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GENERALIZATIONS OF SHERMAN’S THEOREM BY TAYLOR’S

FORMULA

SLAVICA IVELIĆ BRADANOVIĆ, NAVEED LATIF, JOSIP PEČARIĆ

Abstract. Extensions of Sherman’s theorem to convex functions of higher
order and to real weights are obtained by using Taylor’s formula. New upper

bounds for Sherman’s difference and generalized inequalities are established.
Some related Cauchy-type means are discussed.

1. Introduction and preliminaries

S. Sherman [16] proved the following theorem.

Theorem 1.1. Let [α, β] ⊂ R and for fixed l,m ≥ 2, let x ∈ [α, β]l, y ∈ [α, β]m,
a ∈ [0,∞)l and b ∈ [0,∞)m be such that

y = xAT and a = bA (1.1)

for some row stochastic matrix A ∈ Mml(R). Then for every convex function
φ : [α, β]→ R we have

m∑
i=1

biφ(yi) ≤
l∑

j=1

ajφ(xj). (1.2)

Recall here that a matrix A = (aij) ∈Mml(R) is called row stochastic if all of its
entries are greater or equal to zero (nonnegative) and the sum of the entries in each
row is equal to 1. With AT we denote the transpose of A. Sherman obtained this
useful generalization of well known Majorization theorem replacing the classical
concept of majorization between real vectors x = (x1, ..., xl) and y = (y1, ..., ym)
with the notion of weighted majorization (1.1) for pairs (x,a) and (y,b), where
corresponding weights a = (a1, ..., al) and b = (b1, ..., bm) are nonnegative. In
recent times, Sherman’s result has attracted the interest of several mathematicians
(see [1]-[7], [10]-[14]). We also refer the reader to [5]. The main purpose of this
paper is to give new generalizations of Sherman’s theorem to n-convex functions
and to real, not necessary nonnegative choice of weights a, b and matrix A. The
techniques we use are based on the classical real analysis and an application of
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Taylor’s formula with the integral remainder which we introduce in the sequel. We
always assume that [α, β] ⊂ R without having to be emphasized.

Theorem 1.2. Let n ∈ N and φ : [α, β] → R be such that φ(n−1) is absolutely
continuous on [α, β] and c ∈ [α, β]. Then for all x ∈ [α, β] we have

φ(x) =

n−1∑
k=0

φ(k)(c)

k!
(x− c)k +

1

(n− 1)!

∫ x

c

φ(n)(t)(x− t)n−1dt. (1.3)

Remark 1.3. If we apply Taylor’s formula (1.3) to φ at the point c = α, we have

φ(x) =

n−1∑
k=0

φ(k)(α)

k!
(x− α)k +

1

(n− 1)!

∫ β

α

((x− t)+)n−1φ(n)(t)dt, (1.4)

where ∫ β

α

((x− t)+)
n−1

φ(n)(t)dt =

∫ x

α

(x− t)n−1φ(n)(t)dt+

∫ β

x

0dt.

Similarly, applying Taylor’s formula (1.3) to function φ at the point c = β, we have

φ(x) =

n−1∑
k=0

(−1)kφ(k)(β)

k!
(β − x)k − (−1)n−1

(n− 1)!

∫ β

α

((t− x)+)n−1φ(n)(t)dt, (1.5)

where ∫ β

α

((t− x)+)n−1φ(n)(t)dt =

∫ x

α

0dt+

∫ β

x

(t− x)n−1φ(n)(t)dt.

Here we involve the real valued function

x 7→ (x− t)+ =

{
x− t, t ≤ x
0, t > x

. (1.6)

The notion of n-convexity was defined in terms of divided differences by T.
Popoviciu. A function φ : [α, β] → R is n-convex, n ≥ 0, if its n-th order divided
differences [x0, ..., xn;φ] are nonnegative for all choices of (n + 1) distinct points
xi ∈ [α, β], i = 0, ..., n. If φ is n-convex, then without loss of generality we can
assume that φ is n-times differentiable and φ(n) ≥ 0 (see [15]).

In continuation we give definition and some basic facts about exponential con-
vexity. For more details see [9].

