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GENERALIZATIONS OF SHERMAN’S THEOREM BY TAYLOR’S
FORMULA

SLAVICA IVELIC BRADANOVIC, NAVEED LATIF, JOSIP PECARIC

ABSTRACT. Extensions of Sherman’s theorem to convex functions of higher
order and to real weights are obtained by using Taylor’s formula. New upper
bounds for Sherman’s difference and generalized inequalities are established.
Some related Cauchy-type means are discussed.

1. INTRODUCTION AND PRELIMINARIES
S. Sherman [I6] proved the following theorem.

Theorem 1.1. Let [a, 8] C R and for fived I,m > 2, let x € [o, 8]}, y € [a, 5™,
a € [0,00)! and b € [0,00)™ be such that

y =xA” and a=bA (1.1)

for some row stochastic matrix A € My (R). Then for every convex function
¢ [a, ] = R we have

m !
Z bid(yi) < Z ajp(z;). (1.2)

Recall here that a matrix A = (a;;) € M (R) is called row stochastic if all of its
entries are greater or equal to zero (nonnegative) and the sum of the entries in each
row is equal to 1. With AT we denote the transpose of A. Sherman obtained this
useful generalization of well known Majorization theorem replacing the classical
concept of majorization between real vectors x = (21,...,2;) and y = (Y1, -+, Ym)
with the notion of weighted majorization for pairs (x,a) and (y,b), where
corresponding weights a = (ay,...,a;) and b = (b1,...,b,,) are nonnegative. In
recent times, Sherman’s result has attracted the interest of several mathematicians
(see [1]-[7], [10]-[14]). We also refer the reader to [5]. The main purpose of this
paper is to give new generalizations of Sherman’s theorem to m-convex functions
and to real, not necessary nonnegative choice of weights a, b and matrix A. The
techniques we use are based on the classical real analysis and an application of
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GENERALIZATIONS OF SHERMAN’S THEOREM 19
Taylor’s formula with the integral remainder which we introduce in the sequel. We
always assume that [, 5] C R without having to be emphasized.

Theorem 1.2. Let n € N and ¢ : [a, 5] — R be such that ¢"~V) is absolutely
continuous on [a, f] and ¢ € [a, B]. Then for all x € o, B] we have

B n—1 ¢(k)(c) 1 T N -
¢(m)_k§ o=t + (n_l)!/c oM () — )" dt.  (1.3)

Remark 1.3. If we apply Taylor’s formula to ¢ at the point ¢ = a, we have

o) =3 0 oy g !
k=0

(n—1)!

B
[ = temma, )
where

B z B
/ (2 — 1)4)" " ¢ (t)dt = / (@ — 1" 1™ ()t +/ 0dt.
Similarly, applying Taylor’s formula to function ¢ at the point ¢ = B, we have
n—1
_x- (DM () (GR .
o) = k! (n—1)!

k=0

B
(6 —a)f — / (¢ —2) )" oM ()dr,  (15)

B z B
/ ((t —z)4)" " Lo™ (t)dt = / 0dt +/ (t — )" L™ (t)dt.
Here we involve the real valued function

x—t, t<z
m»—)(m—t)+:{0 g . (1.6)

The notion of n-convexity was defined in terms of divided differences by T.
Popoviciu. A function ¢ : [a, 5] — R is n-convex, n > 0, if its n-th order divided
differences [z, ..., Zn; @] are nonnegative for all choices of (n 4+ 1) distinct points
x; € [a, 0], 1 = 0,...,n. If ¢ is n-convex, then without loss of generality we can
assume that ¢ is n-times differentiable and ¢(™ > 0 (see [15]).

In continuation we give definition and some basic facts about exponential con-
vexity. For more details see [9].

Definition 1.4. A function ¢ : I — R, where I is an interval in R, is n-
exponentially convex in the Jensen sense on I if

= T + 2
Z pip; (2j> >0
ij=1
holds for all choices p; ER and x; € I,i=1,...,n.

A function ¢ is n-exponentially convexr on I if it is n-exponentially convex in the
Jensen sense and continuous on I.

