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GENERALIZED YOSIDA APPROXIMATION OPERATOR AND A
SYSTEM OF YOSIDA INCLUSIONS

MOHD ISHTYAK, ADEM KILICMAN*, RAIS AHMAD AND MIJANUR RAHAMAN

ABSTRACT. The aim of this paper is two fold, first we introduce a general-
ized Yosida approximation operator whose structure depends on the resolvent
operator introduced in [2]. Secondly, we show some of its characteristics i.e.,
it is Lipschitz continuous as well as strongly monotone and we discuss the
graph convergence of it. Finally, we obtain the solution of a system of Yosida
inclusions using these concepts. An example is constructed.

1. INTRODUCTION

We emphasize that the variational inclusions are the important generalizations
of variational inequalities and natural development of variational principles. The
variational principles are application oriented in view of study of basic sciences and
have gained a rudimental role in the establishment of general theory of relativity,
gauge field theory in modern particle physics, etc., see for example |1, [3] 16, [17) [I8],
22, 24, [26], 27, 28, [31].

It is well known that the monotone operators on Hilbert spaces can be regularized
into single-valued Lipschitzian monotone operators via a process known as the
Yosida approximation [4l [5l [6, [7, [8, 25] and later on the extension of this process
in studied in Banach spaces [9, [10), 11} 12} 13, 14, 29].The Yosida inclusion is a
similar one to a variational inclusion involving Yosida approximation operator, see
for example [15] 19, 20, 21].

In this paper, we consider a generalized Yosida approximation operator based
on a resolvent operator in g-uniformly smooth Banach spaces and we prove that
it is Lipschitz continuous as well as strongly monotone. We also show the graph
convergence of generalized Yosida approximation operator and finally we solve a
system of Yosida inclusions. An example is given in support of graph convergence
of generalized Yosida approximation operator.
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2. PRELIMINARIES

Let X be a real Banach space with its norm || - ||, X* be the topological dual
of X, and d be the metric induced by the || - ||. Let (-,-) be the dual pair between
X and X*, and CB(X)(respectively, 2%) be the family of all nonempty closed and
bounded subsets(respectively, all nonempty subsets) of X, and let D(-,-) be the
Hausdorff metric on CB(X) defined by

D(A, B) = max {sup d(x, B),sup d(A, y)} ,
T€A yeB
where A, B € CB(X),d(z, B) = inf ep d(z,y) and d(A,y) = infzeca d(z, y).
The generalized duality mapping F, : X — 2% " is defined by

Fo(x) = {f € X"« (w, f*) = || I£] = ="~} V2 € X,

where ¢ > 1 is a constant. For ¢ = 2, F; coincides with the normalized duality
mapping. If X is a real Hilbert space, 5 becomes the identity mapping on X. It
is to be noted that if X is uniformly smooth then Fj is single-valued.

The function px : [0,00) — [0,00) is called modulus of smoothness of X such
that

Ty +lr—y
pX@):{” |+l =yl

! Liflell < Ll <t

A Banach space X is called

(z) uniformly smooth if lim "XT(” =0;
t—0

(#4) g-uniformly smooth if there exists a constant C' > 0 such that

px(t) < Ctl,q> 1.

While encountered with the characteristic inequalities in g-uniformly smooth
Banach spaces, Xu [30] proved the following important Lemma .

Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is g-
uniformly smooth if and only if there exists a constant Cq > 0 such that for all
z,y € X,

lz +yll* <[zl + qly, Fy(2)) + Cllyll?-

Throughout the paper, we take X to be g-uniformly smooth Banach Space and F,
to be single-valued, unless otherwise specified. The following definitions and concepts
are essential to achieve the aim of this paper.

Definition 2.2. [2,[B2]. A mapping A: X — X is said to be
(1) accretive, if
(Az — Ay, Fy(x —y)) > 0,Vz,y € X;
(ii) strictly accretive, if
(Ax — Ay, Fy(z —y)) > 0,Vz,y € X,

and the equality holds if and only if x=y;
(#it) O-strongly accretive, if there exists a constant 6 > 0 such that

(Ax — Ay, Fy(x —y)) = dl|lz —yl|*,Va,y € X;
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(iv) B-relazed accretive, if there exists a constant > 0 such that
(Az — Ay, Fo(z —y)) = (=B)[lz — y[*,Vo,y € X;
(v) p-cocoercive, if there exists a constant p > 0 such that
(Az — Ay, Fy(x — y)) = pl| Az — Ay||?,Va, y € X;
(vi) vy-relaxed cocoercive, if there exists a constant v > 0 such that
(Az — Ay, Fy(z —y)) = (=)[| Az — Ay||*, Ve, y € X;
(vit) o-Lipschitz continuous, if there exists a constant o > 0 such that
[Az — Ay|| < oz — y||. Vo, y € X;
(viii) n-expansive, if there exists a constant n > 0 such that
Az — Ay[| = nllz —y||,Vz,y € X;
and n =1, then it is expansive.
Definition 2.3. [2,832] Let H : X x X — X and A,B : X — X be three single-

valued mappings. Then
(i) H(A,-) is said to be ay- strongly accretive with respect to A, if there exists
a constant aq > 0 such that for a fired u € X,
(H(Az,u) — H(Ay,u), Fy(z — y)) > aq]|lz — y||?, Vz,y € X;
(i¢) H(-, B) is said to be B-relaxed accretive with respect to B, if there exists a
constant 51 > 0 such that for a fized u € X,
<H(u’ Bl‘) - H(u7 By)qu(x - y)> 2 (_Bl)llx - y”q,V.%', yeX;