Definition 1.4. A function φ : I → R, where I is an interval in R, is n-
exponentially convex in the Jensen sense on I if

n∑
i,j=1

pipjφ

(
xi + xj

2

)
≥ 0

holds for all choices pi ∈ R and xi ∈ I, i = 1, ..., n.
A function φ is n-exponentially convex on I if it is n-exponentially convex in the
Jensen sense and continuous on I.

Definition 1.5. A function φ : I → (0,∞) is log-convex if a function log φ is
convex, or equivalently, if

φ ((1− λ)s+ λt) ≤ φ(s)1−λφ(t)λ

for all s, t ∈ I, λ ∈ [0, 1].
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Remark 1.6. By Definition 1.4, n-exponentially convex function in the Jensen
sense are k-exponentially convex in the Jensen sense for every k ∈ N, k ≤ n.
Further, a function φ is exponentially convex in the Jensen sense on I if it is n-
exponentially convex in the Jensen sense for all n ∈ N. Moreover, exponential
convexity implies log-convexity when φ is positive.

At the end, we introduce two recently obtained results involving the Čebyšev
functional defined for f, g ∈ L1[α, β] by

T (f, g) :=
1

β − α

∫ β

α

f(t)g(t)dt− 1

β − α

∫ β

α

f(t)dt · 1

β − α

∫ β

α

g(t)dt.

Theorem 1.7. [8, Theorem 1] Let f : [α, β] → R be Lebesgue integrable and
g : [α, β]→ R be absolutely continuous with (· − α)(β − ·)(g′)2 ∈ L1[α, β]. Then

|T (f, g)| ≤ 1√
2

[T (f, f)]
1
2

1√
β − α

(∫ β

α

(x− α)(β − x)[g′(x)]2dx

) 1
2

. (1.7)

The constant 1√
2

in (1.7) is the best possible.

Theorem 1.8. [8, Theorem 2] Let g : [α, β]→ R be monotonic nondecreasing and
f : [α, β]→ R be absolutely continuous with f ′ ∈ L∞[α, β]. Then

|T (f, g)| ≤ 1

2(β − α)
‖f ′‖∞

∫ β

α

(x− α)(β − x)dg(x). (1.8)

The constant 1
2 in (1.8) is the best possible.

Here with ‖·‖p , 1 ≤ p ≤ ∞, we denote the usual Lebesgue norms on space

Lp[a, b].

2. Main results

Theorem 2.1. Let n ∈ N and φ : [α, β] → R be such that φ(n−1) is absolutely
continuous on [α, β]. Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such

that (1.1) holds for some matrix A ∈Mml(R) satisfying the condition
∑l
j=1 aij =

1, i = 1, 2, ...,m. The following identities hold:
(i)

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) (2.1)

=

n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


+

1

(n− 1)!

∫ β

α

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

φ(n)(t)dt
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(ii)

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) (2.2)

=

n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k


− (−1)n−1

(n− 1)!

∫ β

α

 l∑
j=1

aj((t− xj)+)n−1 −
m∑
i=1

bi ((t− yi)+)
n−1

φ(n)(t)dt.

Proof. (i) Using (1.4) in the difference
∑l
j=1 ajφ(xj)−

∑m
i=1 biφ(yi), we get

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi)

=

l∑
j=1

aj

[
n−1∑
k=0

φ(k)(α)

k!
(xj − α)k +

1

(n− 1)!

∫ β

α

((xj − t)+)n−1φ(n)(t)dt

]

−
m∑
i=1

bi

[
n−1∑
k=0

φ(k)(α)

k!
(yi − α)k +

1

(n− 1)!

∫ β

α

((yi − t)+)n−1φ(n)(t)dt

]
.

Now, by interchanging the order of summation and integration, we get

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) =

n−1∑
k=0

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


+

1

(n− 1)!

∫ β

α

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

φ(n)(t)dt.

Since under assumption (1.1) we have

l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k = 0 for k = 0, 1,

the identity (2.1) immediately follows.
(ii) Analog, using (1.5), we obtain (2.2). �

Using obtained identities we extend Sherman’s theorem to n-convex functions
and to real, not necessary nonnegative values of vectors a, b and matrix A.

