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GENERALIZED YOSIDA APPROXIMATION OPERATOR AND A

SYSTEM OF YOSIDA INCLUSIONS

MOHD ISHTYAK, ADEM KILIÇMAN∗, RAIS AHMAD AND MIJANUR RAHAMAN

Abstract. The aim of this paper is two fold, first we introduce a general-

ized Yosida approximation operator whose structure depends on the resolvent

operator introduced in [2]. Secondly, we show some of its characteristics i.e.,
it is Lipschitz continuous as well as strongly monotone and we discuss the

graph convergence of it. Finally, we obtain the solution of a system of Yosida

inclusions using these concepts. An example is constructed.

1. Introduction

We emphasize that the variational inclusions are the important generalizations
of variational inequalities and natural development of variational principles. The
variational principles are application oriented in view of study of basic sciences and
have gained a rudimental role in the establishment of general theory of relativity,
gauge field theory in modern particle physics, etc., see for example [1, 3, 16, 17, 18,
22, 24, 26, 27, 28, 31].

It is well known that the monotone operators on Hilbert spaces can be regularized
into single-valued Lipschitzian monotone operators via a process known as the
Yosida approximation [4, 5, 6, 7, 8, 25] and later on the extension of this process
in studied in Banach spaces [9, 10, 11, 12, 13, 14, 29].The Yosida inclusion is a
similar one to a variational inclusion involving Yosida approximation operator, see
for example [15, 19, 20, 21].

In this paper, we consider a generalized Yosida approximation operator based
on a resolvent operator in q-uniformly smooth Banach spaces and we prove that
it is Lipschitz continuous as well as strongly monotone. We also show the graph
convergence of generalized Yosida approximation operator and finally we solve a
system of Yosida inclusions. An example is given in support of graph convergence
of generalized Yosida approximation operator.
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2. Preliminaries

Let X be a real Banach space with its norm ‖ · ‖, X∗ be the topological dual
of X, and d be the metric induced by the ‖ · ‖. Let 〈·, ·〉 be the dual pair between
X and X∗, and CB(X)(respectively, 2X) be the family of all nonempty closed and
bounded subsets(respectively, all nonempty subsets) of X, and let D(·, ·) be the
Hausdorff metric on CB(X) defined by

D(A,B) = max

{
sup
x∈A

d(x,B), sup
y∈B

d(A, y)

}
,

where A,B ∈ CB(X), d(x,B) = infy∈B d(x, y) and d(A, y) = infx∈A d(x, y).

The generalized duality mapping Fq : X → 2X
∗

is defined by

Fq(x) =
{
f∗ ∈ X∗ : 〈x, f∗〉 = ‖x‖q, ‖f∗‖ = ‖x‖q−1

}
,∀x ∈ X,

where q > 1 is a constant. For q = 2, Fq coincides with the normalized duality
mapping. If X is a real Hilbert space, F2 becomes the identity mapping on X. It
is to be noted that if X is uniformly smooth then Fq is single-valued.

The function ρX : [0,∞) → [0,∞) is called modulus of smoothness of X such
that

ρX(t) =

{
‖x+ y‖+ ‖x− y‖

2
− 1 : ‖x‖ ≤ 1, ‖y‖ ≤ t

}
.

A Banach space X is called

(i) uniformly smooth if lim
t→0

ρX(t)
t = 0;

(ii) q-uniformly smooth if there exists a constant C > 0 such that

ρX(t) ≤ Ctq, q > 1.

While encountered with the characteristic inequalities in q-uniformly smooth
Banach spaces, Xu [30] proved the following important Lemma .

Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is q-
uniformly smooth if and only if there exists a constant Cq > 0 such that for all
x, y ∈ X,

‖x+ y‖q ≤ ‖x‖q + q〈y, Fq(x)〉+ Cq‖y‖q.

Throughout the paper, we takeX to be q-uniformly smooth Banach Space and Fq
to be single-valued, unless otherwise specified.The following definitions and concepts
are essential to achieve the aim of this paper.

Definition 2.2. [2, 32]. A mapping A : X → X is said to be

(i) accretive, if

〈Ax−Ay, Fq(x− y)〉 ≥ 0,∀x, y ∈ X;

(ii) strictly accretive, if

〈Ax−Ay, Fq(x− y)〉 > 0,∀x, y ∈ X,

and the equality holds if and only if x=y;
(iii) δ-strongly accretive, if there exists a constant δ > 0 such that

〈Ax−Ay, Fq(x− y)〉 ≥ δ‖x− y‖q,∀x, y ∈ X;
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(iv) β-relaxed accretive, if there exists a constant β > 0 such that

〈Ax−Ay, Fq(x− y)〉 ≥ (−β)‖x− y‖q,∀x, y ∈ X;

(v) µ-cocoercive, if there exists a constant µ > 0 such that

〈Ax−Ay, Fq(x− y)〉 ≥ µ‖Ax−Ay‖q,∀x, y ∈ X;

(vi) γ-relaxed cocoercive, if there exists a constant γ > 0 such that

〈Ax−Ay, Fq(x− y)〉 ≥ (−γ)‖Ax−Ay‖q,∀x, y ∈ X;

(vii) σ-Lipschitz continuous, if there exists a constant σ > 0 such that

‖Ax−Ay‖ ≤ σ‖x− y‖,∀x, y ∈ X;

(viii) η-expansive, if there exists a constant η > 0 such that

‖Ax−Ay‖ ≥ η‖x− y‖,∀x, y ∈ X;

and η = 1, then it is expansive.

Definition 2.3. [2, 32] Let H : X × X → X and A,B : X → X be three single-
valued mappings. Then

(i) H(A, ·) is said to be α1- strongly accretive with respect to A, if there exists
a constant α1 > 0 such that for a fixed u ∈ X,

〈H(Ax, u)−H(Ay, u), Fq(x− y)〉 ≥ α1‖x− y‖q,∀x, y ∈ X;

(ii) H(·, B) is said to be β1-relaxed accretive with respect to B, if there exists a
constant β1 > 0 such that for a fixed u ∈ X,

〈H(u,Bx)−H(u,By), Fq(x− y)〉 ≥ (−β1)‖x− y‖q,∀x, y ∈ X;

(iii) H(A,B) is said to be symmetric accretive with respect to A and B, if H(A, ·)
is strongly accretive with respect to A and H(·, B) is relaxed accretive with
respect to B;

(iv) H(A, ·) is said to be µ1-cocoercive with respect to A, if there exists a constant
µ1 > 0 such that for a fixed u ∈ X,

〈H(Ax, u)−H(Ay, u), Fq(x− y)〉 ≥ µ1‖Ax−Ay‖q,∀x, y ∈ X;

(v) H(·, B) is said to be γ1-relaxed cocoercive with respect to B, if there exists
a constant γ1 > 0 such that for a fixed u ∈ X,

〈H(u,Bx)−H(u,By), Fq(x− y)〉 ≥ (−γ1)‖Bx−By‖q,∀x, y ∈ X;

(vi) H(A,B) is said to be symmetric cocoercive with respect to A and B, if
H(A, ·) is cocoercive with respect to A and H(·, B) is relaxed cocoercive
with respect to B;

(vii) H(A, ·) is said to be ξ1-Lipschitz continuous with respect to A, if there exists
a constant ξ1 > 0 such that for a fixed u ∈ X,

‖H(Ax, u)−H(Ay, u)‖ ≤ ξ1‖x− y‖,∀x, y ∈ X;

(viii) H(·, B) is said to be ξ2-Lipschitz continuous with respect to B, if there exists
a constant ξ2 > 0 such that for a fixed u ∈ X,

‖H(u,Bx)−H(u,By)‖ ≤ ξ2‖x− y‖,∀x, y ∈ X.