(i1) H(A, B) is said to be symmetric accretive with respect to A and B, if H(A,-)
is strongly accretive with respect to A and H(-, B) is relaxed accretive with
respect to B;

(iv) H(A,") is said to be uj -cocoercive with respect to A, if there exists a constant
w1 > 0 such that for a fived u € X,

(H(Ax,u) - H(Aya U)qu(x - y)> > ,[L1||A$ - Ay||q,V:z:,y S Xv
(v) H(-, B) is said to be vi-relaxed cocoercive with respect to B, if there exists
a constant y1 > 0 such that for a fited u € X,
<H(U,Bl’) - H(ua By)a Fq(m - y)> 2 (_71)”BI - Bqu,VJf,y € Xa
(vi) H(A,B) is said to be symmetric cocoercive with respect to A and B, if
H(A,-) is cocoercive with respect to A and H(-, B) is relazed cocoercive
with respect to B;

(vit) H(A,-) is said to be & -Lipschitz continuous with respect to A, if there exists
a constant & > 0 such that for a fized u € X,

[1H(Az,u) — H(Ay,u)|| < & lle -yl Vo,y € X;

(viii) H(-, B) is said to be &o-Lipschitz continuous with respect to B, if there exists
a constant €& > 0 such that for a fized u € X,

|1H (u, Bx) — H(u, By)|| < &llx - yl|, Vo, y € X.

Definition 2.4. [2] Let f,g : X — X be two single-valued mappings and M :
X x X — 2% be a set-valued mapping. Then
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(1) M(f,-) is said to be a-strongly accretive with respect to f, if there exists a
constant o > 0 such that for a fivred w € X,

(u—v,Fy(x —y)) > allz—yl|?Ve,y € X,ue M(f(z),w),v e M(f(y),w);

(i) M(-,g) is said to be S-relaxed accretive with respect to g, if there exists a
constant 5 > 0 such that for a fired w € X,

(u—w, Fy(z —y)) = (=F)llx —y[* Va,y € X,u € M(w,g(x)),v € M(w,9(y));

(#i7) M(f,g) is said to be symmetric accretive with respect to f and g, if M(f,")
is strongly accretive with respect to f and M(-,g) is relazed accretive with
respect to g.

Definition 2.5. [2]. Let A,B,f,g: X - X, H: X x X — X be the single-valued
mappings. Let M : X x X — 2% be a set-valued mapping. The mapping M is said
to be H(-,-)-co-accretive with respect to A, B, f and g, if H(A, B) is symmetric
cocoercive with respect to A and B; M(f,g) is symmetric accretive with respect to
fand g and [H(A, B) + AM(f,9)|(X) = X, for every A > 0.

Definition 2.6. [2]. Let A,B,f,g: X = X, H: X x X — X be single-valued

mappings. Let M : X x X — 2% be an H(-,-)-co-accretive mapping with respect to
A, B, f and g. The resolvent operator R ( ) ) X — X is defined by

RIG) (w) = [H(A, B) + AM(f, )]~ (w),Yu € X, A > 0, (2.1)

Lemma 2.7. [2] The resolvent opemtor defined by (-) is single-valued and 6-
Lipschitz continuous, where 0 = Y=

B)-&-(Wﬂ yoi)*

3. GENERALIZED YOSIDA APPROXIMATION OPERATOR

We begin this section with the introduction of generalized Yosida approximation
operator and prove some of its properties.
Definition 3.1. The generalized Yosida approrimation operator denoted by Jf&() N
is defined as

H(, H
J/\J(w(?’_)(u) 3 [I Ry EW() )] (w), for all w € X and A > 0, (3.1)

where R 5\4() 9 1s the resolvent operator defined by .

Lemma 3.2. The Yosida approximation operator J, J(M() b

(i) 1-Lipschitz continuous, where 61 = %[1 + A(a—ﬁ)+(lun‘I—WQ)}’o‘ > .

(1) B9-strongly monotone, where 0o = % 1-— )\(a_ﬁ)+(1#nq_,ygq)] ,a> .
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Proof. (i) Let u,v € X, X > 0 and using Lemma 2.2, we have
H(-, H(., 1 H H(-,-
| 7w = R @ = 5[ - BYGY @ - ) - RYG) )
1 .
< 5 [h=oll+ B 0 - RYGY ]
1 1
< Sllle =l + [lu — o]
[A(a = B) + (un? — wq)}
1 1
= —_ 1 + — s
A [ Mo = B) + (un? — w")] s =l
ie.,
|7t = G @)]| < Billa =l (3.2)
Thus, the generalized Yosida approximation operator J 1(\4() is 61-Lipschitz
continuous.
(7i) For any u,v € X, and A > 0 and using Lemma we have
(G = B @), Fyu =)
1 .
= (1w = B0 @) = 1) = BYG) @) Falu =)
1T H(-,- H
= s[(u=v Faw—v)) = (RIGw) — BYG) @) Fylu =)
Ly H rH _
> Sl ol = || BIG w = B @)l = vle
1r 1
> —l|lu—o|?- u—v||||u— o]t
Y L (Rl vy ey L [
1r 1
= —|llu—o]|?- u—vl|?
= = ey G e ]
1 1
= ~l1- — vl
A [ Mo = B) + (un? — 70‘1)} s =l
ie.,

H(, H(,
<J>\71(\/1(?,.)(u) — J)\,](\/[(?,»)(U%F‘Z(u — v)> > Ozl|lu —v||?,Vu,v € X, A > 0.