Theorem 2.2. Suppose that all the assumptions of Theorem 2.1 hold.
(i) If φ is n-convex on [α, β] and

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 ≥ 0, t ∈ [α, β], (2.3)
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then

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) ≥
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

 .
(2.4)

(ii) If φ is n-convex on [α, β] and

(−1)n−1

 l∑
j=1

aj((t− xj)+)n−1 −
m∑
i=1

bi ((t− yi)+)
n−1

 ≤ 0, t ∈ [α, β], (2.5)

then

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) ≥
n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k
 .

(2.6)

Proof. (i) By Theorem 2.1 the identity (2.1) holds. Since φ is n-convex, then
φ(n) ≥ 0 on [α, β]. Moreover, if (2.3) holds, it follows that the last term in (2.1) is
nonnegative, i.e. the inequality (2.4) holds.
(ii) Analog to (i). �

Remark 2.3. If in addition we take into account Sherman’s condition of nonneg-
ativity of vectors a, b and matrix A, then the assumption (2.3) is equivalent to
the requirement that x 7→ (x − t)n−1

+ , t ∈ [α, β], is convex function on [α, β] what
exactly is true. Therefore, by Theorem 2.2 the inequality (2.4) holds. Particularly,
for n = 2 the sum on the right hand side of (2.4) is zero and we get Sherman’s
inequality (1.2) as direct consequence.

Preliminary consideration we extend to the following theorem.

Theorem 2.4. Suppose that all the assumptions of Theorem 2.1 hold. Additionally,
let a, b and A be nonnegative.
(i) If φ is n-convex on [α, β], then (2.4) holds. Moreover, if the function

F̃ (·) =

n−1∑
k=2

φ(k)(α)

k!
(· − α)k (2.7)

is convex on [α, β], then

0 ≤
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

 ≤ l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi).

(2.8)
(ii) If n is even and φ is n-convex on [α, β], then (2.6) holds. Moreover, if the
function

F̄ (·) =

n−1∑
k=2

(−1)kφ(k)(β)

k!
(β − ·)k (2.9)
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is convex on [α, β], then

0 ≤
n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k
 ≤ l∑

j=1

ajφ(xj)−
m∑
i=1

biφ(yi).

(2.10)

Proof. (i) Since the function x 7→ ((x − t)+)n−1, t ∈ [α, β], is convex for every
n ∈ N, then by Sherman’s theorem we have

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 ≥ 0, t ∈ [α, β],

i.e. the condition (2.3) is satisfied. Moreover, by Theorem 2.2 the inequality (2.4)
holds. Further, the right hand side of (2.4) can be written in the form

l∑
j=1

ajF̃ (xj)−
m∑
i=1

biF̃ (yi),

where F̃ is defined as in (2.7). If F̃ is convex, then by Sherman’s theorem we have

l∑
j=1

ajF̃ (xj)−
m∑
i=1

biF̃ (yi) ≥ 0,

i.e. the right hand side of the inequality (2.4) is nonnegative, so (2.8) holds.
(ii) Since the function

y 7→ (−1)n ((t− y)+)
n

=

{
0, t < y
(y − t)n, t ≥ y , t ∈ [α, β],

is convex for even n and concave for odd n, then the function y 7→ (−1)n−1 ((t− y)+)
n−1

is concave for even n and applying Sherman’s theorem we have

(−1)n−1

 l∑
j=1

aj((t− xj)+)n−1 −
m∑
i=1

bi ((t− yi)+)
n−1

 ≤ 0, t ∈ [α, β],

i.e. the condition (2.5) is satisfied. Now, applying Theorem 2.2 we get (2.6).
Further, the right hand side of (2.6) can be written in the form

l∑
j=1

ajF̄ (xj)−
m∑
i=1

biF̄ (yi),

where F̄ is defined as in (2.9). The rest of proof is analog to (i). �

Remark 2.5. Note that the function x 7→ (x − α)k is convex on [α, β], for each
k ∈ N, i.e.

l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k ≥ 0,

for each k ∈ N. If (2.4) holds and if φ(k)(α) ≥ 0, k = 2, ..., n−1, then the right hand
side of (2.4) is nonnegative and the double inequality (2.8) holds. Note that (2.8)

presents new lower bounds for Sherman’s difference
∑l
j=1 ajφ(xj)−

∑m
i=1 biφ(yi).

