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FIXED POINT RESULTS FOR A PAIR OF MULTIVALUED
MAPPINGS ON CLOSED BALL FOR NEW RATIONAL TYPE
CONTRACTION IN DISLOCATED METRIC SPACE

TAHAIR RASHAM, ABDULLAH SHOAIB, MUHAMMAD ARSHAD, SAMI ULLAH KHAN

ABSTRACT. The purpose of this paper is to introduce the idea of multivalued
mappings for a new rational type contractive conditions to find the fixed point
results for such mappings fulfilling generalized locally contractive conditions
on a closed ball in complete dislocated metric space. Example have been given
to demonstrate the variety of our result. Our results combine, extend and infer
several comparable results in the existing literature.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory plays an important role in functional and non linear analy-
sis. Banach proved significant result for contraction mappings. Afterward, a large
number of fixed point results have been published by various authors and they
made different generalizations of the Banach’s result. In literature, there are many
concerning results about the fixed point of mappings which are contractive over the
whole space. It is very simple to prove that R : G — G is not a contraction but
R :J — G is a contraction, where J is a subspace(closed ball) in G. It is very
simple to get fixed point for such mappings if they satisfy certain condition. It has
been shown by Hussain et al. [9], the presence of fixed point for such mappings
that fulfill the certain conditions on a closed ball. Lateral, Beg et al. [6], proved
the sufficient conditions on a closed ball in an ordered left(right)-K sequentially
complete dislocated quasi metric spaces. (see also [2 3 [4, 14, 15| 16, 17, I8, 19]).

Nadler [13], initiated the study of fixed point theorems for the multivalued map-
pings (see also [5]). Several results on multivalued mappings have been observed
(see [T, [, 12, 20] . In this paper, the concept of multivalued mappings on a closed
ball for a new rational type contraction has been introduced. Some fixed point re-
sults for several contractive type multivalued mappings on a closed ball in complete
dislocated metric space have been established. Example have been given to show
the variety of our result. We give the following definitions and results which will
be needed in the sequel.

2010 Mathematics Subject Classification. 46540; 47H10; 54 H25.

Key words and phrases. Fixed point; complete dislocated metric space; closed ball; multivalued
mappings; new rational type contractive condition.

(©2017 llirias Research Institute, Prishtiné, Kosové.

Submitted January 7, 2017. Published February 10, 2017.

Communicated by G. Marino.

74



FIXED POINT RESULTS FOR A PAIR OF MULTIVALUED MAPPINGS ON CLOSED BALIZ5

1.1. Definition. [20,11] Let X be a nonempty set. A mapping d; : X x X — [0, c0)
is called a dislocated metric (or simply d;-metric) if the following conditions hold.
for any z,y,z € X :

(i) If di(x,y) = 0, then z = y;

(ii) dl(ma y) = dl(y?x);

(111) dl(xvy) < dl(xv Z) + dl(zﬁy)'

Then d; is called a dislocated metric on X, and the pair (X, d;) is called dislocated
metric space or d; metric space. It is clear that if d;(z,y) = 0, then from (i), z = y.
But if z =y, d;(z,y) may not be 0.

1.2. Example. [20] If X = RT U {0}, then d;(z,y) = x + y defines a dislocated
metric d; on X.

1.3. Definition. [20] Let (X, d;) be a dislocated metric space.
(i) A sequence {z,} in (X,d;) is called Cauchy sequence if given £ > 0, there
corresponds ng € N such that for all n,m > ng we have dj(zm,x,) < € or

lim di(zy,z,) =0.
n,m— 00
(ii) A sequence {x,, } dislocated-converges (for short d; -converges) to x if lim d;(z,,z) =
n—oo

0. In this case z is called a d;-limit of {x,}.
(iii) (X, d;) is called complete if every Cauchy sequence in X converges to a point
x € X such that d;(z,z) = 0.

1.4. Definition. Let K be a nonempty subset of dislocated metric space X and
let z € X. An element yy € K is called a best approximation in K if

di(z,K) = di(x,yp), where dj(z, K) = in}f{dl(x,y).
yeE

If each x € X has at least one best approximation in K, then K is called a
proximinal set.

1.5. Example. Let X = Rand d; : X x X — [0, 00) defined by d;(u,v) = |u| + |v|
for all u, v € X.
Note that d; is a dislocated metric, but not a metric since d; (1,1) =2 > 0.

