1 = 0. We see that (3.10)

becomes (1.6) if 0 = ¢ = 1. Also, by replacing the exponent components of (3.9)

Wlth q+o’ andm we haVe

/[ mwmw A (07t A(R)

(3.10)

fed

(a 1) cio st+o sto
<2 (5-a) ([ [ A(t)] [ I, A(t)] )

By simplification

S+o

/ (Va@) o ()7 2ty At) < —2 w—a)“‘”q/ () A()
[a,] [

o, 8]
Therefore
sto S _9 (s=1) 72D (1) %=
[ (Va0 an £ 8- (me< MUY NG
L INCOER GO
Then
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We need the following theorem to prove the next result.

Theorem 3.3. Let T be a time scale, o, € T and let ¢ : (o, Bl — RT be
absolutely continuous convex function and Crq([cr, BT, RT) be such that £(t) is non-

increasing on [a, 8] and suppose x : [a, ]t — RT is delta differentiable with
xz(a) = 0. Then,

15 B/ N (D )T
[, qomrereman < - [ (e osern) T A
(3.12)
Proof : From (2.1)
(= 2, dM@) = 23(s) and w(s) = €75 (s)
then
v(t) = #sxAs"As
® /W]g () ()7 A(s)
and
vB(t) = T () (1) (3.13)
Hence
(B—a)™
ﬁs%IAsAsﬁ 7 (s)22 (5)A(s h —a)
<|[ Pl ) T e ma0 V[a,mf ()2 (5)A6) | (6 a)
by convexity, we have
(B—a)™
< e (s %xAsAs ’ 7 (8)22 (s) A(s B —a)
_[/M(g () 7 22(5)A() [Mg (e ©AE)| (B a)
< e (s)z2 (s)A(s ’ 7 ()22 (s)A(s N —a) "
_Vms ()22 (5) A(s) wa (2 (SAE)| (B a)

That is

({ B}f*ﬂ(s)st)A(s)) <o) (B—a) T (3.14)

In view of (3.13) and (3.14)

gﬂc(t)xA(t)( snic(s)xA(s)A(s)) <B-a) T VAt

[07,8]
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Which implies
<
E0A (1) (/ w%)A(s)) < (B—a) T WA 0u(t)F
[a,8]
Also
[ ot wam -0 [ Bepmiae
[a,8] [@,8]
<(B-a)" T @) vie) =0
Applying Holder's inequality with indices H'T" and ﬁ yields
() (8)x* (£) A(t)
[, 8]
n < stn
T] (-1 n n+s n+s n+s n
< @-wt ([ (eRoater) T a A)
n+s (mm( ) [cx,]
(3.15)
Therefore, we have
Ee (@ (AW < - (9- ) T (B-a)t [ (e @0at()
[, 6] SNt [,5]

/[m§<t>mA<t>%<<t>A<t>< (g—ay [ €mzA@)TAR (3.16)

SNt [, 8]

When T = R, £(s) = 1 and z is a continuous function on [, £], then (3.16) yields

1( G\ Sd g o) U anY;
/[a’mus) o(s)ds < (5 - ) /[a’mx@ s

+<

If the components in (3.15) are replaced with H'T" and 772:“!:7]—7%7 we have

E()z™ (1)"a (£) A(t)
[ov ]

n # % . ”:}r< nt< =
o ™) o

(- ) (B o) N
§n+<(5 @) (B—a) /W] (5 (t)x (t)”) A(t)

N
B
=
Q
%
3

7 _ A +<
S - E()z= ()" AR)

(3.17)
Finally, when T = R,n = £(t) = 1 = ¢ and a = 0, we note that (3.16) becomes

the celebrated Olech’s inequality (1.3) on time scales.
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Theorem 3.4. Let o, € T and let ¢ : [o, Bt — RY be absolutely continuous
convez function and v € Crq([a, Bl1, RT) with f[a 5 v(s)17¢A(s) < oo be such that
&(t) is mon- increasing on |a, 3] and suppose that x : [, ]y — RT is delta differ-
entiable with «(0) =0 and n > 0. Then, the following inequality holds:

A . L X e () (1) N
JACCISCEORNORIER 1+<</[a,mf (w00 A(t))
(3.18)
where e
X = ( /M u(t) 6A<t>>
proof:
From (2.1)
Y(s) = £7% (5), dA(s) = 22 (s)
and
= 171<8.TA8 S
=(t) = /Mf ()22 () A(s)
hence,
@A (t) = £7% ()™ (1) (3.19)

Then, we have,

(B-a)™

. ¢ e
< [/{a’m ¥ (51L<(5))Z J;A(S)A(s)] [/[a’ﬁ] ﬁ(s)zA(s)A(S)] (8 — a)—c

By convexity,

(B—a)*
1 ¢ ) e _
< [/[a,ﬁ] (fﬁ(s» mA(s)A(s)] [/[ayﬁ]flc(s)zA(s)A(s)] (B—a)¢

< [ €7 (s)22 (5)A(s)
[, ]

Which gives,

+i

[ / €75 ()22 ()A(s)
[, 8]

By joining (3.19) and (3.20), then

ET (822 (1) (/ flL(s)mA(s)A(s)> <(B-a) @) @i(t)  (321)
[@,8]

That is,
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Which yields,

22 (D) ()¢ — o) s () _ —a) ¢ ()i
oy OO < (B - ) /M (5w (OA®) = (8 — )¢ ()
Further simplification yields,
L 14+¢
| et eram < (6o ( sli<<t>xA<t>A<t>>
[o,8] [, 8]
1 1+¢
¢ “RET (s)22 (O (t)
<(B-a) 1+<</[a,m”“) £ () (1) A(t))
Which implies,
JINGCERCEONNG
[e,]
—04QCL v(t)™~ 6 =< (s)v(s)z2 ()7 N
<(B-a) (/[amt A(t)) (/M (s)()a> (1) A(t))

—

<

2 () () )T ™ () ()7 -
et < (30 ( [ emnsa A(t))
IfT=Rand £(t) =£T(s) =1=¢ = in (3.21) then,

o (s)z(s)ds < X v(s)x'(s)7ds 7
/[aﬁ] ()2(s) s2</w] ()2/(5) )

We note that if T =R, {(t) =& (t)=1=¢=(f—a),( =0and v =2 in
(3.21), we have

/[a,g] ' (t)x(t)dt < (/[a,m v(t) Edt) </[a,3] v(t)x (t)%lt)

which is a special case of Opial-type inequalities, since ¢ is non-decreasing. The
last theorem is an equivalent result of [5] on time scales.
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