Thus, the generalized Yosida approximation operator Jf](w() 9 is fy-strongly
monotone. 4

4. GRAPH CONVERGENCE

This section deals with the graph convergence of generalized Yosida approxima-
tion operator.

Let M : X x X — 2% be a set-valued mapping. The graph of the mapping M
is defined by

graph(M) = {((‘T,y)az) €EXxY:z¢€ M(xvy)}

Definition 4.1. [2]. Let A,B,f,g: X — X and H : X x X — X be the single-
valued mappings. Let M,, M : X x X — 2% be H(-,-)-co-accretive operators for
n=0,1,2... . The sequence {M,} is said to be graph convergence to M, denoted
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by M, 5 M, if for every ((f(x),9(x)),z) € graph(M), there exists a sequence
((f(zn), g(zn)), 2n) € graph(M,) such that

flzn) = f(z), g(zn) = g(x) and z, — z as n — oo.
Definition 4.1 generalizes the definition of graph convergence given in [23].

Theorem 4.2. [2]. Let A, B, f,g: X — X be single-valued mappings; let M, M :
X x X — 2% be H(-,-)-co-accretive mappings with respect to A, B, f and g and
H: X x X — X be a single-valued mapping such that

(i) H(A, B) is & -Lipschitz continuous with respect to A and &z-Lipschitz con-
tinuous with respect to B;
(i) f is T-expansive.
Then M, SMm if and only if

H(-, H(,
R&M(,,,)(u) N Rw({,)(u),w € X, \A>0,

where
RIS =[H(A,B) + MM, (£, ™" R =[H(A, B) + AM(f, )"

Remark. Note that the Theorem 4.1 remains valid if either f is T-expansive or g
1S T -expansive.

Next, we show the graph convergence of generalized Yosida approximation op-
erator using the graph convergence of H (-, -)-co-accretive operator.

Theorem 4.3. If all the mappings are same as stated in Theorem 4.1 such that
conditions (i) of Theorem 4.1 and Remark hold. Then M, S M if and only if

H(-, H(-,-
JA’fwn)(,’_)(x) N J)\J(V[(?’.)(x),Vx €X,\>0,
where
H(-, 1 H(-, H(-, 1 H(-,
T () = 5 [1 - RA’S\43(,7_)} (@), ) (@) = 3 [I ~R) ] @), veex.

Proof. Necessary Part:
Suppose that M, & M. For any given x € X, let

Zn = Jfl(wn)()(m) and z = sz(\/[())(x)
Then
2= @ =5 [T RG] @)
Aeo= I(@) - RS (@),
(w=X2) = RV (@)= [H(A, B)+ AM(f,9)]" (),
1.e.,

[H(A,B) + AM(f, 9))(z — A2) =
H(A,B)(x — X2) + AM(f,g)(x — Az) =

It follows that
x—H(A,B)(x—Xz) € MM(f,g9)(x—)\z),

1

X[x —H(A,B)(x —Xz)] € M(f(x—Az),g9(x — Az2)).
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That is

((f(x—)\z),g(x—)\z)),i[x—H(A,B)(x—AZ)]) € graph(M).

By Definition 4.1, there exists a sequence ((f(z},),9(z5)),ys) € graph(M,) such
that

f(zn) = flz = A2), g(2,) = gz — X2) and y,, — %[ff — H(A,B)(z = Az)]. (4.1)

Since y, € M, (f(z),),9(z},)), we have

H(Az,, Bz,) + Ay, € [H(A, B) + AM,.(f,9)](2,,)

and so
z, = [H(A B)+ AM,(f,9)) ' [H(Az,, Bz),) + Ay,],
o = Ry H(Az, B2,) + My,
o YT ‘)} [H(Az,, Bz.) + M1,
Z/

[H(Az),, B#,) + My,] = M [H(Az, B2y) + M),

which implies that

> =

1 .
on =y H(Az, Bz) +y, — T ) [H(AzZ, Bo) + 0] (4.2)
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Using the Lipschitz continuity of generalized Yosida approximation operator Jf](\/[ () 3

we evaluate

[[2n — 2|
H(-,
= J/\J(V[n)("_)(x) — zH
_ e R
= [/ )(x) + D
. 1 .
= || @) + FH(A, B2+ — L IH(AZ), B2 + )
1
fxz; —z
< I @) = I H (A2, B2L) + M)
1 1
+ XH(AZ‘;’BZ;) + Y — XZ;L -z
/ ! / ]‘ / / / ]‘
1 !
+ in — Xx +z
1 / !/ / 1
= 01+ 7)o — H(Azy, Ban) = Ayl + 1 llzn — 2+ Az
1
= (Oit ) le- H(Az),, Bz,) + H(A, B)(z — A\2) — H(A, B)(z — A2) — Ay, ||
1
+X |z — z + Az||
1
< (O + )l — H(A, B)(z — X2) = Ay, |l

A
1 1
+(61 + X) |H(A,B)(x — \z) — H(Az,, Bz,)|| + 3 len =2+ Azl[. (4.3)

Since H is 7;-Lipschitz continuous with respect to A and v,-Lipschitz continuous
with respect to B, we have

n

HH(A, B)(z — \z) — H(A, B)2!