Definition 2.4. [2] Let f, g : X → X be two single-valued mappings and M :
X ×X → 2X be a set-valued mapping. Then
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(i) M(f, ·) is said to be α-strongly accretive with respect to f , if there exists a
constant α > 0 such that for a fixed w ∈ X,

〈u− v, Fq(x− y)〉 ≥ α‖x− y‖q,∀x, y ∈ X,u ∈M(f(x), w), v ∈M(f(y), w);

(ii) M(·, g) is said to be β-relaxed accretive with respect to g, if there exists a
constant β > 0 such that for a fixed w ∈ X,

〈u− v, Fq(x− y)〉 ≥ (−β)‖x− y‖q,∀x, y ∈ X,u ∈M(w, g(x)), v ∈M(w, g(y));

(iii) M(f, g) is said to be symmetric accretive with respect to f and g, if M(f, ·)
is strongly accretive with respect to f and M(·, g) is relaxed accretive with
respect to g.

Definition 2.5. [2]. Let A,B, f, g : X → X, H : X ×X → X be the single-valued
mappings. Let M : X ×X → 2X be a set-valued mapping. The mapping M is said
to be H(·, ·)-co-accretive with respect to A,B, f and g, if H(A,B) is symmetric
cocoercive with respect to A and B; M(f, g) is symmetric accretive with respect to
f and g and [H(A,B) + λM(f, g)](X) = X, for every λ > 0.

Definition 2.6. [2]. Let A,B, f, g : X → X, H : X × X → X be single-valued
mappings. Let M : X ×X → 2X be an H(·, ·)-co-accretive mapping with respect to

A,B, f and g. The resolvent operator R
H(·,·)
λ,M(·,·) : X → X is defined by

R
H(·,·)
λ,M(·,·)(u) = [H(A,B) + λM(f, g)]−1(u),∀u ∈ X,λ > 0. (2.1)

Lemma 2.7. [2] The resolvent operator defined by (2.1) is single-valued and θ-
Lipschitz continuous, where θ = 1

λ(α−β)+(µηq−γσq) .

3. Generalized Yosida approximation operator

We begin this section with the introduction of generalized Yosida approximation
operator and prove some of its properties.

Definition 3.1. The generalized Yosida approximation operator denoted by J
H(·,·)
λ,M(·,·)

is defined as

J
H(·,·)
λ,M(·,·)(u) =

1

λ

[
I −RH(·,·)

λ,M(·,·)

]
(u), for all u ∈ X and λ > 0, (3.1)

where R
H(·,·)
λ,M(·,·) is the resolvent operator defined by (2.1).

Lemma 3.2. The Yosida approximation operator J
H(·,·)
λ,M(·,·) is

(i) θ1-Lipschitz continuous, where θ1 = 1
λ

[
1 + 1

λ(α−β)+(µηq−γσq)

]
, α > β.

(i) θ2-strongly monotone, where θ2 = 1
λ

[
1− 1

λ(α−β)+(µηq−γσq)

]
, α > β.
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Proof. (i) Let u, v ∈ X,λ > 0 and using Lemma 2.2, we have∥∥∥JH(·,·)
λ,M(·,·)(u)− JH(·,·)

λ,M(·,·)(v)
∥∥∥ =

1

λ

∥∥∥[I(u)−RH(·,·)
λ,M(·,·)(u)]− [I(v)−RH(·,·)

λ,M(·,·)(v)]
∥∥∥

≤ 1

λ

[
‖u− v‖+

∥∥∥RH(·,·)
λ,M(·,·)(u)−RH(·,·)

λ,M(·,·)(v)
∥∥∥]

≤ 1

λ
[‖u− v‖+

1[
λ(α− β) + (µηq − γσq)

]‖u− v‖]
=

1

λ

[
1 +

1

λ(α− β) + (µηq − γσq)

]
‖u− v‖,

i.e., ∥∥∥JH(·,·)
λ,M(·,·)(u)− JH(·,·)

λ,M(·,·)(v)
∥∥∥ ≤ θ1‖u− v‖. (3.2)

Thus, the generalized Yosida approximation operator J
H(·,·)
λ,M(·,·) is θ1-Lipschitz

continuous.
(ii) For any u, v ∈ X, and λ > 0 and using Lemma 2.7, we have〈

J
H(·,·)
λ,M(·,·)(u) − J

H(·,·)
λ,M(·,·)(v), Fq(u− v)

〉
=

1

λ

〈
I(u)−RH(·,·)

λ,M(·,·)(u)− [I(v)−RH(·,·)
λ,M(·,·)(v)], Fq(u− v)

〉
=

1

λ

[〈
u− v, Fq(u− v)

〉
−
〈
R
H(·,·)
λ,M(·,·)(u)−RH(·,·)

λ,M(·,·)(v), Fq(u− v)
〉]

≥ 1

λ

[
‖u− v‖q −

∥∥∥RH(·,·)
λ,M(·,·)(u)−RH(·,·)

λ,M(·,·)(v)
∥∥∥‖u− v‖q−1

]
≥ 1

λ

[
‖u− v‖q − 1

[λ(α− β) + (µηq − γσq)]
‖u− v‖‖u− v‖q−1

]
=

1

λ

[
‖u− v‖q − 1

[λ(α− β) + (µηq − γσq)]
‖u− v‖q

]
=

1

λ

[
1− 1

λ(α− β) + (µηq − γσq)

]
‖u− v‖q.

i.e.,〈
J
H(·,·)
λ,M(·,·)(u)− JH(·,·)

λ,M(·,·)(v), Fq(u− v)
〉
≥ θ2‖u− v‖q,∀u, v ∈ X,λ > 0.

Thus, the generalized Yosida approximation operator J
H(·,·)
λ,M(·,·) is θ2-strongly

monotone. �

4. Graph Convergence

This section deals with the graph convergence of generalized Yosida approxima-
tion operator.