1.6. Definition. Let (X, d;) be a dislocated metric space then for ug € X, r > 0,
the closed ball with centre ug and radius r is,

Bdl (Uo,?") = {y € X: dl(u07y) S T’}.
1.7. Definition. [16] The function Hy, : P(X) x P(X) — R*, defined by
Hy, (A, B) = max{sup d;(a, B), supd;(4,b)}
acA beB

is called dislocated Hausdorff metric on P(X).

1.8. Example. Let X = [0,1] and d; (u,v) = max{u,v}. Then the pair (X,d;) is
dislocated metric space, but it is not a metric space.

1.9. Definition. [20] Let (X,d;) be a dislocated metric space. A mapping T :
X — X is called contraction if there exists 0 < A < 1 such that

d(T (u),T (v)) < Ad(u,v), for all u,v € X with u # v.
Then T has a unique fixed point in X.
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1.10. Lemma [I6]. Let (X,d;) be a dislocated metric space. Let (P(X), Hy,) is a
dislocated Hausdorff metric space on P(X). Then for all A, B € P(X) and for each
a € A there exists b, € B satisfies d;(a, B) = d;(a, b,) then Hg, (A, B) > di(a,b,).

2. MAIN RESULT

Let (X,d;) be a dislocated metric space, ug € X and S,T : X — P(X) be the
multifunctions on X. Let u; € Sug be an element such that d;(ug, Suo) = di(ug, u1).
Let uy € Tuy be such that dj(ui,Tur) = dj(ug,usz). Let ug € Sus be such that
di(ug, Suz) = d;j(uz,u3). Continuing this process, we construct a sequence u,, of
points in X such that ugy, 41 € Sug, and ugy1o € Tugp41, wheren =0,1,2, ... Also
dl(UQmSUzn) = dl(u2n7u2n+1)7 dl(U2n+1,TU2n+1) = dl(u2n+1,uzn+2)- We denote
this iterative sequence by {T'S(uy)}. We say that {T'S(uy)} is a sequence in X
generated by ug.

1. Theorem. Let (X,d;) be a complete dislocated metric space and ug be any
arbitrary point in X let the mappings 5,7 : X — P(X) satisfy:

d; (u, Su) .dj (v, Tv) d; (u, Su) .dy (v, Tv

)
<
Ha(Su,Tv) < a1 di(u, v)+as as + d; (u, Su) Has d; (u, Su) + d; (u,v) + d; (v, Tv)

(2.1)

for all u,v € By, (ug, ) N{T'S(uy)} and u # v with a1, as,as,as >0 and a1 + az +
az <1,

dy(ug, Sup) < (1 —N)r (2.2)

where \ = max{“1+ac‘25, “11"’52} Then {T'S(u,)} is a sequence in By, (ug,r) for all

n € NU{0} and {T'S(un)} = h € By, (ug,r). Also, if (2.1) holds for h, then S and
T have a common fixed point h in By, (ug,r).

Proof. Let ug be an arbitrary point in X and define uy € Sug and us €

T'uy then, we have ug,11 € Sug, and ugyio € Tugpi1, where n = 0,1,2,.... By
Lemma 1.10, we have
d; (ul,ug) = dq (ul,Tul) < Hdl (SUO,TU1)

dl (UO, S’LLO) .dl (Ul, Tul)
ayq + dj (ug, up)
dy (ug, Sug) .dj (u1, Tuy)
d; (ug, Sup) + dj (ug, u1) + di (w1, Tuq)

< ard; (ug, u1) + az

+a3

dy (uo, ur) .dy (w1, us) dy (o, ur) .dy (w1, us)

< d 9 + + K
< ad; (o, ) +az ag + dy (uo, u1) addl (uo,u1) + di (uo, u1) + di (u1,uz)
< aid; (uo,ur) + agd; (ur, u) + asd; (ug,uy) -
Hence
a1 +a
di (ug,uz) < ( 11 3) dy (ug,uq)
“a
< A (ug,ur) < A1 —=N)r by using (2.2)
di (u,u2) < A1 = A)r.
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Now,
dy (uo,uz) < di (ug,u1) + dy (w1, uz)
< A=Nr+A1-XNr
< (1- )\2)7" <r
dy (ug,u2) < 1.

This implies that us € By, (ug, 7). Suppose, uz, u4,... u; € By, (ug,r), for some j € N.