- HH(A(x —A2), Bz — A2)) — H(A(z — \2), B

+H(A(x — \z), Bz,,) — H(Az,, Bz])

< |H(A(z = Az), B(z — Az)) — H(A(z — Az), Bz, )|
+[[H(A(z = A\2), Bz,) — H(Az,, Bz,
< mllr=Az =zl +mllz = Az — 2|

= m+r)lz-rz-zl. (4.4)
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Using (4.4)), (4.3) becomes

1
lzn =2l < (614 7) lle = H(A, B)(z = A2) = Ay, |

1 1
+ (91+X)(’71 +’Y2)+X |zl — x4+ Az]| . (4.5)

. . . ’ . . .
If f is 7-expansive or g is 7 -expansive mapping, in both cases, we have

IF(2L) = f(z = A2)| > 7|2 — 2z + Az]| > 0, (4.6)
lg(zh) — g(z — A2)|| > 7 ||zl — & + Azl > 0. (4.7)

n

Either using (4.6) or (4.7), with (4.1), we have z/, — (x — A\z). Also from (4.1)), it

follows that
Yp = v — H(A, B)(z — \2)].

Therefore
Iz, — z]| = 0, as n — oo,
i.e.,
H(#) H(,)
J>\7Mn(.7.)($) - J)\7M(.,.)(x)-

Sufficient Part:
Suppose that
H(-, H(-,
T @) = I (@), v € X0 >0,

For any ((f(z),9(x)),y) € graph(M), we have y € M(f(x),g(x)), we have

H(Az,Bzx)+ \y € [H(A, B) + AM(f, 9)](x),

and so
x = [H(A,B)+AM(f, )" [H(Az, Bx) + \y],
v o= [T=MTG) (H(Az, Br) + M) (4.8)
Let
— _ H(#)
2= I )\JNMn(TJ [H(Az, Bz) + My, (4.9)

2 = [H(A, B) + AM,,(f,9)] " [H(Az, Bz) + Ay,

which implies that

%[H(A:p, Bz) — H(Az,, B,) + M) € My (f(zn), g(zn).
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Let y, = +[H(Az, Bx) — H(Azy, Bx,) + Ay] and using the same arguments as for
(4.4), we have

y _yH Hi[H(Ax,Bm) — H(Az,, Bz,) + \y] —yH

- % |H(Az, Bx) — H(Az,, Bz,)||

_ % |H(Az, Bx) — H(Awy, Bx) + H(Azy, Br) — H(Az,, Bz,)|
< % |H(Az, Bx) — H(Azn, Bo)|

+§ |H(Az,, Bx) — H(Axy,, Bx,)||

1+ 72
< (152) o -l
Using . ) and (| -, we have

|z — x| = H(I /\JH( )> [H(Az, Bx) + \y| — (I )\J)\ M, )> [H(Az, Bz) + )\y]H

_ H KI ,\me( )) _ (I _ /\Jﬂ;a,))} [H(Az, Bz) + )\y]H, (4.10)

Since Jy J(\/[ )( )( x) — JfM()(x), we have that ||z, —z|| = 0 as n — oo.

It follows that, y,/; — y as n — oo, i.e., M, < .
This completes the proof. 0

In connection with the graph convergence of generalized Yosida approximation
operator, we construct the following useful example.

Example 4.4. Let X =R; A, B, f,g: R — R be the mappings defined by

Aw) =" pay=% -1,

T

fa) =5 o) =a

and H : R x R — R be the mapping defined by
H(A(x),B(x)) = A(x) — B(z), Yz € R.

Suppose My, M : R x R — 2R are the set-valued mappings defined by
My (f(zn), 9(xn)) = f(zn) + g(@),

and
M(f(z),9(x)) = f(z) + g(x), Vo € R.
Then for any fixed u € R, we have

<H(AIIZ’,’UJ)*H(Ay,u),ZL‘*y> = <AZL'*Ay,ZZZ* >

r+1 y+1
= x—
5 5 Y
1

_ = o 2
= cle—yl?
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and
2
1 1
JA@) - A2 = |5 - Y
5 5
_ <x—|—1_y+1 x+1_y+1>
B 5 5 7 5 5
1 2
= %Hw—yH-
That is,

(H(Az,u) — H(Ay,u),x - y) > 4| A(z) — A(y)|*.
Hence, H(A, B) is 4-cocoercive with respect to A.

Also
(H(u,Bx) — H(u,By),z —y) = —(Bx— By,x—1y)
= —Slle-yl?
and
1B@) - B@)I? = I5-1-5+1)?
1 2
= eyl
So,

(H(u, Bx) — H(u, By),x —y) > (=3)[| B(x) — B(y)|.
Hence, H(A, B) is 3-relazed cocoercive with respect to B.

That is H(A, B) is symmetric cocoercive with respect to A and B.
Now we show that M is symmetric accretive with respect to f and g.

(M(f(z),w) = M(f(y),w), > —y) (f(x) = f(y),z —y)

N
1
= 3(33 - ZU)Q
1
> e -yl
so M 1is i-strongly accretive with respect to f. and
(M(w, g(z)) = M(w,g(y)),x —y) = —{9(x) —g(y),z—y)
= —<.’IJ - YT —= y)

3
= —llz—yl* > —Sllz —yl* Vo,y € R,

that is M 1is %-relaxed accretive with respect to g.
Hence, M(f,g) is symmetric accretive with respect to f and g.

One can easily verify that for A =1,
[H(A, B) +AM(f,9)] ' (R) = R.

41
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Hence, M is H(-,)-co-accretive with respect to A, B, f and g.

Now we show that M, % M. For any ((f(x),9(x)),y) € graph(M), there exists a
sequence ((f(zn),9(xn)),yn) € graph(M,), where let

fa=(5+3):

1
g(x,) = :c—l—ﬁ n=12 ... .

and
4r 1 1
Since
1

lim f () = lim [g + n] = %

li =i .