Let M : X ×X → 2X be a set-valued mapping. The graph of the mapping M
is defined by

graph(M) = {((x, y), z) ∈ X × Y : z ∈M(x, y)}

Definition 4.1. [2]. Let A,B, f, g : X → X and H : X × X → X be the single-
valued mappings. Let Mn,M : X × X → 2X be H(·, ·)-co-accretive operators for
n = 0, 1, 2... . The sequence {Mn} is said to be graph convergence to M , denoted
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by Mn
G→ M , if for every ((f(x), g(x)), z) ∈ graph(M), there exists a sequence

((f(xn), g(xn)), zn) ∈ graph(Mn) such that

f(xn)→ f(x), g(xn)→ g(x) and zn → z as n→∞.
Definition 4.1 generalizes the definition of graph convergence given in [23].

Theorem 4.2. [2]. Let A,B, f, g : X → X be single-valued mappings; let Mn,M :
X × X → 2X be H(·, ·)-co-accretive mappings with respect to A,B, f and g and
H : X ×X → X be a single-valued mapping such that

(i) H(A,B) is ξ1-Lipschitz continuous with respect to A and ξ2-Lipschitz con-
tinuous with respect to B;

(ii) f is τ -expansive.

Then Mn
G→M if and only if

R
H(·,·)
λ,Mn(·,·)(u)→ R

H(·,·)
λ,M(·,·)(u),∀u ∈ X,λ > 0,

where

R
H(·,·)
λ,Mn(·,·) = [H(A,B) + λMn(f, g)]−1, R

H(·,·)
λ,M(·,·) = [H(A,B) + λM(f, g)]−1.

Remark. Note that the Theorem 4.1 remains valid if either f is τ -expansive or g
is τ

′
-expansive.

Next, we show the graph convergence of generalized Yosida approximation op-
erator using the graph convergence of H(·, ·)-co-accretive operator.

Theorem 4.3. If all the mappings are same as stated in Theorem 4.1 such that

conditions (i) of Theorem 4.1 and Remark 4 hold. Then Mn
G→M if and only if

J
H(·,·)
λ,Mn(·,·)(x)→ J

H(·,·)
λ,M(·,·)(x),∀x ∈ X,λ > 0,

where

J
H(·,·)
λ,Mn(·,·)(x) =

1

λ

[
I −RH(·,·)

λ,Mn(·,·)

]
(x), J

H(·,·)
λ,M(·,·)(x) =

1

λ

[
I −RH(·,·)

λ,M(·,·)

]
(x),∀x ∈ X.

Proof. Necessary Part:

Suppose that Mn
G→M . For any given x ∈ X, let

zn = J
H(·,·)
λ,Mn(·,·)(x) and z = J

H(·,·)
λ,M(·,·)(x).

Then

z = J
H(·,·)
λ,M(·,·)(x) =

1

λ

[
I −RH(·,·)

λ,M(·,·)

]
(x),

λz = I(x)−RH(·,·)
λ,M(·,·)(x),

(x− λz) = R
H(·,·)
λ,M(·,·)(x) = [H(A,B) + λM(f, g)]−1(x),

i.e.,

[H(A,B) + λM(f, g)](x− λz) = x

H(A,B)(x− λz) + λM(f, g)(x− λz) = x.

It follows that

x−H(A,B)(x− λz) ∈ λM(f, g)(x− λz),
1

λ
[x−H(A,B)(x− λz)] ∈ M(f(x− λz), g(x− λz)).
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That is

(
(f(x− λz), g(x− λz)) , 1

λ
[x−H(A,B)(x− λz)]

)
∈ graph(M).

By Definition 4.1, there exists a sequence ((f(z′n), g(z′n)), y′n) ∈ graph(Mn) such
that

f(z′n)→ f(x− λz), g(z′n)→ g(x− λz) and y′n →
1

λ
[x−H(A,B)(x− λz)]. (4.1)

Since y′n ∈Mn(f(z′n), g(z′n)), we have

H(Az′n, Bz
′
n) + λy′n ∈ [H(A,B) + λMn(f, g)](z′n),

and so

z′n = [H(A,B) + λMn(f, g)]−1[H(Az′n, Bz
′
n) + λy′n],

z′n = R
H(·,·)
λ,Mn(·,·)[H(Az′n, Bz

′
n) + λy′n],

z′n =
[
I − λJH(·,·)

λ,Mn(·,·)

]
[H(Az′n, Bz

′
n) + λy′n],

z′n = [H(Az′n, Bz
′
n) + λy′n]− λJH(·,·)

λ,Mn(·,·)[H(Az′n, Bz
′
n) + λy′n],

which implies that

1

λ
z′n =

1

λ
H(Az′n, Bz

′
n) + y′n − J

H(·,·)
λ,Mn(·,·)[H(Az′n, Bz

′
n) + λy′n]. (4.2)
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Using the Lipschitz continuity of generalized Yosida approximation operator J
H(·,·)
λ,M(·,·),

we evaluate

‖zn − z‖

=
∥∥∥JH(·,·)

λ,Mn(·,·)(x)− z
∥∥∥

=

∥∥∥∥JH(·,·)
λ,Mn(·,·)(x) +

1

λ
z′n −

1

λ
z′n − z

∥∥∥∥
=

∥∥∥JH(·,·)
λ,Mn(·,·)(x) +

1

λ
H(Az′n, Bz

′
n) + y′n − J

H(·,·)
λ,Mn(·,·)[H(Az′n, Bz

′
n) + λy′n]

− 1

λ
z′n − z

∥∥∥
≤

∥∥∥JH(·,·)
λ,Mn(·,·)(x)− JH(·,·)

λ,Mn(·,·)[H(Az′n, Bz
′
n) + λy′n]

∥∥∥
+

∥∥∥∥ 1

λ
H(Az′n, Bz

′
n) + y′n −

1

λ
z′n − z

∥∥∥∥
≤ θ1 ‖x−H(Az′n, Bz

′
n)− λy′n‖+

∥∥∥∥ 1

λ
H(Az′n, Bz

′
n) + y′n −

1

λ
x

∥∥∥∥
+

∥∥∥∥ 1

λ
z′n −

1

λ
x+ z

∥∥∥∥
= (θ1 +

1

λ
) ‖x−H(Az′n, Bz

′
n)− λy′n‖+

1

λ
‖zn − x+ λz‖

= (θ1 +
1

λ
) ‖x−H(Az′n, Bz

′
n) +H(A,B)(x− λz)−H(A,B)(x− λz)− λy′n‖

+
1

λ
‖zn − x+ λz‖

≤ (θ1 +
1

λ
) ‖x−H(A,B)(x− λz)− λy′n‖

+(θ1 +
1

λ
) ‖H(A,B)(x− λz)−H(Az′n, Bz

′
n)‖+

1

λ
‖zn − x+ λz‖ . (4.3)