Similar conclusion we have in the second case when the inequality (2.6) holds. Since
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j=1 aj(β − xj)k −

∑m
i=1 bi(β − yi)k ≥ 0 for each k ∈ N, then if φ(k)(β) ≥ 0 for

even k and φ(k)(β) ≤ 0 for odd k, we get the lower bound in the form (2.10).

3. Upper bound for generalized Sherman’s inequality

In the previous section we obtained the lower bounds for Sherman’s difference in
the forms (2.8) and (2.10). Here we present the upper bounds. In order to obtain
the desired results, we define two functions B1,B2 : [α, β]→ R by

B1(t) =

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

, (3.1)

B2(t) = (−1)n−1

 l∑
j=1

aj((t− xj)+)n−1 −
m∑
i=1

bi ((t− yi)+)
n−1

 ,
where n ∈ N, x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm are such that (1.1) holds

for some matrix A ∈Mml(R) satisfying the condition
∑l
j=1 aij = 1, i = 1, 2, ...,m.

We also consider the Čebyšev functionals defined by

T (Bp,Bp) =
1

β − α

∫ β

α

B2
p(t)dt−

(
1

β − α

∫ β

α

Bp(t)dt

)2

, p = 1, 2.

Theorem 3.1. Let n ∈ N and φ : [α, β] → R be such that φ(n) is absolutely
continuous on [α, β] with (· − α)(β − ·)(φ(n+1))2 ∈ L1[α, β]. Let x ∈ [α, β]l, y ∈
[α, β]m, a ∈ Rl and b ∈ Rm be such that (1.1) holds for some matrix A ∈Mml(R)

satisfying the condition
∑l
j=1 aij = 1, i = 1, 2, ...,m. Let B1 and B2 be defined as in

(3.1).
(i) Then

|R1(φ;α, β)| ≤
√
β − α√

2(n− 1)!
[T (B1,B1)]

1
2

(∫ β

α

(t− α)(β − t)[φ(n+1)(t)]2dt

) 1
2

,

(3.2)
where

R1(φ;α, β) =

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi)

−
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


− φ(n−1)(β)− φ(n−1)(α)

(β − α)(n− 1)!

∫ β

α

B1(t)dt. (3.3)

(ii) Then

|R2(φ;α, β)| ≤
√
β − α√

2(n− 1)!
[T (B2,B2)]

1
2

(∫ β

α

(t− α)(β − t)[φ(n+1)(t)]2dt

) 1
2

,

(3.4)
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where

R2(φ;α, β) =

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi) (3.5)

−
n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k


− φ(n−1)(β)− φ(n−1)(α)

(α− β)(n− 1)!

∫ β

α

B2(t)dt.

Proof. (i) Comparing (2.1) and (3.3) we have

R1(φ;α, β) =
β − α

(n− 1)!
T (B1, φ

(n)).

Applying Theorem 1.7 on the functions B1 and φ(n) we obtain (3.2).
(ii) Similarly, we can prove this part. �

Theorem 3.2. Let n ∈ N and φ : [α, β] → R be such that φ(n) is absolutely
continuous and φ(n+1) ≥ 0 on [α, β]. Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and
b ∈ Rm be such that (1.1) holds for some matrix A ∈ Mml(R) satisfying the

condition
∑l
j=1 aij = 1, i = 1, 2, ...,m. Let B1 and B2 be defined as in (3.1). Then:

(i)

|R1(φ;α, β)| ≤ β − α
(n− 1)!

‖B′1‖∞

[
φ(n−1)(β) + φ(n−1)(α)

2
− φ(n−2)(β)− φ(n−2)(α)

β − α

]
,

(3.6)
where R1(φ;α, β) is defined by (3.3).
(ii)

|R2(φ;α, β)| ≤ β − α
(n− 1)!