If j = 2i + 1, where i = 1,2,---, 151 we get

dy (ugit1,uzir2) = di (ugit1, Tugit1) < Hg, (Sugi, Tugitr)

dp (uzi, Sug;) .dy (wiy1, Tuzii1)
aq +d ('U/Q»L‘, Suzl)
dy (ugq, Sug;) di (ugiy1, Tuziq1)

(ugi, Sugi) + di (uy,, u2iv1) + di (ugiy1, Tugitr)

< ardy (ugi, uziq1) + ao

+CL3 dl

dp (w24, u2i11) -di (U2it1, U2it2)

< ard; (uzs, uzi
< ardy (ugi, ugit1) + az ag + di (w2, u2it1)
ta dy (w24, U2i41) -di (U2it1, Uit2)
3
dy (u2i, u2i41) + di (U24, u2it1) + di (U2ig1, U2iq2)
< ardy (Ui, u2it1) + aody (Uit U2iva) + asdy (U2, U2itr) -
Hence
a1 +a
dy (Ugit1,U2iq2) < ( 11 3) dp (u24, ugit1)
— as
< Ay (u2i, u2it1) - (2.3)
Similarly, if j = 2¢, where ¢ =1,2,--- ,%, we have
dy (ugi,uzip1) = di (u2i, Sugi) < Hg, (Tugi—1, Sugi) = Hg, (Sugi, Tugi—1)

dy (U4, ugit1) .dy (ugi—1, u2;)
ag + dp (u2q, u2iy1)
as d (U2i, U2i+1) .dy (U2i71, Uzz‘)
dp (u2q, u2i1) + dy (U2, ugi—1) + dy (w1, u;)

< ardy (ugi, ugi—1) + az

+

< ardy (ugi—1,u2;) + agd; (ugi—1,u2;) + asd; (u2q, Ugit1)
a1 +a
dy (ugi,u2ir1) < ( 11 o 2) dy (w24, U2i41)
—as
é )\dl ('U,Qi,l, 'LL27;) . (24)

Now, (2.3) implies that
dy (ugiy1, Ugig2) < XNy (ug, ur) . (2.5)
Also, (2.4) implies that
dy (ugi, ugip1) < A'dy (ug, uq) . (2.6)
Now, by combining (2.5) and (2.6), we have
di (uj,ujs1) < Ndp(ug,uy) for all j € N. (2.7)
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Now,
di(uo,ujt1) < di(ug,ur) + di(ur, ug) + - - + dy(uj, ujp1)
< di(uo,u1) + Mdy(ug,ur) + -+ + N dy (ug,ur) (by (2.7))
< (HANFNT A+ M) (o, ur)
1(1— M)
< g <
< T (I-XNr<r

Thus, uji1 € Bg,(uo,r). Hence w, € Bg,(ug,r) for all n € NU {0}, therefore
{T'S(un)} is a sequence in By, (ug, ). Now, the inequality (2.7) can be written as

di (Up, Upa1) < ANy (ug,uy) for all m € N. (2.8)

Hence for any m > n,

dl (un7um) < dl (unaun+1)+dl (un+17un+2) ++dl (umfhum)»
< ()\" 4ty )\m_l) d; (ug,u1), (by using (2.8))
n
di (Up, Um) < dy (ug,u1) —> 0, as m,n — 00..

1-A

Thus we proved that {T'S(u,)} is a Cauchy sequence in (By, (ug,r),d;). As every
closed ball in a complete dislocated metric space is complete, so there exists h €
By, (ug,r) such that {T'S(uy,)} — h, it follows that

lim d;(un,h) =0.

n—oo

Now,
dl (h, Sh) § dl (h, U2n+2) + dl (U2n+2, Sh)
< dy (hyugpea) + Hy, (Tugp+1,Sh), (by Lemma 1.10)
dy (h, Sh) .dy (ugns1, Ttion
dy (h,Sh) < di(h,uzns2) + ard; (h,uzni1) + a2 t (R, ) i (uzn 1, Tuznt)

ayq + dj (h, Sh)
dl (h, Sh) .dl (u2n+1, Tu27l+1)

(hy Sh) + d; (h,uan+1) + di (uant1, TUont1)

dl (h, Sh) .dl (u2n+1, U2n+2)
aq + dy (h, Sh)