171Lng(xn) = lim 2 + S| =
we have,

f(zn) = f(x) g(x,) — g(z) as n — oco.

We calculate

. . (435 1 1)
limy, = lm|(—+ -4 —
n n 3 n  n?
_ &
-3
f(@) +g()

= M(f(z),9(x)) =y
1t follows that f(x,) — f(z), g(xn) — g(x) and y, — y as n — oo and hence,
M, & M.

Further, we show that Jf](\)[’;)( s sz(w() 5 as M, & M

Let for A =1, the resolvent operators are given by
RIS (@) = [H(A B)+ AMy(f,9)] " (x)
= [A(z) = B(x) + M f(z) + g(2)}] 7 (2)

z+1 = z 1 1 -1
= e Il e
n n

5 2 3
_ 3w, 86 1 1]
T 13 3 n n2

30 1 1 36
= _— r— - — - -,
31 n n? 31

RIS (@) = [H(AB)+AM(f.9)] " (2)
= [A() - B(@) + Mf(@) +9(@)}) "\ (2)

and
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= {$+1—x+1+(§+x)yl

5 2

312436771

B 30

30z —36

B 31

and the generalized Yosida approximation operators are given by
H(.,") _ 1 He)
JAM()()* )\{I Ry ()}(I)

I x_l_i _ 36
o 31 n  n2 31

and
H(-,) 1 H(-)
Jy M-, )( r) = by [I—R)\’M(_))} (z)
( 30z —36>
= xr —
31
- x — 36
N 31
We evaluate
JH) _ 30 30 36 r — 36
H*Mn AM< >H ?Tl T T w2) 3 T U3 ’
which shows that
JHE) JHC)
‘ )\J(w( AM( )H%Oasn%oo,

that is,

Ty = I as My, S M.

5. AN EXISTENCE RESULT FOR A SYSTEM OF YOSIDA INCLUSIONS

In this section, we consider a system of Yosida inclusions and obtain its solution.

Let for each i = 1,2, X; be ¢;-uniformly smooth Banach spaces with norm || - ||;.
Let A;, B;, fi,9; : X; — X; be the nonlinear mappings; N; : X; X Xo — X, H; :
X; x X; — X; be the nonlinear mappings. Let M; : X; x X; — 2%t be H;(-,-)-
co-accretive mapping with respect to Ay, By, fi and g1, My : Xo x X9 — 2%2 be
Hs(+,-)-co-accretive mapping with respect to Ag, Ba, f2 and ga. We consider the
following system of Yosida inclusions:

Find (z,y) € X3 x X5 such that for A, A2 > 0, we have

H
0€ 0, st (®) + M (91(2), fa(),
Ha (-,
0¢ J)\;E\/szl(z) ga(- ))( )+ Mz (f2(y), 92(y)) -
We remark that for suitable choices of operators involved in the formulation of
(5.1), one can obtain many system of variational inclusions(inequalities) studied in
recent past, see for example [15] [19] 20} 21].

(5.1)



44 MOHD ISHTYAK, ADEM KILICMAN, RAIS AHMAD AND MIJANUR RAHAMAN

Lemma 5.1. The set of elements (x,y) € X1 x Xs is a solution of system of Yosida

inclusions if and only if (z,y) satisfies

Hi (A1, Br)(z) —

_ Hl('v') )
T = By M (00,1 () { M N2 (@ )}

Ha(:,) 2(+7) (52)
2

vy= R>\2,M2(f2()92()) |:H2(A2’BQ)( )~ )\2J>\2,N2(f1($) 92())( ):| ’

Proof. Tt can be proved easily by using the definition of resolvent operator. O

Theorem 5.2. Let for i = 1,2, X; be the g;-uniformly smooth Banach spaces
with the norm || - ||;. Let A;, By, fi, gi + Xi — X; be the nonlinear mappings such
that A; are n;-expansive and B; is o;-Lipschitz continuous and f; are T;-Lipschitz
continuous. Let H; : X; X X; — X; be the symmetric cocoercive mappings with
respect to A; and B; with constants p; and v;, respectively, ~;-Lipschitz continuous
with respect to A; and §;-Lipschitz continuous with respect to B;. Let N; : X7 X
X5 — X; be the nonlinear mappings, My : X7 x X1 — 2{( be Hy(,-)-co-accretive
mapping with respect to A1, By, fi,g1 and My : Xo x Xo — 25 be Hy(,-)-co-
accretive mapping with respect to As, Ba, fa, go. Suppose that there exists constants
A1, A2 > 0 satisfying

Li=mq+ 01 + 9”)\2(,017'1 + 9/)\191 <1, (5 3)
L2:m2+0 +0)\1LU2T2+9 )\292<1. ’
where
my =0 {1 — q(un{" —7108) + Cyy (1 + 61)0],
mg = 0’ qi/[l — q2(p2ng’ — '7202 ?) + Cy, (2 + d2) 2],
, 1 1 1 1 1
9:{1+ },9 =f{1+ La> B,
AN — B+ Gt =00 Y AT ) M
0 = L 0> = L
P Ma=B)+ (unt —y00) T T Ma = B) + (un? —y01)
If in addition the following conditions hold.
‘ Tri N (910 £2000) @) = NN (01 (0,2 2 (& H < wallfe(yr) — fa(y2)ll2 (5.4)
Hy(-,) Hs(-,)
|78t r.0000®) = Sl non @) € el faCen) = FuCea) 1 (5:5)

Then the system of Yosida inclusions admits a unique solution.

Proof. By Lemma|2.7|and Lemma we know that the resolvent operators Rf\ﬁ C.)