‖B′2‖∞

[
φ(n−1)(β) + φ(n−1)(α)

2
− φ(n−2)(β)− φ(n−2)(α)

β − α

]
,

(3.7)
where R2(φ;α, β) is defined by (3.5)

Proof. (i) Since R1(φ;α, β) = β−α
(n−1)!T (B1, φ

(n)), then applying Theorem 1.8 on the

functions B1 and φ(n) we have

|R1(φ;α, β)| = β − α
(n− 1)!

∣∣∣T (B1, φ
(n))
∣∣∣ (3.8)

≤ 1

2(n− 1)!
‖B′1‖∞

∫ β

α

(t− α)(β − t)φ(n+1)(t)dt.

Since ∫ β

α

(t− α)(β − t)φ(n+1)(t)dt =

∫ β

α

[2t− (α+ β)]φ(n)(t)dt (3.9)

= (β − α)
[
φ(n−1)(β) + φ(n−1)(α)

]
− 2

[
φ(n−2)(β)− φ(n−2)(α)

]
,

then combining (3.8) and (3.9) we obtain (3.6).
(ii) Similarly, we can prove this part. �
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Theorem 3.3. Suppose that all the assumptions of Theorem 2.1 hold. Let (p, q) be
a pair of conjugate exponents, i.e. 1 ≤ p, q ≤ ∞, 1/p+1/q = 1 and φ(n) ∈ Lp[α, β].
Let B1 and B2 be defined as in (3.1). Then
(i) ∣∣∣∣∣∣

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi)−
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

∣∣∣∣∣∣
≤ 1

(n− 1)!

∥∥∥φ(n)
∥∥∥
p
‖B1‖q , (3.10)

(ii)∣∣∣∣∣∣
l∑

j=1

ajφ(xj)−
m∑
i=1

biφ(yi)−
n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k
∣∣∣∣∣∣

≤ 1

(n− 1)!

∥∥∥φ(n)
∥∥∥
p
‖B2‖q . (3.11)

The constants on the right-hand side of (3.10) and (3.11) are sharp for 1 < p ≤ ∞
and the best possible for p = 1.

Proof. (i) Applying the well known Hölder’s inequality to (2.1), we obtain∣∣∣∣∣∣
l∑

j=1

ajφ(xj)−
m∑
i=1

biφ(yi)−
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

∣∣∣∣∣∣
=

∣∣∣∣∣
∫ β

α

S(t)φ(n)(t)dt

∣∣∣∣∣ ≤ ∥∥∥φ(n)
∥∥∥
p

(∫ β

α

|S(t)|q dt

) 1
q

,

where we denote

S(t) =
1

(n− 1)!

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

dt

 .

The proof of the sharpness is analog to one in proof of [4, Theorem 11].
(ii) Similar to the first part. �

4. Mean value theorems and Exponential convexity

Note that the inequalities (2.4) and (2.6) are linear in φ. This motivates us to
define, under the assumptions of Theorem 2.2, the following linear functionals:

A1(φ) =

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi)−
n−1∑
k=2

φ(k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

 ,
(4.1)

A2(φ) =

l∑
j=1

ajφ(xj)−
m∑
i=1

biφ(yi)−
n−1∑
k=2

(−1)kφ(k)(β)

k!

 l∑
j=1

aj(β − xj)k −
m∑
i=1

bi(β − yi)k
 .

Theorem 2.2 guarantees that for every n-convex function φ : [α, β]→ R we have
Ap(φ) ≥ 0, p = 1, 2. Using constructed functionals we derive mean-value theorems.
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Theorem 4.1. Let φ ∈ Cn([α, β]) and Ap, p = 1, 2, be the linear functionals defined
as in (4.1). Then there exist ξp ∈ [α, β], p = 1, 2, such that

Ap(φ) = φ(n)(ξp)Ap(ϕ0), p = 1, 2, (4.2)

where ϕ0(x) = xn/n!.

Proof. Our proof proceeds similarly to the proof of [9, Theorem 4.1]. �

Theorem 4.2. Let φ, ψ ∈ Cn([α, β]) and Ap, p = 1, 2, be the linear functionals
defined as in (4.1). Then there exist ξp ∈ [α, β], p = 1, 2, such that

φ(n)(ξp)

ψ(n)(ξp)
=
Ap(φ)

Ap(ψ)
, p = 1, 2, (4.3)

assuming that both denominators are non-zero.