Definition 1.5. A function ¢ : I — (0,00) is log-convez if a function log ¢ is
convez, or equivalently, if

¢ ((1=A)s+At) < ¢(s)' (1)
forall s,t € I, X €[0,1].
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Remark 1.6. By Definition n-exponentially convex function in the Jensen
sense are k-exponentially conver in the Jensen sense for every k € N, k < n.
Further, a function ¢ is exponentially convex in the Jensen sense on I if it is n-
exponentially convexr in the Jensen sense for all n € N. Moreover, exponential
convezity implies log-convexity when ¢ is positive.

At the end, we introduce two recently obtained results involving the Cebysev
functional defined for f,g € Li[«, 5] by

dt—i/ f(t)dt - /Bg(t)dt.

Theorem 1.7. [8, Theorem 1] Let f : [o,8] — R be Lebesgue integrable and
g [a, B] = R be absolutely continuous with (- — a)(8 — -)(¢')? € Li[o, B]. Then

1(f,

1 L1 A , :
IT(f,9) < E[T(f,f)ﬁﬁ (/a (z—a)(B—2)ly (w)]de> - (1.7)

The constant % n is the best possible.

Theorem 1.8. [8, Theorem 2] Let g : [, 5] — R be monotonic nondecreasing and
I [a, B] = R be absolutely continuous with ' € Lo|a, B]. Then

B
70901 < g 1Vl | (o= )3 =)o) (19)

The constant % mn @ is the best possible.

Here with [|-[|,, 1 < p < oo, we denote the usual Lebesgue norms on space
Ly[a,b].

2. MAIN RESULTS

Theorem 2.1. Let n € N and ¢ : [a, 8] — R be such that ¢"~) is absolutely
continuous on [a, B]. Let x € [a, B8], y € [, 8], a € R! and b € R™ be such
that holds for some matriz A € My, (R) satisfying the condition 22:1 aij =
1, =1,2,...,m. The following identities hold:

(4)

l m
> aid(a;) = > bid(y:) (2.1)
j=1 i=1
n—1 (k) m
= 2 k'(a) Zaj(xj - a)k - biy: — O‘>k
k=2 j=1 i=1
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(i)

> aibz;) =D bid(y:) (2.2)
j=1 i=1

n—1 _1\k (k) 1 m
=> =L ;:, ) > ai(B ;) (B —vi)

k=2 =1 i=1

_1\n—1 B l m

ER A DRI ST (AR EC

Proof. (i) Using in the difference 22:1 ajp(z;) — i big(ys), we get
l m
Z a;o(z;) — Z bid(yi)

L[ sk b
Z% [Z 2 ( )(%‘ —a)f + ﬁ/ ((zj — ) )" o™ (t)dt]

- B
=a [Z¢ A= <<yf—t)+>”—1¢<n><t>dt].

=1

Now, by interchanging the order of summation and integration, we get

m n— 1 l m

l
Zaj(b(xj) — Z bid(y;) = Z Z )k — Z bi(y

1 B l n— i n— n
+ m/ > ai (=) =) b (i —)2)" | ¢ ()t
e =1 i=1
Since under assumption (1.1) we have
l m
Zaj(a:j —a)k - Z:bz(yz —a)f=0 for k=01,
j=1 i=1

the identity (2.1) immediately follows.

(ii) Analog, using (|1.5]), we obtain (2.2)). O

Using obtained identities we extend Sherman’s theorem to n-convex functions
and to real, not necessary nonnegative values of vectors a, b and matrix A.

Theorem 2.2. Suppose that all the assumptions of Theorem [2.1] hold.
(¢2) If ¢ is n-convex on [«, B] and

l
Sai (=) =Y by — )" >0, tewpl,  (23)
j=1 i
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then
l n—1 (k:) (O[) l . m .
> aié(x;) me yi) > o | 2o =)t = by - a)
j=1 k=2 ) Jj=1 =1
(2.4)
(#) If ¢ is n-convex on [a, B] and
l m
Yoas(t—z) )" =Y bt —y))" | <0, te ], (25)
j=1 i=1
then
l nfl d)(k) l m
Zaj¢(xj Zbl(rb yz > Z Zag *:EJ Zbi(ﬁfyz)k
j=1 i=1 k=2 i=1
’ (2.6)

Proof. (i) By Theorem the identity holds. Since ¢ is n-convex, then
#™ >0 on [, B]. Moreover, if (2.3)) holds, it follows that the last term in is
nonnegative, i.e. the inequality (2.4) holds.