+as dl

< dy (h, uony2) + ard; (hyuont1) + ao

dy (h, Sh) .dj (ugn41, Usnt2)
di (h, Sh) + dy (h, ugni1) + di (Uznt1, U2nt2)

+as
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which on making n — oo, gives rise d; (h, Sh) < 0. Hence d; (h,Sh) = 0 and so
h € Sh. Similarly,

dl (h7 Th) dl (h, ’LL2n+1) + dl (U2n+17 Th)
dy (hyugny1) + Hg, (Suzn,Th), (by Lemma 1.10)
di (h,Sh).dy (u2ny1, Tuny1)

ay + d; (h, Sh)

INIA

IN

dy (h, uant2) + ard; (h, ugni1) + az

dl (h, Sh) .dl (u2n+1, Tu2n+1)
d; (h, Sh) +d; (h, u2n+1) +d; (u2n+1, Tuan)
dl (UQn, UQn+1) .dl (h7 Th)
aq + d; (Uan, U2n+1)
dl (u2n, u2n+1) .dl (h, Th)
d; (u2n, u2n+1) +d; (u2n, h) +d; (h, Th) '

Hence d; (h,Th) <0 and so h € Th.

+as

IA

d; (h, u2n+2) + a1d; (ugn, h) + ao

+a3

2.2. Example. Let X = Q" U {0} and let d; : X x X — X be the complete
dislocated metric on X defined by

di(u,v) =u+wv for all u,v € X.
Define the multivalued mapping, S,T : X x X — P(X) by,
2
Gy [%,gu] ifuel0,1]nX
[u,u+1]ifue (1,00) N X

and

_ [%,Zv] ifve[0,1]nX
[v+ 1,0+ 3]ifve (l,00)NX.

Considering, uy = 1, T = = 8, then By, (ug,7) = [0,7] N X. Now di(ug, Sug)

di(1,81) = d;(1, é) . So we obtain a sequence {T'S(u,)} = {1, 35, 147+ Togg> -}
in X generated by ug. Let u,v € (1,00) N X, then by takingu=2,v =3, a1 = %,

as = i, and az = %, as =1, then Hy, (S2,7T3) = 8. Now,

a1d1(2, 3) 4+ as

di(2,[2,2+1]).d;(3,[3+ 1,3+ 3])
1+dl<27[22+ ])
di(2,[2,2 +1]).d;(3,[3 4+ 1,3 + 3])

TR+ 1) T di2.3) +d (,[3+1,3+3])
1 1dy(2,2).dy(3,4) di(2,2).di(3,4)
= 34 T e R 7dl(2 2) +di(2,3) + di(3,4)
_ 5,8 28
- 37 e

As 8 > 3.31, then

1d,(2,52).d,(3,T3) 1 d; (2,52) .d; (3,T3)
Ha,(52,13) > 3dl(2 3+ 1+d; (2,52) Td;(2,52)+d; (2,3)+d (3,T3)
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So the contractive condition does not hold for the whole space X. Now for all
u,v € By, (ug,r) N {TS(un)}, we have

Hy, (Su,Tv) = [max{sup d;(a,Tv), sup d;(Su,b)}]
a€Su beTv
max{ sup di(a, [2, 22]), sup di([, 2], b))
= X sy L T 1) a9 9 b
aESpul 4" 4 beTPvl 3" 3
2u v 3v u 2u, 3y
- max{dl(?>[17Z]Ldl([gv?LZ)}
2u v u 3v

= maX{dl(g»z)vdl(gaz)}
— maX{2ﬁ+E E_A'_37,U}
N 3 4’3 4

d; (u, Su) .d; (v, T) dy (u, Su) .dj (v, Tv)
ag + dj (u,v) “ dy (u, Su) + d; (u,v) +d; (v, Tv)
i (1,%) o (0.) i (u,%) i (0
144, (u,g) d; (u,g) + di(u,v)