1, M1 (-

and RI2() , are 9 and 9//—Lipschitz continuous, respectively and generalized

A2, M (-,
Yosida approximation operators J ](VI)( N and Jf\q 2](\/[)( , are f1 and 6O5-Lipschitz

continuous, respectively.
Now, we define a mapping N : X7 x Xo — X7 x X5 by

N(z,y) = (T(z,y),5(x,y)) ,V(z,y) € X1 x Xy; (5.6)

»)
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where T': X7 X Xo — X7 and S : X; X X9 — X5 be the mappings defined by

A1, M1(g1(+),f1(+)) A1,N1(91(-): f2(y))

_ pHa() 2(+57)
S(z,y) = R/\;,Mz(fz('),g2(')) {H2(A27B2)(y) - >\2J>\2)N2(f1($) g2 (- ))( )}

T(a.y) = &S] [H (A1, B)(@) = M @]: )

(5.8)

For any (z1,y1), (z2,y2) € X1 X X5 and using (5.7)) and using the Lipschitz conti-
Hl('V')

nuity of the resolvent operator R)\1 M) We have
\|T($17y1) T(x2,y2)|11

Hy(Ay,By) (1) — Ay g (351)}

- H /\1,M1 (91(-),f21(1)) |: A1,N1(91(-), f2(y1))

Hi()
R\ My (.10 [Hl(AlvBl)@?) JA11,N1(91()f2(92))(x2)} H1

S G/HHl(AhBl)(xl) — Hi(Ay, By)(x2)
g )
—M >\11N1(¢11( )s fz(yl))(xl) + A )\1 N1(<J1( ), fz(yz))(xQ)Hl
< 0| Hu(Ar, By (1) = Hi(Ar, B) (@) = (2 — o) +6 o1 = s

JHI( ) )

- y
+0 A [T /\1,N1(91(~)7f2(y2))(m2)Hl'

A17N1<gl< ) faly (1) — (5.9)

Since H; is symmetric cocoercive with respect to A; and By with constants pu; and
~1, respectively and vi-Lipschitz continuous with respect to A; and d;-Lipschitz
continuous with respect to B; and using Lemma 2.1, we obtain

| H1 (A1, Br)(z1) — Hi(A1, Br)(x2) — (21 — x2)||{*
< oy = 2l — @ (Hi(Ay, Br)(21) — Hi(Ay, Br)(22), Fo, (21 — 22))

+Cyq, [|H1 (A1, Br)(z1) — Hi (A, By) ()|
<l = z2llft — @ [l Ar (1) — Ar(z2) |1 — 1 l|Bi(w1) — Ba(z2)[|{]
+Cq, (1 +01) " 21 — 22| (5.10)

Since A; is np-expansive and By is o1-Lipschitz continuous, from (5.10]), we have

[ H1(A1, Br) (1) — Hi(A1, Br)(z2) — (21 — x2) "
< [t = auGun' = 108) + Gy (1 + 60)" [ — ol

which implies that

| H1(A1, B1)(z1) — Hi(Aq, Bi)(22) — (71 — 22) |1

< 4/[1 - a9+ Cp 4000 ]l — ol G1)
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Using Lipschitz continuity of Jilg\hz Y condition 1) and 7o-Lipschitz continuity
of fy, we evaluate

Hi(-,) Hi(,)
‘ J>\1,N1(01() f2(y1))( ) J/\1,N1(01( )sf2( y2)) H
- H , 1(+)
- H >\11,N1(01() fz(yl))(xl) J/\1,N1(g1(~)7f2(y1))(x2)
Hi(-,) Hy(-)
N (1 (), fa ) (#2) ~ Jxl,M(gl(o,fz(yz))(x?)H

IN

Hl( Hi(-,)
173 Vi tor 2200 @) = s lon 0,y @)y

Hiy () 1(557)
+HJ>‘111\71(91()fz>(y1))( 2) = J>\1Nl(gl()7f2(y2))(I2)H1

< Ol — wally + w2l fa(yr) — fa(y2)ll2
O1llz1 — w21 + watallyr — y2l2- (5.12)

IN

Using (5.11)) and - . becomes

T (x1,91) — T(z2,92)[1 < 0 qi/[l —q(pnt —yol) + Cyp (v + 61)0 |||z1 — 221

+0' |2y — 22|y + 0 M {O1]Jz1 — 21 + worz|lyr — yo(f)3)

HQ('V')

Using {i and the Lipschitz continuity of the resolvent operator R)\z’ Ma(-,) W€

evaluate

IN

IN

[S(z1,91) — S(w2,y2)ll2
RI2(+) Ha(,")
H R Ma(2(),020)) [HQ(AZ’BZ)(W - /\2JA22N2<fl<zl>,g2<->>(yl)]

Ha () )
_RA227M2(f2(')792(')) [HQ(AQ’ B2)(y2) = )\2‘])\2 N2(f1(I2) g2(- ))( )} HQ

(A2, B2)(y1) — H2(Az2, B2)(y2)

Ha () 2()
NNy o) 1) AT () >>(y2)Hz

0" || 242, Bo) (1) = Ha(As, B) ) = (w1 = w2)| || + 67 1 = w22

H N H. (,)
+0 )\2HJ>\22N2(f1($1)792())( 1) - JAz%Nz(fl(wz%gz('))(y2)H2. (5.14)

Since H is symmetric cocoercive with respect to Ay and By with constants s and
2, respectively and vs-Lipschitz continuous with respect to As and ds-Lipschitz
continuous with respect to Bs and using Lemma 2.1, we obtain