Proof. Our proof proceeds similarly to the proof of [9, Corollary 4.2]. �

Remark 4.3. If φ(n)

ψ(n) is an invertible function, then from (4.3) we have

ξp =

(
φ(n)

ψ(n)

)−1(
Ap(φ)

Ap(ψ)

)
which presents a new mean of Cauchy’s type of interval [α, β].

The following results will enable us to construct exponentially convex functions.

Theorem 4.4. Let Ap, p = 1, 2, be the linear functionals defined by (4.1). Let
F1 = {fv : [α, β]→ R : v ∈ I}, where I is an interval in R, be a family of functions
such that for every choice of t+ 1 mutually different points z0, z1, ..., zt ∈ [α, β] the
mapping v 7→ [z0, z1, ..., zt; fv] is n-exponentially convex in the Jensen sense on I.
Then the function v 7→ Ap(fv) is n-exponentially convex in the Jensen sense on I.
Moreover, if the function v 7→ Ap(fv) is continuous on I, then it is n-exponentially
convex on I.

Proof. Let qj ∈ R, sj ∈ I, j = 1, ..., n, and sjk =
sj+sk

2 , 1 ≤ j, k ≤ n. We consider
the function h : [α, β]→ R defined by

h(x) =

n∑
j,k=1

qjqkfsjk(x),

where fsjk ∈ F1. Since the function v 7→ [z0, z1, ..., zt; fv] is n-exponentially convex
in the Jensen sense on I, we have

[z0, z1, ..., zt;h] =

n∑
j,k=1

qjqk
[
z0, z1, ..., zt; fsjk

]
≥ 0.

Therefore, we have

Ap(h) =

n∑
j,k=1

qjqkAp
(
fsjk

)
≥ 0,

for each p = 1, 2, i.e. the function v 7→ Ap(fv) is n-exponentially convex in
the Jensen sense on I. Further, if v 7→ Ap(fv) is continuous on I, then it is n-
exponentially convex on I by Definition 1.4. �

The next corollary is an easy consequence of the previous theorem.
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Corollary 4.5. Let Ap, p = 1, 2, be the linear functionals defined by (4.1). Let
F2 = {fv : [α, β]→ R : v ∈ I}, where I is an interval in R, be a family of functions
such that for every choice of t+ 1 mutually different points z0, z1, ..., zt ∈ [α, β] the
mapping v 7→ [z0, z1, ..., zt; fv] is exponentially convex in the Jensen sense on I.
Then the function v 7→ Ap(fv) is exponentially convex in the Jensen sense on I.
Moreover, if v 7→ Ap(fv) is continuous on I, then it is exponentially convex on I.

Corollary 4.6. Let Ap, p = 1, 2, be the linear functionals defined as in (4.1). Let
F3 = {fv : [α, β]→ R : v ∈ I}, where I is an interval in R, be a family of functions
such that for every choice of t+ 1 mutually different points z0, z1, ..., zt ∈ [α, β] the
mapping v 7→ [z0, z1, ..., zt; fv] is 2-exponentially convex in the Jensen sense on I.
Then the following statements hold:
(i) If the function v 7→ Ap(fv) is continuous on I, then it is 2-exponentially convex
on I. If v 7→ Ap(fv) is additionally positive, then it is also log-convex on I.
(ii) If the function v 7→ Ap(fv) is positive and differentiable on I, then for all
r, s, u, w ∈ I such that r ≤ u, s ≤ w, we have

Mr,s (Ap,F3) ≤Mu,w (Ap,F3) ,

where

Mr,s (Ap,F3) =


(
Ap(fr)
Ap(fs)

) 1
r−s

, r 6= s

exp
(

d
dr (Ap(fr))

Ap(fr)

)
, r = s

, (4.4)

for fr, fs ∈ F3.