4du 5v 1 4u 5v

_ L 37 L 34
B (u+v)+41+u+§ Tu+¥d+utv+ov+4

al dl(u, ’U) + ag

= aydi(u,v) + as

3 4" 3 4
So, the contractive conditions holds on By, (ug, ) N {TS(uy,)}. Also,
4 49
= 1- 22
3 < ( 72) x 8

di(ug, Sug) < (1= M)
Hence, all the conditions of Theorem 2.1 are satisfied. Moreover, 0 is a common
fixed point of S and 7.
2.3. Corolloray. Let (X,d;) be a complete dislocated metric space and ug be any
arbitrary point in X let the mappings S, T : X — P(X) satisfy:
d; (u, Su) .dj (v, Tv)
dy (u, Su) + d; (u,v) + d; (v, Tv)
for all u,v € By, (ug,r) N {TS(un)} and u # v with r > 0,
dl(uo, SUO) S (1 - /\)r

Hg, (Su,Tv) < ay di(u,v) + az (2.9)

where A = (a1 + a2) and, a1, as are non negative reals with a1 + as < 1. Then
{T'S(un)} is a sequence in By, (ug,r) for all n € NU {0} and {T'S(un)} — h €
By, (ug, ). Also, if (2.9) holds for h, then S and T have common fixed point % in
Bdl (UQ,T).

2.4. Theorem. Let (X,d;) be a complete dislocated metric space and vy be any
arbitrary point in X let the mappings S, T : X — P(X) satisfy:

d; (U> S (U)) .y (f7T (f))

Hg, (S (), T(f)) <adi(v, f)+b T+d (v, f)

(2.10)
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for all v, f € By, (vo,r) N {T'S(v,)} and v # f with r > 0,
dl(’l)()7S’l)()) S (1 — )\)T (211)

where A = (ﬁ) and a,b are nonnegative reals with a + b < 1. Then {T'S(v,,)} is

a sequence in By, (vo,r) for all n € NU {0}, and {T'S(v,)} = u € Bg, (v, 7). Also,
if (2.10) holds for u, then S and T have common fixed point u in By, (vg, ).

Proof. Let vg be an arbitrary point in X and define v; € S (vg) and vo € T (v1)
then, we have vap41 € S(v2,) and vony2 € T(v2n41), where n = 0,1,2,.... By
Lemma 1.10, we have

di (v1,v2) = di (S(vo), T (v1)) < Hay (S (vo), T (v1)) .-
Then,
(’UQ, S (’Uo)) .dl (’Ul,T(Ul))
14+d; (Uo, ’U1)
dl ('1}0, ’U1) .dl (’1)1, ’UQ)

Hdl (S(Uo),T(Ul)) S adl (1}0,111)+de

< d b
< ad; (vo,v1) + 1+d (v, 01)
d; (vo,v1)
< -~ =7 7
< ad; (vo,v1) + bdy (v1,v2) (1 A p—
< ad; (vo,v1) + bd; (v1,v2) .
This implies that,
a
d; (vlva) < (1—b> d (anvl)
< Adp (v, v1)
< A(1—=X)r. by (2.11)
Where(l%b) — A Now,
d; (vo,v2) < d;j(vo,v1) + dy (v1,v2)
< (A=Nr+A1-=Xr
< (1=M)r
<

this implies that v € By, (vo,r) similarly,

d; (vo,v3) = d; (v3,v2) < Hd; (S (v2),T (v1)) by Lemma 1.10

dl (1}2, S (’Ug)) .dl (Ul,T (’Ul))
1+d, ('02,1)1)
dy (v2,v3) .dj (v1,v2)

Hd, (S (Ug) ,T(vl)) < ad (Ug,’l}l) +b

< ad b
< a l(U27U1)+ 1+dl(y2,v1)
d; (v1,v
< ady (v2,01) + bdy (v2, v3) <1‘|‘1C(llzv221)71)>

dy (va,v3) < ad;(v,v2) + bd; (va,v3) .
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This implies that,

di (v2,v3) < <1ib> dy (v1,v2)
< A (vo,v1)
< N (vo,v1)
< )\2(1 —A)r<r.

Consequently, v3,v4,... v; € Bg,(vo,7), for some j € N. If j = 2i + 1, where i =

1,2,-~-,% we get

di (v2it1,V2i42) < Ay (v2i, v2i41) (2.12)
Similarly, if j = 2i + 2, where i = 0,1,2, -+, 52, we have
di (v2i42,v2i13) < Adp (V2i41, V2i42) - (2.13)
Now, (2.12) implies that
dy (Vaig1,V2i2) < A2 (v, v1) . (2.14)
Also, (2.14) implies that
dy (vaigo, vairs) < A22d; (v, v1) . (2.15)
Now, by combining (2.14) and (2.15), we have
d; (vj,v541) < Nd, (vo,v1) for all j € N. (2.16)
Now,
di(vo,vj41) < di(vg,v1) +di(vi,v2) + ...+ di(vj,v541)
< dy(vo,v1) + Mdi(vo,v1) + ... + Ndj (vo,v1) by (2.16)
< (AHXFX M) (v, v1)
< %(1 —A)r<r.