Since H is γ1-Lipschitz continuous with respect to A and γ2-Lipschitz continuous
with respect to B, we have

∥∥∥H(A,B)(x− λz)−H(A,B)z′n

∥∥∥

=
∥∥∥H(A(x− λz), B(x− λz))−H(A(x− λz), Bz′n)

+H(A(x− λz), Bz′n)−H(Az′n, Bz
′
n)
∥∥∥

≤ ‖H(A(x− λz), B(x− λz))−H(A(x− λz), Bz′n)‖
+ ‖H(A(x− λz), Bz′n)−H(Az′n, Bz

′
n)‖

≤ γ2 ‖x− λz − z′n‖+ γ1 ‖x− λz − z′n‖
= (γ1 + γ2) ‖x− λz − z′n‖ . (4.4)
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Using (4.4), (4.3) becomes

‖zn − z‖ ≤ (θ1 +
1

λ
) ‖x−H(A,B)(x− λz)− λy′n‖

+

[
(θ1 +

1

λ
)(γ1 + γ2) +

1

λ

]
‖z′n − x+ λz‖ . (4.5)

If f is τ -expansive or g is τ
′
-expansive mapping, in both cases, we have

‖f(z′n)− f(x− λz)‖ ≥ τ‖z′n − x+ λz‖ ≥ 0, (4.6)

‖g(z′n)− g(x− λz)‖ ≥ τ
′
‖z′n − x+ λz‖ ≥ 0. (4.7)

Either using (4.6) or (4.7), with (4.1), we have z′n → (x − λz). Also from (4.1), it
follows that

y′n →
1

λ
[x−H(A,B)(x− λz)].

Therefore

‖zn − z‖ → 0, as n→∞,

i.e.,

J
H(·,·)
λ,Mn(·,·)(x)→ J

H(·,·)
λ,M(·,·)(x).

Sufficient Part:
Suppose that

J
H(·,·)
λ,Mn(·,·)(x)→ J

H(·,·)
λ,M(·,·)(x),∀x ∈ X,λ > 0.

For any ((f(x), g(x)), y) ∈ graph(M), we have y ∈M(f(x), g(x)), we have

H(Ax,Bx) + λy ∈ [H(A,B) + λM(f, g)](x),

and so

x = [H(A,B) + λM(f, g)]−1 [H(Ax,Bx) + λy] ,

x = [I − λJH(·,·)
λ,M(·,·)] (H(Ax,Bx) + λy) . (4.8)

Let

xn =
[
I − λJH(·,·)

λ,Mn(·,·)

]
[H(Ax,Bx) + λy] , (4.9)

xn = [H(A,B) + λMn(f, g)]−1 [H(Ax,Bx) + λy] ,

H(Ax,Bx) + λy = [H(A,B) + λMn(f, g)](xn),

which implies that

1

λ
[H(Ax,Bx)−H(Axn, Bxn) + λy] ∈Mn(f(xn), g(xn)).
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Let y
′′

n = 1
λ [H(Ax,Bx)−H(Axn, Bxn) + λy] and using the same arguments as for

(4.4), we have∥∥∥y′′n − y∥∥∥ =

∥∥∥∥ 1

λ
[H(Ax,Bx)−H(Axn, Bxn) + λy]− y

∥∥∥∥
=

1

λ
‖H(Ax,Bx)−H(Axn, Bxn)‖

=
1

λ
‖H(Ax,Bx)−H(Axn, Bx) +H(Axn, Bx)−H(Axn, Bxn)‖

≤ 1

λ
‖H(Ax,Bx)−H(Axn, Bx)‖

+
1

λ
‖H(Axn, Bx)−H(Axn, Bxn)‖

≤
(
γ1 + γ2

λ

)
‖xn − x‖ .

Using (4.8) and (4.9), we have

‖xn − x‖ =
∥∥∥(I − λJH(·,·)

λ,Mn(·,·)

)
[H(Ax,Bx) + λy]−

(
I − λJH(·,·)

λ,M(·,·)

)
[H(Ax,Bx) + λy]

∥∥∥
=

∥∥∥[(I − λJH(·,·)
λ,Mn(·,·)

)
−
(
I − λJH(·,·)

λ,M(·,·)

)]
[H(Ax,Bx) + λy]

∥∥∥ . (4.10)

Since J
H(·,·)
λ,Mn(·,·)(x)→ J

H(·,·)
λ,M(·,·)(x), we have that ‖xn − x‖ → 0 as n→∞.

It follows that, y
′′

n → y as n→∞, i.e., Mn
G→M.

This completes the proof. �

In connection with the graph convergence of generalized Yosida approximation
operator, we construct the following useful example.

Example 4.4. Let X = R; A,B, f, g : R→ R be the mappings defined by

A(x) =
x+ 1

5
, B(x) =

x

2
− 1,

f(x) =
x

3
, g(x) = x,

and H : R× R→ R be the mapping defined by

H(A(x), B(x)) = A(x)−B(x), ∀x ∈ R.

Suppose Mn,M : R× R→ 2R are the set-valued mappings defined by

Mn(f(xn), g(xn)) = f(xn) + g(xn),

and

M(f(x), g(x)) = f(x) + g(x), ∀x ∈ R.
Then for any fixed u ∈ R, we have

〈H(Ax, u)−H(Ay, u), x− y〉 = 〈Ax−Ay, x− y〉

=

〈
x+ 1

5
− y + 1

5
, x− y

〉
=

1

5
‖x− y‖2,
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and

‖A(x)−A(y)‖2 =

∥∥∥∥x+ 1

5
− y + 1

5

∥∥∥∥2

= 〈x+ 1

5
− y + 1

5
,
x+ 1

5
− y + 1

5
〉

=
1

25
‖x− y‖2 .

That is,

〈H(Ax, u)−H(Ay, u), x− y〉 ≥ 4‖A(x)−A(y)‖2.

Hence, H(A,B) is 4-cocoercive with respect to A.
Also

〈H(u,Bx)−H(u,By), x− y〉 = −〈Bx−By, x− y〉

= −
〈x

2
− 1− y

2
+ 1, x− y

〉
= −1

2
‖x− y‖2

and

‖B(x)−B(y)‖2 = ‖x
2
− 1− y

2
+ 1‖2

= 〈x
2
− y

2
,
x

2
− y

2
〉

=
1

4
‖x− y‖2.

So,

〈H(u,Bx)−H(u,By), x− y〉 ≥ (−3)‖B(x)−B(y)‖2.
Hence, H(A,B) is 3-relaxed cocoercive with respect to B.
That is H(A,B) is symmetric cocoercive with respect to A and B.
Now we show that M is symmetric accretive with respect to f and g.