Proof. (i) The first part of statement is an easy consequence of Theorem 4.4 and
the second one of Remark 1.6.
(ii) From (i) we have that the function v 7→ Ap(fv) is log-convex on I, i.e. the
function v 7→ logAp(fv) is convex on I. Then by definition of convexity (see [15,
page 2]) we have

logAp(fr)− logAp(fs)

r − s
≤ logAp(fu)− logAp(fw)

u− w
(4.5)

for r ≤ u, s ≤ w, r 6= s, u 6= w, i.e.

Mr,s (Ap,F3) ≤Mu,w (Ap,F3) .

Case r = s, u = w follows from (4.5) as limiting case. �

Remark 4.7. Note that the results from Theorem 4.4, Corollary 4.5 and Corollary
4.6 still hold when two of the points z0, z1, ..., zt ∈ [α, β] coincide, say z0 = z1, for a
family of differentiable functions fv such that the function v 7→ [z0, z1, ..., zt; fv] is
an n-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all (t+
1) points coincide for a family of t differentiable functions with the same property.
The proofs are obtained by

[x, ..., x︸ ︷︷ ︸
j-times

; f ] =
f (j−1)(x)

(j − 1)!
(4.6)

and suitable characterization of convexity.
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Example 4.8. Consider the family of functions

Ω = {ϕu : [0,∞)→ R : u > 0},
defined by

ϕu(x) =

{
xu

u(u−1)···(u−n+1) , u /∈ {1, ..., n− 1},
xj log x

(−1)n−1−jj!(n−1−j)! , u = j ∈ {1, ..., n− 1},

with 0 log 0: = 0.

Since dnϕu

dxn (x) = xu−n = e(u−n) log x > 0, it follows that ϕu is n-convex on [0,∞)

for every u > 0. The function u 7→ dnϕu

dxn (x) is exponentially convex. Therefore,
using the same arguments as in proof of Theorem 4.4, we conclude that the function
u 7→ [z0, z1, ..., zt;ϕu] is exponentially convex (and so exponentially convex in the
Jensen sense). From Corollary 4.5 it follows that u 7→ A1(ϕu) is exponentially
convex (since it is exponentially convex in the Jensen sense and continuous). If
[α, β] ⊂ [0,∞) and A1(ϕu) > 0, for this family of functions, (4.4) becomes

Mr,s (A1,Ω) =



(
s(s−1)...(s−n+1)
r(r−1)...(r−n+1)

∑l
j=1 ajx

r
j−

∑m
i=1 biy

r
i∑l

j=1 ajx
s
j−

∑m
i=1 biy

s
i

) 1
r−s

, r 6= s,

exp

(∑l
j=1 ajx

r
j log xj−

∑m
i=1 biy

r
i log yi∑l

j=1 ajx
r
j−

∑m
i=1 biy

r
i

+
n−1∑
k=0

1
k−r

)
,

r = s /∈ {1, ..., n− 1},

exp

( ∑l
j=1 ajx

r
j log2 xj−

∑m
i=1 biy

r
i log2 yi

2(
∑l

j=1 ajx
r
j log xj−

∑m
i=1 biy

r
i log yi)

+
n−1∑

k=0,i6=r

1
k−r

)
,

r = s ∈ {1, ..., n− 1}.
(4.7)

For a different choice of parameters r, s ∈ R, extensions are obtained by continuity.
Choosing f = ϕr and g = ϕs, where r, s ∈ R, r 6= s, r, s 6= 0, 1, and setting
α = mini,j{xj , yi}, β = maxi,j{xj , yi}, by Theorem 4.2 there exists ξ ∈ [α, β] such
that

α ≤ ξ =

(
A1(ϕr)

A1(ϕs)

) 1
r−s

≤ β.

This shows that we obtain the new class of two-parameter Cauchy-type means which
are obviously symmetric and monotonicity over both parameters.

Remark 4.9. Using the linear functional A2, defined by (4.1), we can on ana-
log way derive another class of two-parameter Cauchy-type means with the same
properties.
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[3] M. Adil Khan, J. Khan and J. Pečarić, Generalizations of Sherman’s inequality by Mont-

gromey Idenity and Green function, Mongolian Mathematical Journal 19 (2017), 46-63.
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