<

<

[ H2(Asg, Ba)(y1) — Ha(Az2, B2)(y2) — (y1 — y2) 15’

ly1 — y2ll3® — g2 (Ha2(Az, B2)(y1) — Ha(Az, B2)(y2), Foo (y1 — 42))

+Cy, [|H2(Asz, B2)(y1) — Ha(Az2, B2)(y2)15°

lyr — 2115* — qa [p2l|A2(y1) — A2(y2)[15° — Y2l B2(y1) — Ba(y2) 5]
+Cq (V2 +02)” |ly1 — y2|3°. (5.15)

Since Aj is no-expansive and By is oo-Lipschitz continuous, from (5.15), we have

|Ha (A2, B2)(y1) — Ha(Az, B2)(y2) — (y1 — y2)[15°
< 1= dlrong® —9208) + Coulv2 + 82) |1 - 3ell$



SYSTEM OF YOSIDA INCLUSIONS 47

which implies that
| H2 (A2, Ba)(y1) — Ha(Asz, Ba)(y2) — (y1 — y2)ll2

qi/{l — q2(p2n3® — 7205°) + Cop (v2 + 52)q2] lyr —y2ll2-  (5.16)

Using the Lipschitz continuity of JizngE 3 condition 1’ and 7y-Lipschitz conti-
nuity of fi, we evaluate

Ha () Ha ()
’J/\;Nz(fl(m)m(-))(yl) = Iaa N w2),g2()) (2) H

Ha(-))
= Nt e @) = T Nat o) ga (2)

Ha () Ha(-")
JA;Nz(fl(zl)qzo)( Y2) = I\, Ny (1 (22),92() (y2)H
H(-,)
= H >\27N2(f1 z1) qz('))(yl)_J/\sz2(f1(911)92()) Y2 HQ
Ho( 2(+57)
+HJ/\27N2(f1(x1) 22 U2) = DN o)) yQ)Hz

O2lly1 — y2ll2 + will fi(z1) — fi(z2)|1
O2[ly1 — y2ll2 + wimi|lz1 — 221 (5.17)

So, using (5.16)) and (5.17)), (5.14) becomes

15 m) ~ Salls < 0" g/ [1 - aaluand ~120%) + Coulos 800 s — ol

0"y — yollz + 6 Ao {2 ]ly1 — yoll2 + wimi||lz1 — w4iD8)

Combining (5.13]) and (5.18)), we have

1T (z1,91) — T(w2,y2)|ls + [[S(21,y1) — S22, y2) |2

Lyi||z1 — z2]|1 + Lallyr — y2ll2

max{Ly, Lo }([|z1 — @21 + ly1 — v2ll2), (5.19)

where Ly and Lo are same as defined by (5.3). Now, we define the norm || - ||, on
X1 X X2 by

IA A

IAIA

1@, )l = llzlls + llyll2, V(z,y) € X1 x Xs. (5.20)

We see that (X7 x Xa, ||-||«) is a Banach space. Hence from (j5.6)), (5.19) and (5.20)),
we have

IN(z1,91) = N(z2,2) I+ < max{Ly, La}|(x1,y1) = (2, y2)]|+- (5.21)

Since, max{Li,Ls} < 1 by condition (5.3), from (5.21) it follows that N is a
contraction mapping. Hence by Banach contraction principle, there exists a unique
fixed point (x,y) € X1 X X5 such that

N(z,y) = (z,9);
which implies that
_ pHi() Hi(-))
T = Ry M0 () {Hl(AhBl)(x) = AN N (00, fz(y))(x)} )

Y= By A (£2().02() {HZ(Aza B2)(Y) = AT\ Ny (i ()0 >><y)} :
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Then by Lemma 5.1, (z,y) is a unique solution of the system Yosida inclusions

()

This completes the proof. O

In order to obtain a convergence result for the system of Yosida inclusions (5.1)),
we define the following iterative Algorithm.

Iterative Algorithm 5.2.1. For any (zo,y0) € X1 X Xa, compute (Tp,yn) €
X1 x Xo by the following iterative scheme:

_ pHi() ()
Tt = By 00,000 {Hl(Al’Bl)(x) /\1JAN1<g1(>fz< >($")}(5'22)

_ pHa() Ha(-,)
Yntl = By M (2(,0:0) {HQ(AQ’Bz)(y")*AZJA Nz(fl(xn)gz())(yn)](’5'23)

where My, : X1 x X1 — 2% are H;(-,-)-co-accretive mappings, Ny, : X1 x Xo = X;
are nonlinear mappings and all other mappings are same as stated in (5.1)).

Theorem 5.3. Let fori=1,2,X; be the q;-uniformly smooth Banach spaces. Let
Ay, By, fiygi, Hi, N; and M; be the same mappings as stated in Theorem 5.1. Let
My, : X; x X; — 2% be Hy(+,-)-co-accretive mappings and Ny, : X1 X Xo — X; be
the nonlinear mappings such that M, £ M; and the condition (5.8) of Theorem 5.1
holds. Then the approximate solution (x,,yn) generated by Algorithm 5.1 converges
strongly to unique solution (x,y) of system of Yosida inclusions (5.1).