〈M(f(x), w)−M(f(y), w), x− y〉 = 〈f(x)− f(y), x− y〉

= 〈x
3
− y

3
, x− y〉

=
1

3
(x− y)2

≥ 1

4
‖x− y‖2

so M is 1
4 -strongly accretive with respect to f . and

〈M(w, g(x))−M(w, g(y)), x− y〉 = −〈g(x)− g(y), x− y〉
= −〈x− y, x− y〉

= −‖x− y‖2 ≥ −3

2
‖x− y‖2 ∀x, y ∈ R,

that is M is 3
2 -relaxed accretive with respect to g.

Hence, M(f, g) is symmetric accretive with respect to f and g.
One can easily verify that for λ = 1,

[H(A,B) + λM(f, g)]−1(R) = R.
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Hence, M is H(·, ·)-co-accretive with respect to A, B, f and g.

Now we show that Mn
G→ M. For any ((f(x), g(x)), y) ∈ graph(M), there exists a

sequence ((f(xn), g(xn)), yn) ∈ graph(Mn), where let

f(xn) =

(
x

3
+

1

n

)
,

g(xn) =

(
x+

1

n2

)
, n = 1, 2, ..... .

and

yn = Mn(f(xn), g(xn)) = f(xn) + g(xn) =
4x

3
+

1

n
+

1

n2
,∀x ∈ R.

Since

lim
n
f(xn) = lim

n

[
x

3
+

1

n

]
=
x

3
,

lim
n
g(xn) = lim

n

[
x+

1

n2

]
= x,

we have,

f(xn)→ f(x) g(xn)→ g(x) as n→∞.
We calculate

lim
n
yn = lim

n

(
4x

3
+

1

n
+

1

n2

)
=

4x

3
= f(x) + g(x)

= M(f(x), g(x)) = y.

It follows that f(xn) → f(x), g(xn) → g(x) and yn → y as n → ∞ and hence,

Mn
G→M.

Further, we show that J
H(·,·)
λ,Mn(·,·) → J

H(·,·)
λ,M(·,·) as Mn

G→M.

Let for λ = 1, the resolvent operators are given by

R
H(·,·)
λ,Mn(·,·)(x) = [H(A,B) + λMn(f, g)]−1(x)

= [A(x)−B(x) + λ{f(x) + g(x)}]−1(x)

=

[
x+ 1

5
− x

2
+ 1 +

(
x

3
+

1

n
+ x+

1

n2

)]−1

=

[
31x

30
+

36

30
+

1

n
+

1

n2

]−1

=
30

31

(
x− 1

n
− 1

n2

)
− 36

31
,

and

R
H(·,·)
λ,M(·,·)(x) = [H(A,B) + λM(f, g)]−1(x)

= [A(x)−B(x) + λ{f(x) + g(x)}]−1(x)
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=

[
x+ 1

5
− x

2
+ 1 +

(x
3

+ x
)]−1

=

[
31x+ 36

30

]−1

=
30x− 36

31
,

and the generalized Yosida approximation operators are given by

J
H(·,·)
λ,Mn(·,·)(x) =

1

λ

[
I −RH(·,·)

λ,Mn(·,·)

]
(x)

=

[
x− 30

31

(
x− 1

n
− 1

n2

)
− 36

31

]
=

[
1

31

(
x− 30

n
− 30

n2

)
− 36

31

]
,

and

J
H(·,·)
λ,M(·,·)(x) =

1

λ

[
I −RH(·,·)

λ,M(·,·)

]
(x)

=

(
x− 30x− 36

31

)
=

(
x− 36

31

)
.

We evaluate∥∥∥JH(·,·)
λ,Mn(·,·) − J

H(·,·)
λ,M(·,·)

∥∥∥ =

∥∥∥∥[ 1

31

(
x− 30

n
− 30

n2

)
− 36

31

]
−
(
x− 36

31

)∥∥∥∥ ,
which shows that ∥∥∥JH(·,·)

λ,Mn(·,·) − J
H(·,·)
λ,M(·,·)

∥∥∥→ 0 as n→∞,

that is,

J
H(·,·)
λ,Mn(·,·) → J

H(·,·)
λ,M(·,·) as Mn

G→M.

5. An existence result for a system of Yosida inclusions

In this section, we consider a system of Yosida inclusions and obtain its solution.
Let for each i = 1, 2, Xi be qi-uniformly smooth Banach spaces with norm ‖ · ‖i.

Let Ai, Bi, fi, gi : Xi → Xi be the nonlinear mappings; Ni : X1 × X2 → Xi, Hi :
Xi × Xi → Xi be the nonlinear mappings. Let M1 : X1 × X1 → 2X1 be H1(·, ·)-
co-accretive mapping with respect to A1, B1, f1 and g1, M2 : X2 × X2 → 2X2 be
H2(·, ·)-co-accretive mapping with respect to A2, B2, f2 and g2. We consider the
following system of Yosida inclusions:

Find (x, y) ∈ X1 ×X2 such that for λ1, λ2 > 0, we have

0 ∈ JH1(·,·)
λ1,N1(g1(·),f2(y))(x) +M1 (g1(x), f1(x)) ,

0 ∈ JH2(·,·)
λ2,N2(f1(x),g2(·))(y) +M2 (f2(y), g2(y)) .

(5.1)

We remark that for suitable choices of operators involved in the formulation of
(5.1), one can obtain many system of variational inclusions(inequalities) studied in
recent past, see for example [15, 19, 20, 21].
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Lemma 5.1. The set of elements (x, y) ∈ X1×X2 is a solution of system of Yosida
inclusions (5.1) if and only if (x,y) satisfies

x = R
H1(·,·)
λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
,

y = R
H2(·,·)
λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
.

(5.2)

Proof. It can be proved easily by using the definition of resolvent operator. �

Theorem 5.2. Let for i = 1, 2, Xi be the qi-uniformly smooth Banach spaces
with the norm ‖ · ‖i. Let Ai, Bi, fi, gi : Xi → Xi be the nonlinear mappings such
that Ai are ηi-expansive and Bi is σi-Lipschitz continuous and fi are τi-Lipschitz
continuous. Let Hi : Xi × Xi → Xi be the symmetric cocoercive mappings with
respect to Ai and Bi with constants µi and νi, respectively, γi-Lipschitz continuous
with respect to Ai and δi-Lipschitz continuous with respect to Bi. Let Ni : X1 ×
X2 → Xi be the nonlinear mappings, M1 : X1 ×X1 → 2X1 be H1(·, ·)-co-accretive
mapping with respect to A1, B1, f1, g1 and M2 : X2 × X2 → 2X2 be H2(·, ·)-co-
accretive mapping with respect to A2, B2, f2, g2. Suppose that there exists constants
λ1, λ2 > 0 satisfying

{
L1 = m1 + θ

′
+ θ

′′
λ2ω1τ1 + θ

′
λ1θ1 < 1,

L2 = m2 + θ
′′

+ θ
′
λ1ω2τ2 + θ

′′
λ2θ2 < 1.