(ii) Analog to (i). O

Remark 2.3. If in addition we take into account Sherman’s condition of nonneg-
atiity of vectors a, b and matriz A, then the assumption s equivalent to
the requirement that x — (x — t)i_l, t € [a, B, is convex function on [, 5] what
exactly is true. Therefore, by Theorem the inequality holds. Particularly,
for n = 2 the sum on the right hand side of is zero and we get Sherman’s
inequality as direct consequence.

Preliminary consideration we extend to the following theorem.

Theorem 2.4. Suppose that all the assumptions of Theorem[2_1] hold. Additionally,
let a, b and A be nonnegative.
(i) If ¢ is n-convex on |, 8], then (2.4)) holds. Moreover, if the function

F() = ; o) (o @.1)
is convew on [a, 8], then
Z¢(k) zl:aj(ifj—a)k—ibi (i — )* <Za]¢> ;) ibiqﬁ(yi).
a - - (2.8)

(i1) If n is even and ¢ is n-convez on [a,f], then (2.6) holds. Moreover, if the
function

_ )Rk
F()= Z M(ﬁ — )k (2.9)
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is convex on [, (8], then

n—1 m l m
ney GO0 Zaa —a;)" =Y (B -y Z o)~ > bi(yi)-
k=2 =1 7j=1 =

(2.10)

Proof. (i) Since the function x — ((x —t)4)" "%, t € [a, ], is convex for every
n € N, then by Sherman’s theorem we have

l m
> (=) " =D b 1)) >0, e,
j=1 i=1

i.e. the condition (2.3)) is satisfied. Moreover, by Theorem the inequality (2.4))
holds. Further, the right hand side of (2.4) can be written in the form

l m
> aiF(x;) - Zbiﬁ(y )

where F is defined as in (2.7). If F is convex, then by Sherman’s theorem we have

l m
> aiF(z) = > biF(y:) >0,
j=1 i=1

i.e. the right hand side of the inequality (2.4) is nonnegative, so (2.8) holds.
(ii) Since the function
0 t<y
_ n _ n — I
v Crie-n ={ 4 150
is convex for even n and concave for odd n, then the function y — (—1)"71 ((t — y)+
is concave for even n and applying Sherman’s theorem we have

t € la, B,

)n—l

m

l
it —z) )"t =D b (- ) )" <0, teafl,
j=1

i=1

i.e. the condition (2.5) is satisfied. Now, applying Theorem we get (2.6]).
Further, the right hand side of (2.6) can be written in the form

l m
ZajF(xJ Z F(yi),

where F is defined as in ([2.9). The rest of proof is analog to (i). O

Remark 2.5. Note that the function x — (z — a)¥ is convex on [a, 3], for each
keN, ie.

l m
> aj(a; —a)f = by — a)f >0,
j=1 i=1

for each k 6 N. If holds and if ) (a) > 0, k = 2,...,n—1, then the right hand
side of (2.4) is nonnegative and the double inequality (@ holds. Note that @
presents new lower bounds for Sherman’s difference Z] Laid(zy) — Do bid(yi).

Similar conclusion we have in the second case when the inequality (@) holds. Since
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Zé’:l a;(B —x;)F =3 bi(B —yi)® > 0 for each k € N, then if ¢(¥(8) > 0 for
even k and ¢®) () < 0 for odd k, we get the lower bound in the form .

3. UPPER BOUND FOR GENERALIZED SHERMAN’S INEQUALITY

In the previous section we obtained the lower bounds for Sherman’s difference in
the forms (2.8)) and (2.10)). Here we present the upper bounds. In order to obtain
the desired results, we define two functions By, Bs : [a, 8] — R by

l m
Bu(t) = 3 ay (s — )"~ =Y bi (e — 04" (3.1
l m
Bo(t) = (=1)""" | D aj((t =) )" =D bt —w))" |,
j=1 i=1

where n € N, x € [a, 8], y € [a, 8™, a € Rl and b € R™ are such that (1.1)) holds
for some matrix A € M,,;(R) satisfying the condition 25:1 ai; =1,1=1,2,...,m.
We also consider the Cebysev functionals defined by