Thus, vj41 € Bag,(vo,7). Hence v, € By, (vo,r) for all n € N U {0}, therefore

{T'S(vy)} is a sequence in By, (vg, 7). Now, the inequality (2.16) can be written as
dy (Vn, vpt1) < A" (vo,v1) for all m € N. (2.17)

To prove that {T°'S(v,)} is a Cauchy sequence, we have for any m > n,

di (Vn,Vm) < di (Vn, Ung1) + di (Vng1, Vng2) + - F dp (Um—1, 0m)

< Ny (vg,v1) + A" (v, 1) -+

Ny (vg, v1)

(A" A e AT dy (v, 01)

< (1)\_ )\> dy (vo, v1)

— 0Oasm, n — oo.

IN

Thus we proved that {T'S(v,,)} is a Cauchy sequence in (Bg, (vo,7),d;). As every
closed ball in a complete dislocated metric space is complete, so there exists u €
By, (vo,r) such that {T'S(v,)} — wu, it follows that u € Su, otherwise d; (u, Su) =
0 > 0, that is

lim d;(v,,u) =0. (2.18)

n—oo
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Therefore we have,

d; (u, Su) d; (u, Van42) + di (Van42, Su)

di (w, v2n+2) + di (T (v2n+1) , Su)
di (w, vant2) + di (Su, T (van11))
di ( )

1 (u, Vont2) + Hy, (Su, T (v2n,41)) by Lemma 1.10

VAN VAN VAN VAN

d; (u, Su) .dy (van+1, T (Vant1))
1+ d; (u, v2p41)
dy (u, Su) .dj (Van41, Van+2)
1+ d; (u,vap41)
0.d; (U2n+1, U2n+2)
14+ d; (u,van41)
letting n — oo , and v,, — u by using (2.18) we get,
(1-00 < 0
(1-b) # 0
0 = d;(u,Su) <0.

IN

dy (u, van42) + ady (u,vap41) +0

di (u, Su) < di (u,von42) + ad; (u,vanq1) + b

0 < di(u,vap42) +ad; (u,vany1) +b

d; (u, Su) < 0 gives a contracdition so that v € Su. It follows similarly that u € Tu.
Hence v is the common fixed point of both S and T in By, (vg, ). Now,

d; (u,u) < Hg, (Su,Tu) by Lemma 1.10

d; (u, Su) .dy (u, Tu)

1
<
S ad(u) b
< adi(u,u).
This implies that,
(I—a)di(u,u) < 0
l—a # 0
di (u,u) =

This implies that d; (u,u) = 0.

2.5. Corollary. If S: X — X be a self mapping defined on a complete dislocated
metric space (X, d;) satisfying the condition
d; (u, Su) .d; (v, Sv) d; (u, Su) .d; (v, Sv)

<
di(Su, Sv) < a di(u,v) +b d + d; (u, Su) + Cdl (u, Su) + d; (u,v) + d; (v, Sv)

for all u,v € By, (ug,r) and u # v with r > 0,

di(ug, Sug) < (1 —N)r

at+c a+b
1-b’ 1—c
{un} is a sequence in By, (ug,r) for all n € NU{0} and u,, = h € By, (ug, ). Then

S has common fixed point h in By, (ug, ) .

where A\ = max{ } and a, b, ¢ are non negative reals with a +b+ ¢ < 1.Then
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2.6. Corollary. If S : X — X be a self mapping defined on a complete on dislo-
cated metric space (X, d;) satisfying the condition :

for

d; (u, Su) .dj (v, Sv)
1+d; (u,v)

di(Su, Sv) < ay di(u,v) + ag

all u,v € Bg,(ug,r) and u # v with r > 0,
di(ug, Sug) < (1= N)r

where A = 21— a; and as are non negative reals with a; + ag < 1. Then {u,} is

l—asz’

a sequence in By, (ug,r) for all n € NU {0} and u, — h € Bg,(ug,r).Then S has
common fixed point h in By, (ug,r) .
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