Proof. From Theorem 5.1, there exists a unique solution (z,y) € X; x X3 of the
system of Yosida inclusions. It follows from Algorithm 5.1 that

o =l = | BG uosucn [ (AL BO@a) = MG 1 ran (@)
RSt 0.0 [ (A0 BO@) = NI 0, @)
= HRil,(z\Z;)n<gl<->,fl<»>> |H1(A1, By () - A1‘7Hlxv1n<gl<>fz<y>>(9”n)}

RS i [H (AL B @) = NI ) i @)

Ry ) ) [Hl(AhBl)( ) = M N s O ufa ) x)}
RS0 [ BOG) = MU 0. @) |
< B o 1AL B @a) = MG 1 o (@)

Hi() Hi(-)
R M (0.1 ) [Hl(Al’Bl)( )= A N e (@ )} H1

Hi(-) 1)
+HRA1,M1n(gl<~>,fl<~>> [Hl(AlvBl)( ) = M Nl . 2@))(:5)}

Hi(,) Hi(
B M 0.1 () {Hl(AlvBl)( )= M il ), @ )(HE“)

Using the Lipschitz continuity of the resolvent operator Ril (1\'/71;)(- it Lipschitz conti-

nuity of Hq(A;, By) with respect to A; and B; and Lipschitz continuity of Yosida
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approximation operator Jy 11(\4 () We have

[@n41 — 2y
< 9/‘ Hi(Ay, B1)(zp) — AlJff‘Evlj(gl( ) fa(y) (@) — [Hl(A1,Bl)( ) — M ilj(\[lzgl( 9, fQ(y))(I)} H1
HIBE S o [ (AL BO@) = AT @)]
—RYS o [ (AL BO@) = MG ) o @) H1
< (i + )|z — i+ 0 A1HJHINM(91< ota () (@) = Jxll,g&l%g1<~>,f2<y>>(I)Hl
RS s [Hr(Ar B @) - Aljilz(vlggm (@)
— R ) [Hl(Al’Bl)( ) = M0 N s 0ot (& } H
< 0 v+ 60w — ally + 0 Al’ TN (01 £a) 1) = T8 ln . o) ()
T o0t @) = T lon (0,2 H
+“Ri1,(1{4’;)n<gl(<>,fl(<>> [Hl(AhBl)( )= AT N o (ot )}
R om0 [Hl(AlvBl)(”f) - AlJilz(vlzgl(sz(y))(x)} H1
< 0wt a)an —al+ 00| B0 f2(y))(x”) — i ilar (. (@)
+0 Al’ A 20 @) = T eln (O, aw)) H
RS o [Hi (AL BO@) = MG ) o @)
R e () [Hl(AuBl)( )= M N s s (@ )} H1
< 0t — ol +0 Alnglgvm(gm 9t @) = T ilar (. rato 0)
+0' 261 ||x —le
+“Ri1,(1{/};)7z(91(‘)7f1(~)) [Hl(AhBl)( )= AT o (ot )}
R om0 [Hl(AlvBl)(x) - Al"glz(vlzgl(xfz(y))(x)} H1 (5.25)

Using the same argument as for ([5.25)), we evaluate

" H. (, H (r)
lgnr = yllz < 67 (v +82)llyn — ylla +6 A?H*]Afzvm(fl(m 020 W) = I NS (11 (29,920 (Un)

2
+0" Aoty

-,
()
+HR>\2,M2n(f2( ),92(+)) [HZ(A27BZ)( ) )‘2J>\22N2(f1(r) ga (- ))(y):|

Ha(-,) )
R M (12,92 0)) {H2(A2’BZ)( )= AT o Y )} H2 (5.26)
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By Theorem 4.1 and Theorem 4.2, we have

[Hl(Al, Bi)(x) — MM (@ ]

RHl('f)
A1, M1n(91(-),f1(+)) >\1’N1(91 ), f2(y

)
A1, N1 91( fz(y)) }

e A Y [Hl(Al,Bl)( ) — Apgih (5.27)
Ry (22 [Hz(A2vB2)( )= 22T, gz(»(y)]
R ) [F2(A2, B)(0) = AT ) 0y )] 5 (5.28)
and
TaNenlar (520 @) = Taeilan (9,520 @) (529)
SV TR ) B v SHIN BN ()] (5.30)
Let
bn, = HRil,(AZ;)n@l(J,fl(J) [H1(A1, B @) = M T 0 @)
—Ril,%)@l()ﬁ()) (A1, BD)@) = M 0o @)] | 63D
= H TN lar (. at) () = iniﬁv;?m(»,fz(y»(x)! (5.32)
and
bny = HRZQ,%)H(fQ(-),gQ(-)) {HZ‘(Az,Bz)(y) 2 o )]
—Riz,(zii;)(fzugz() [H2(A2732)( ) = AL s ]H (5.33)
= H TN @han() ¥) — Jifz(vzgflu ).92() (y‘ - (539
Then
by s Cnys Ongy Cny — 0 as m— o0. (5.35)

From (55.24), (5.26]) and (5.27)) to (5.30]), we have

[Znt1 —2lls + [lynsr —vllz < Lillzn — 2lli + Lallyn — yll2 + bny + ¢y + bny + g
< maX{L17L2}(”xn - le + Hyn - y||2) + bnl + Cn,y + bnz + Cny-

Since (X7 x Xa,| - |l«) is a Banach space defined by (5.20)), we have

[(@nt1, yn1) = (@ 9)lls = [(@npr = 2) = (Yns1 — 9l
= lzn =zl + llyn =yl
= maX{LlaLQ}ﬂKxn?yn) - (CL’,y)H*) + bnl +cn, + bn2 + Cny-
(5.36)

A

From (5.3)),(5.35),(5.36]), it follows that
[(@nt1:Ynt1) — (2, y)[l« = 0 as n — oco.

Thus {(x,, yn)} converges strongly to the unique solution (z,y) of system of Yosida
inclusions. This completes the proof. O
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