1 A 1 A ’
T(B,,B,) = m/ Ba(t)dt — (ﬂa/ B,,(t)dt) . p=12.

Theorem 3.1. Let n € N and ¢ : [o, 8] — R be such that ¢\™) is absolutely
continuous on [a, B with (- — a)(8 — ) (¢ ") € Li[o, B]. Let x € [o, 8], y €
[, B]™, a € R! and b € R™ be such that holds for some matriz A € M, (R)
satisfying the condition 22:1 ai; =1,4=1,2,...,m. Let By and Ba be defined as in

:

(i) Then
— 1 p %
[R(¢:0,8)| < f;(‘i_m[ﬂ&,w ( JREDIE —t>[¢<”+1><t>12dt> ,
(3.2)
where
l m
Ri(¢i0,8) = > _a;dlx;) — Y bi(y:)
j=1 i=1
n=1 (k) a l m
- 0 k'( ) > ajlws—a)f = bi(ys — )
k=2 j=1 i=1
D) — gD (a) [P
s T /a By (t)dt. (3.3)
(i) Then
VP — 1 B %
|R2(¢5 0, B)| < \/Q(Bn_l)![T(Bz,Bz)]z (/ (t—a)(B —t)[¢(”+1)(t)]2dt> :

(3.4)
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where
Ry(¢; v, B) = Z a;d(w;) = > bid(ys) (3.5)
i=1
(k) m ,
_Z Z% D RCEST
i=1
(n—1) _ 4(n—1) B
) - () [ s
(04 - 5)(n -t
Proof. (i) Comparing (2.1)) and (| we have
N (n)
Rl(gbaavﬂ)_ (n—l)'T(Bl7¢ )
Applying Theorem on the functions By and ¢(™) we obtain .
(ii) Similarly, we can prove this part. O

Theorem 3.2. Let n € N and ¢ : [o, 8] — R be such that ¢\™) is absolutely
continuous and ¢t > 0 on [a,B]. Let x € [a, (], y € [, B]™, a € R' and
b € R™ be such that holds for some matrix A € M, (R) satisfying the
condition 23:1 ai;; =1,0=1,2,...,m. Let By and By be defined as in , Then:

(4)

— (n—1) (n—1) (n—2) — p(n=2)
R0, < g 8], | g et e er el
(3.6)
where Ry (¢; «, B) is defined by .
(i)
(n—1) (n—1) (n—2) _ 4(n—2)
Ralsia. ) < Lo gy, | Do) o 2ot el

(3.7)
where Ro(¢; o, B) is defined by (3.5

Proof. (i) Since Ry(¢; v, ) = 2=2T(By, (™), then applying Theorem 1.8/ on the

(n—1)!
functions B; and ¢ we have
- _B-a (n)
[Rat95 0, 8) = 1y [T (81 6™) (3.8)
1 / ’ (nt+1)
< sy Bt | (=) (B =06V @)ar
Since
B B
| - a-nem @i = [ - @+ 8) 6" @ (3:9)

—(5-a) [¢<"-1><6> + <z><”-1><a>} 2 [¢<"-2><5> — ¢ (a)],
then combining (3.8) and ( we obtain

(ii) Similarly, we can prove thls part. O
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Theorem 3.3. Suppose that all the assumptions of Theorem hold. Let (p,q) be
a pair of conjugate exponents, i.e. 1 < p,q < oo, 1/p+1/q=1 and ¢\ € L,[a, B].
Let By and Bs be defined as in . Then

(4)
l m nfl l m
S aiolzs) =Y bidly:) — Z ES by — o)
J=1 i=1 k=2 : j=1 i=1
< ﬁ o Bl (3.10)
(i)
n—1 _1\k (k) l m
Zw e =Yoot - 0 OO IS - Y s -t
i=1 k=2 j=1 i=1
s(n |, 1821l (3.11)

The constants on the right-hand side of and are sharp for1 <p < oo
and the best possible for p = 1.