(5.3)

where

m1 = θ
′

q1

√
[1− q1(µ1η

q1
1 − γ1σ

q1
1 ) + Cq1(ν1 + δ1)q1 ],

m2 = θ
′′

q2

√
[1− q2(µ2η

q2
2 − γ2σ

q2
2 ) + Cq2(ν2 + δ2)q2 ],

θ
′

=
1

λ

[
1+

1

λ(α− β) + (µηq − γσq)

]
, θ
′′

=
1

λ

[
1+

1

λ(α− β) + (µηq − γσq)

]
, α > β,

θ1 =
1

λ(α− β) + (µηq − γσq)
, θ2 =

1

λ(α− β) + (µηq − γσq)
.

If in addition the following conditions hold.∥∥∥JH1(·,·)
λ1,N1(g1(·),f2(y1))(x)− JH1(·,·)

λ1,N1(g1(·),f2(y2))(x)
∥∥∥ ≤ ω2‖f2(y1)− f2(y2)‖2 (5.4)∥∥∥JH2(·,·)

λ2,N2(f1(x1),g2(·))(y)− JH2(·,·)
λ2,N2(f1(x2),g2(·))(y)

∥∥∥ ≤ ω1‖f1(x1)− f1(x2)‖1(5.5)

Then the system of Yosida inclusions (5.1) admits a unique solution.

Proof. By Lemma 2.7 and Lemma 3.2, we know that the resolvent operatorsR
H1(·,·)
λ1,M1(·,·)

and R
H2(·,·)
λ2,M2(·,·) are θ

′
and θ

′′
-Lipschitz continuous, respectively and generalized

Yosida approximation operators J
H1(·,·)
λ1,M1(·,·) and J

H2(·,·)
λ2,M2(·,·) are θ1 and θ2-Lipschitz

continuous, respectively.
Now, we define a mapping N : X1 ×X2 → X1 ×X2 by

N(x, y) = (T (x, y), S(x, y)) ,∀(x, y) ∈ X1 ×X2; (5.6)
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where T : X1 ×X2 → X1 and S : X1 ×X2 → X2 be the mappings defined by

T (x, y) = R
H1(·,·)
λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
; (5.7)

S(x, y) = R
H2(·,·)
λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
. (5.8)

For any (x1, y1), (x2, y2) ∈ X1 ×X2 and using (5.7) and using the Lipschitz conti-

nuity of the resolvent operator R
H1(·,·)
λ1,M1(·,·), we have

‖T (x1, y1)− T (x2, y2)‖1
=

∥∥∥RH1(·,·)
λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x1)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y1))(x1)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x2)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y2))(x2)

] ∥∥∥
1

≤ θ
′
∥∥∥H1(A1, B1)(x1)−H1(A1, B1)(x2)

−λ1J
H1(·,·)
λ1,N1(g1(·),f2(y1))(x1) + λ1J

H1(·,·)
λ1,N1(g1(·),f2(y2))(x2)

∥∥∥
1

≤ θ
′
∥∥∥H1(A1, B1)(x1)−H1(A1, B1)(x2)− (x1 − x2)

∥∥∥
1

+ θ
′
‖x1 − x2‖1

+θ
′
λ1

∥∥JH1(·,·)
λ1,N1(g1(·),f2(y1))(x1)− JH1(·,·)

λ1,N1(g1(·),f2(y2))(x2)
∥∥∥

1
. (5.9)

Since H1 is symmetric cocoercive with respect to A1 and B1 with constants µ1 and
γ1, respectively and ν1-Lipschitz continuous with respect to A1 and δ1-Lipschitz
continuous with respect to B1 and using Lemma 2.1, we obtain

‖H1(A1, B1)(x1)−H1(A1, B1)(x2)− (x1 − x2)‖q11

≤ ‖x1 − x2‖q11 − q1 〈H1(A1, B1)(x1)−H1(A1, B1)(x2), Fq1(x1 − x2)〉

+Cq1‖H1(A1, B1)(x1)−H1(A1, B1)(x2)‖q11

≤ ‖x1 − x2‖q11 − q1 [µ1‖A1(x1)−A1(x2)‖q11 − γ1‖B1(x1)−B1(x2)‖q11 ]

+Cq1(ν1 + δ1)q1‖x1 − x2‖q11 . (5.10)

Since A1 is η1-expansive and B1 is σ1-Lipschitz continuous, from (5.10), we have

‖H1(A1, B1)(x1)−H1(A1, B1)(x2)− (x1 − x2)‖q11

≤
[
1− q1(µ1η

q1
1 − γ1σ

q1
1 ) + Cq1(ν1 + δ1)q1

]
‖x1 − x2‖q11 ,

which implies that

‖H1(A1, B1)(x1)−H1(A1, B1)(x2)− (x1 − x2)‖1

≤ q1

√[
1− q1(µ1η

q1
1 − γ1σ

q1
1 ) + Cq1(ν1 + δ1)q1

]
‖x1 − x2‖1. (5.11)
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Using Lipschitz continuity of J
H1(·,·)
λ1,N1(·,·), condition (5.4) and τ2-Lipschitz continuity

of f2, we evaluate ∥∥∥JH1(·,·)
λ1,N1(g1(·),f2(y1))(x1)− JH1(·,·)

λ1,N1(g1(·),f2(y2))(x2)
∥∥∥

1

=
∥∥JH1(·,·)

λ1,N1(g1(·),f2(y1))(x1)− JH1(·,·)
λ1,N1(g1(·),f2(y1))(x2)

+J
H1(·,·)
λ1,N1(g1(·),f2(y1))(x2)− JH1(·,·)

λ1,N1(g1(·),f2(y2))(x2)
∥∥∥

1

≤
∥∥JH1(·,·)

λ1,N1(g1(·),f2(y1))(x1)− JH1(·,·)
λ1,N1(g1(·),f2(y1))(x2)

∥∥
1

+
∥∥∥JH1(·,·)

λ1,N1(g1(·),f2(y1))(x2)− JH1(·,·)
λ1,N1(g1(·),f2(y2))(x2)

∥∥∥
1

≤ θ1‖x1 − x2‖1 + ω2‖f2(y1)− f2(y2)‖2
≤ θ1‖x1 − x2‖1 + ω2τ2‖y1 − y2‖2. (5.12)

Using (5.11) and (5.12), (5.9) becomes

‖T (x1, y1)− T (x2, y2)‖1 ≤ θ
′

q1

√[
1− q1(µ1η

q1
1 − γ1σ

q1
1 ) + Cq1(ν1 + δ1)q1

]
‖x1 − x2‖1

+θ
′
‖x1 − x2‖1 + θ

′
λ1{θ1‖x1 − x2‖1 + ω2τ2‖y1 − y2‖2}.(5.13)