Proof. (i) Applying the well known Holder’s inequality to (2.1, we obtain

l m (k) l
S aj0(;) — > bioly:) Z ¢ IS sy — a)F =3 balys — o)
=1 =1 j=1 1=

B B %
—| [ stem @] <o ( / |s<t>|qczt> ,
a p a
where we denote
S(t) = n_l Zaj )" =D b (e = 1))t
i=1

The proof of the sharpness is analog to one in proof of [4, Theorem 11].
(ii) Similar to the first part. O
4. MEAN VALUE THEOREMS AND EXPONENTIAL CONVEXITY

Note that the inequalities (2.4) and (2.6) are linear in ¢. This motivates us to
define, under the assumptions of Theorem the following linear functionals:

1 m — m
=D a;d(w;) = > bidly) — Z%’(Ij —a)f = by —a)*
=1 =1 =2 1 =1
J . (4.1)
l m n—l ¢(k) l m
=Y a;blz;) = > bidly) — Z Za )P = bi(B— i)
=1 i=1 k=2 i=1

Theorem [2.2| guarantees that for every n-convex function ¢ : [, 5] — R we have
Ap(¢) >0, p=1,2. Using constructed functionals we derive mean-value theorems.
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Theorem 4.1. Let ¢ € C™ (e, f]) and Ay, p = 1,2, be the linear functionals defined
as in . Then there exist &, € [, B], p = 1,2, such that

Ap(9) = 6" (&) Ap(p0), =12, (4.2)
where @o(z) = ™ /nl.
Proof. Our proof proceeds similarly to the proof of [9, Theorem 4.1]. O

Theorem 4.2. Let ¢,¢ € C"([a, B]) and Ap, p = 1,2, be the linear functionals
defined as in . Then there exist &, € [, 8], p = 1,2, such that

" (&) _ Ap(9)

V(&) Ap(¥)’

assuming that both denominators are non-zero.

Proof. Our proof proceeds similarly to the proof of [9, Corollary 4.2]. O

(n) | . . .
Remark 4.3. If % 18 an invertible function, then from we have

o= () (565)

which presents a new mean of Cauchy’s type of interval [a, ().

The following results will enable us to construct exponentially convex functions.

Theorem 4.4. Let Ay, p = 1,2, be the linear functionals defined by , Let
Fir={fv:|a, 8] = R:v e I}, where I is an interval in R, be a family of functions
such that for every choice of t + 1 mutually different points zo, z1, ..., 2t € [a, (] the
mapping v« [2o, 21, ..., z¢; fo] is n-exponentially convex in the Jensen sense on I.
Then the function v — Ay(fy,) is n-exponentially convez in the Jensen sense on I.
Moreover, if the function v — Ap(fy,) is continuous on I, then it is n-exponentially
convez on 1.

Proof. Let ¢; € R,sj € I, j =1,...,n, and s;, = SJ;S’“, 1 < j,k < n. We consider
the function h : [a, ] — R defined by

h(z) = Z Qijijk<m)’

k=1

where f,,, € Fi. Since the function v — [20, 215 .-y 2t; fo] 18 n-exponentially convex
in the Jensen sense on I, we have

n
(20, 21, -y 265 h] = Z @Gk (20,21, 0 25 s, ] = 0.
k=1

Therefore, we have

Ap(h) = Z qukAp (fsjk) >0,

Jok=1
for each p = 1,2, i.e. the function v — A,(f,) is n-exponentially convex in
the Jensen sense on I. Further, if v — A,(f,) is continuous on I, then it is n-
exponentially convex on I by Definition [1.4] [

The next corollary is an easy consequence of the previous theorem.
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Corollary 4.5. Let Ay, p = 1,2, be the linear functionals defined by . Let
Fo={fv:]|a,0] = R:v €I}, where I is an interval in R, be a family of functions
such that for every choice of t + 1 mutually different points zg, 21, ..., 2t € [a, (] the
mapping v — (20,21, ..., 2t; fv] 18 exponentially convex in the Jensen sense on I.
Then the function v — Ay(fy) is exponentially convex in the Jensen sense on I.
Moreover, if v — Ay(f,) is continuous on I, then it is exponentially convex on I.

Corollary 4.6. Let Ay, p = 1,2, be the linear functionals defined as in . Let
Fs={fv:|a, 0] = R:v €I}, where I is an interval in R, be a family of functions
such that for every choice of t + 1 mutually different points zo, z1, ..., 2t € [a, (] the
mapping v &> (20, 21, ..., 2t; fo] @8 2-exponentially convex in the Jensen sense on I.
Then the following statements hold:

(¢) If the function v — Ap(f,) is continuous on I, then it is 2-exponentially convex
on I. If v Ap(fy) is additionally positive, then it is also log-convex on I.

(#) If the function v — Ay(f,) is positive and differentiable on I, then for all
r,s,u,w € I such that r < u, s < w, we have

MT,S (Ap;]:3) S Mu,w (Apvj:i’)) )

where
1
Ap(fr)) r=s rs
M (Azn]:?») = (Ap(fs‘%(A (f:)) ’ (44)
exp ( dTAp(pfr) ) , Tr=s

fO’f‘ fr7fs S ]:3'

Proof. (i) The first part of statement is an easy consequence of Theorem and
the second one of Remark

(ii) From (i) we have that the function v — A,(f,) is log-convex on I, i.e. the
function v + log A, (f,) is convex on I. Then by definition of convexity (see [15]
page 2]) we have

IOgA:D(fr) - IOgAp(fs) < IOgAP(fu) - IOgA;D(fw)

4.5
r—s U —w (45)
forr <u,s<w,r#s, u#w,ie.

M7"7S (Apa]:3) < Mu,w (Apv}-?)) :
Case r = s, u = w follows from (4.5) as limiting case. O

Remark 4.7. Note that the results from Theorem[4.4}, Corollary[{.5 and Corollary
still hold when two of the points zg, 21, ..., 2¢ € [a, B] coincide, say zo = 21, for a
family of differentiable functions f, such that the function v — [zg, 21, ..., 2¢; fo] 18
an n-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all (t+
1) points coincide for a family of t differentiable functions with the same property.
The proofs are obtained by
. fU=D(x)
i) = o (4.6)

j-times

and suitable characterization of convexity.
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Example 4.8. Consider the family of functions
Q={py :[0,00) > R:u >0}
defined by

_ ma ug{1,...,n—1},
(pu(x) - z’ log x o 1 1
Ch i U=J € {1,...,n — 1},

with 0log0: = 0.

Since %(m) = gu " = elu=mlose 5 (it follows that ¢, is n-convex on [0,00)
for every u > 0. The function u — d;;fq?‘ (x) is exponentially convex. Therefore,
using the same arguments as in proof of Theorem[].4), we conclude that the function
U > [20, 21, -y 2¢; Pu] 08 exponentially convexr (and so exponentially convex in the
Jensen sense). From Corollary it follows that w — Ai(py) is exponentially
convex (since it is exponentially convex in the Jensen sense and continuous). If
[, B] C [0,00) and A1(py) > 0, for this family of functions, becomes

1

1 s m r r—s
—1)...(s—n+1 =1 @525 =i biys
<s(s Yo (s—n41) Djoq @jT;—> 00, ) e 7é s,

r(r—1)...(r—n+1) Z;Zlajx-;_ m by

=1

r m r —1
exp 22:1 ajailoga; =30, biy; logys + TLZ 1
23:1 ajzy =370 biyy k=0 k=r ]2

r=s¢{l,..,n—1},

S ajx] log® ;=33 biy] log® y; 1
€xXp (Sl o) S ool + Z —r | >
( j=12jT; 108 T; Dok biyj ogyi) k=0,i%r

r=se{l,..,n—1}

M'r‘,s (A17 Q) =

(4.7)
For a different choice of parameters r,s € R, extensions are obtained by continuity.
Choosing f = ¢, and g = ps, where r,s € R, r # s, r;s # 0,1, and setting
a = min; j{z;, v}, f =max; j{z;,y}, by Theorem there exists £ € [a, ] such

that )
Ay (%«)) e
a<e=(Z20) <.
(Al (¢s)
This shows that we obtain the new class of two-parameter Cauchy-type means which
are obviously symmetric and monotonicity over both parameters.

Remark 4.9. Using the linear functional As, defined by , we can on ana-
log way derive another class of two-parameter Cauchy-type means with the same
properties.
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