Using (5.8) and the Lipschitz continuity of the resolvent operator R
H2(·,·)
λ2,M2(·,·), we

evaluate

‖S(x1, y1)− S(x2, y2)‖2
=

∥∥∥RH2(·,·)
λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y1)− λ2J

H2(·,·)
λ2,N2(f1(x1),g2(·))(y1)

]
−RH2(·,·)

λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y2)− λ2J

H2(·,·)
λ2,N2(f1(x2),g2(·))(y2)

] ∥∥∥
2

≤ θ
′′
∥∥∥H2(A2, B2)(y1)−H2(A2, B2)(y2)

−λ2J
H2(·,·)
λ2,N2(f1(x1),g2(·))(y1) + λ2J

H2(·,·)
λ2,N2(f1(x2),g2(·))(y2)

∥∥∥
2

≤ θ
′′
∥∥∥H2(A2, B2)(y1)−H2(A2, B2)(y2)− (y1 − y2)

∥∥∥
2

+ θ
′′
‖y1 − y2‖2

+θ
′′
λ2

∥∥JH2(·,·)
λ2,N2(f1(x1),g2(·))(y1)− JH2(·,·)

λ2,N2(f1(x2),g2(·))(y2)
∥∥∥

2
. (5.14)

Since H2 is symmetric cocoercive with respect to A2 and B2 with constants µ2 and
γ2, respectively and ν2-Lipschitz continuous with respect to A2 and δ2-Lipschitz
continuous with respect to B2 and using Lemma 2.1, we obtain

‖H2(A2, B2)(y1)−H2(A2, B2)(y2)− (y1 − y2)‖q22

≤ ‖y1 − y2‖q22 − q2 〈H2(A2, B2)(y1)−H2(A2, B2)(y2), Fq2(y1 − y2)〉
+Cq2‖H2(A2, B2)(y1)−H2(A2, B2)(y2)‖q22

≤ ‖y1 − y2‖q22 − q2 [µ2‖A2(y1)−A2(y2)‖q22 − γ2‖B2(y1)−B2(y2)‖q22 ]

+Cq2(ν2 + δ2)q2‖y1 − y2‖q22 . (5.15)

Since A2 is η2-expansive and B2 is σ2-Lipschitz continuous, from (5.15), we have

‖H2(A2, B2)(y1)−H2(A2, B2)(y2)− (y1 − y2)‖q22

≤
[
1− q2(µ2η

q2
2 − γ2σ

q2
2 ) + Cq2(ν2 + δ2)q2

]
‖y1 − y2‖q22 ,
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which implies that

‖H2(A2, B2)(y1)−H2(A2, B2)(y2)− (y1 − y2)‖2

≤ q2

√[
1− q2(µ2η

q2
2 − γ2σ

q2
2 ) + Cq2(ν2 + δ2)q2

]
‖y1 − y2‖2. (5.16)

Using the Lipschitz continuity of J
H2(·,·)
λ2,N2(·,·), condition (5.5) and τ1-Lipschitz conti-

nuity of f1, we evaluate∥∥∥JH2(·,·)
λ2,N2(f1(x1),g2(·))(y1)− JH2(·,·)

λ2,N2(f1(x2),g2(·))(y2)
∥∥∥

2

=
∥∥JH2(·,·)

λ2,N2(f1(x1),g2(·))(y1)− JH2(·,·)
λ2,N2(f1(x1),g2(·))(y2)

+J
H2(·,·)
λ2,N2(f1(x1),g2(·))(y2)− JH2(·,·)

λ2,N2(f1(x2),g2(·))(y2)
∥∥∥

2

≤
∥∥JH2(·,·)

λ2,N2(f1(x1),g2(·))(y1)− JH2(·,·)
λ2,N2(f1(x1),g2(·))(y2)

∥∥
2

+
∥∥∥JH2(·,·)

λ2,N2(f1(x1),g2(·))(y2)− JH2(·,·)
λ2,N2(f1(x2),g2(·))(y2)

∥∥∥
2

≤ θ2‖y1 − y2‖2 + ω1‖f1(x1)− f1(x2)‖1
≤ θ2‖y1 − y2‖2 + ω1τ1‖x1 − x2‖1. (5.17)

So, using (5.16) and (5.17), (5.14) becomes

‖S(x1, y1)− S(x2, y2)‖2 ≤ θ
′′

q2

√[
1− q2(µ2η

q2
2 − γ2σ

q2
2 ) + Cq2(ν2 + δ2)q2

]
‖y1 − y2‖2

+θ
′′
‖y1 − y2‖2 + θ

′′
λ2{θ2‖y1 − y2‖2 + ω1τ1‖x1 − x2‖1}.(5.18)

Combining (5.13) and (5.18), we have

‖T (x1, y1)− T (x2, y2)‖1 + ‖S(x1, y1)− S(x2, y2)‖2
≤ L1‖x1 − x2‖1 + L2‖y1 − y2‖2
≤ max{L1, L2}(‖x1 − x2‖1 + ‖y1 − y2‖2), (5.19)

where L1 and L2 are same as defined by (5.3). Now, we define the norm ‖ · ‖∗ on
X1 ×X2 by

‖(x, y)‖∗ = ‖x‖1 + ‖y‖2, ∀(x, y) ∈ X1 ×X2. (5.20)

We see that (X1×X2, ‖·‖∗) is a Banach space. Hence from (5.6), (5.19) and (5.20),
we have

‖N(x1, y1)−N(x2, y2)‖∗ ≤ max{L1, L2}‖(x1, y1)− (x2, y2)‖∗. (5.21)

Since, max{L1, L2} < 1 by condition (5.3), from (5.21) it follows that N is a
contraction mapping. Hence by Banach contraction principle, there exists a unique
fixed point (x, y) ∈ X1 ×X2 such that

N(x, y) = (x, y);

which implies that

x = R
H1(·,·)
λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ,N1(g1(·),f2(y))(x)

]
,

y = R
H2(·,·)
λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ,N2(f1(x),g2(·))(y)

]
.
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Then by Lemma 5.1, (x, y) is a unique solution of the system Yosida inclusions
(5.1).
This completes the proof. �

In order to obtain a convergence result for the system of Yosida inclusions (5.1),
we define the following iterative Algorithm.

Iterative Algorithm 5.2.1. For any (x0, y0) ∈ X1 × X2, compute (xn, yn) ∈
X1 ×X2 by the following iterative scheme:

xn+1 = R
H1(·,·)
λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(xn)− λ1J

H1(·,·)
λ,N1(g1(·),f2(yn))(xn)

]
,(5.22)

yn+1 = R
H2(·,·)
λ2,M2n(f2(·),g2(·))

[
H2(A2, B2)(yn)− λ2J

H2(·,·)
λ,N2(f1(xn),g2(·))(yn)

]
,(5.23)

where Min : X1×X1 → 2Xi are Hi(·, ·)-co-accretive mappings, Nin : X1×X2 → Xi

are nonlinear mappings and all other mappings are same as stated in (5.1).

Theorem 5.3. Let for i = 1, 2, Xi be the qi-uniformly smooth Banach spaces. Let
Ai, Bi, fi, gi, Hi, Ni and Mi be the same mappings as stated in Theorem 5.1. Let
Min : Xi ×Xi → 2Xi be Hi(·, ·)-co-accretive mappings and Nin : X1 ×X2 → Xi be

the nonlinear mappings such that Min
G→Mi and the condition (5.3) of Theorem 5.1

holds. Then the approximate solution (xn, yn) generated by Algorithm 5.1 converges
strongly to unique solution (x, y) of system of Yosida inclusions (5.1).

Proof. From Theorem 5.1, there exists a unique solution (x, y) ∈ X1 × X2 of the
system of Yosida inclusions. It follows from Algorithm 5.1 that

‖xn+1 − x‖1 =
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(xn)− λ1J

H1(·,·)
λ1,N1n(g1(·),f2(y))(xn)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

=
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(xn)− λ1J

H1(·,·)
λ1,N1n(g1(·),f2(y))(xn)

]
−RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
+R

H1(·,·)
λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

≤
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(xn)− λ1J

H1(·,·)
λ1,N1n(g1(·),f2(y))(xn)

]
−RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1
.(5.24)

Using the Lipschitz continuity of the resolvent operator R
H1(·,·)
λ1,M1(·,·), Lipschitz conti-

nuity of H1(A1, B1) with respect to A1 and B1 and Lipschitz continuity of Yosida
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approximation operator J
H1(·,·)
λ1,M1(·,·), we have

‖xn+1 − x‖1
≤ θ

′
∥∥∥H1(A1, B1)(xn)− λ1J

H1(·,·)
λ1,N1n(g1(·),f2(y))(xn)−

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

≤ θ
′
(ν1 + δ1)‖xn − x‖1 + θ

′
λ1

∥∥∥JH1(·,·)
λ1,N1n(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(x)
∥∥∥

1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

≤ θ
′
(ν1 + δ1)‖xn − x‖1 + θ

′
λ1

∥∥∥JH1(·,·)
λ1,N1n(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(xn)

+J
H1(·,·)
λ1,N1(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(x)
∥∥∥

1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

≤ θ
′
(ν1 + δ1)‖xn − x‖1 + θ

′
λ1

∥∥∥JH1(·,·)
λ1,N1n(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(xn)
∥∥∥

1

+θ′λ1

∥∥∥JH1(·,·)
λ,N1(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(x)
∥∥∥

1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1

≤ θ
′
(ν1 + δ1)‖xn − x‖1 + θ

′
λ1

∥∥∥JH1(·,·)
λ1,N1n(g1(·),f2(y))(xn)− JH1(·,·)

λ1,N1(g1(·),f2(y))(xn)
∥∥∥

1

+θ′λ1θ1

∥∥∥xn − x∥∥∥
1

+
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥
1
. (5.25)

Using the same argument as for (5.25), we evaluate

‖yn+1 − y‖2 ≤ θ
′′
(ν2 + δ2)‖yn − y‖2 + θ

′′
λ2

∥∥∥JH2(·,·)
λ2,N2n(f1(x),g2(·))(yn)− JH2(·,·)

λ2,N2(f1(x),g2(·))(yn)
∥∥∥

2

+θ
′′
λ2θ2

∥∥∥yn − y∥∥∥
2

+
∥∥∥RH2(·,·)

λ2,M2n(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
−RH2(·,·)

λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

] ∥∥∥
2

(5.26)
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By Theorem 4.1 and Theorem 4.2, we have

R
H1(·,·)
λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
→ R

H1(·,·)
λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
; (5.27)

R
H2(·,·)
λ2,M2n(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
→ R

H2(·,·)
λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
; (5.28)

and

J
H1(·,·)
λ,N1n(g1(·),f2(y))(x)→ J

H1(·,·)
λ1,N1(g1(·),f2(y))(x); (5.29)

J
H2(·,·)
λ2,N2n(f1(x),g2(·))(y)→ J

H2(·,·)
λ2,N2(f1(x),g2(·))(y). (5.30)

Let

bn1
=
∥∥∥RH1(·,·)

λ1,M1n(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

]
−RH1(·,·)

λ1,M1(g1(·),f1(·))

[
H1(A1, B1)(x)− λ1J

H1(·,·)
λ1,N1(g1(·),f2(y))(x)

] ∥∥∥, (5.31)

cn1
=
∥∥∥JH1(·,·)

λ,N1n(g1(·),f2(y))(x)− JH1(·,·)
λ1,N1(g1(·),f2(y))(x)

∥∥∥ (5.32)

and

bn2
=
∥∥∥RH2(·,·)

λ2,M2n(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

]
−RH2(·,·)

λ2,M2(f2(·),g2(·))

[
H2(A2, B2)(y)− λ2J

H2(·,·)
λ2,N2(f1(x),g2(·))(y)

] ∥∥∥, (5.33)

cn2
=
∥∥∥JH2(·,·)

λ2,N2n(f1(x),g2(·))(y)− JH2(·,·)
λ2,N2(f1(x),g2(·))(y

∥∥∥. (5.34)

Then

bn1 , cn1 , bn2 , cn2 → 0 as n→∞. (5.35)

From (5.24), (5.26) and (5.27) to (5.30), we have

‖xn+1 − x‖1 + ‖yn+1 − y‖2 ≤ L1‖xn − x‖1 + L2‖yn − y‖2 + bn1
+ cn1

+ bn2
+ cn2

≤ max{L1, L2}(‖xn − x‖1 + ‖yn − y‖2) + bn1
+ cn1

+ bn2
+ cn2

.

Since (X1 ×X2, ‖ · ‖∗) is a Banach space defined by (5.20), we have

‖(xn+1, yn+1)− (x, y)‖∗ = ‖(xn+1 − x)− (yn+1 − y)‖∗
= ‖xn − x‖1 + ‖yn − y‖2
≤ max{L1, L2}(‖(xn, yn)− (x, y)‖∗) + bn1 + cn1 + bn2 + cn2 .

(5.36)

From (5.3),(5.35),(5.36), it follows that

‖(xn+1, yn+1)− (x, y)‖∗ → 0 as n→∞.

Thus {(xn, yn)} converges strongly to the unique solution (x, y) of system of Yosida
inclusions. This completes the proof. �
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