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SIMULTANEOUS APPROXIMATION BY GENERALIZED

BIEBERBACH POLYNOMIALS

C. KOŞAR, M. KUCUKASLAN

Abstract. Let G ⊂ C be simply connected region whose boundary Γ :=

∂G is a rectifiable Jordan curve and z0 ∈ G be an arbitrary fixed point.

Let also w = ϕ0 (z) be the conformal mapping of G onto the disk Dr0 :=
{w : |w| < r0} satisfying ϕ0 (z0) = 0, ϕ′

0 (z0) = 1. Let us set

ϕp (z) :=

∫ z

z0

[ϕ0 (ζ)]
2
p dζ

for 0 < p < ∞ and let πn,p (z) be a generalized Bieberbach polynomials for
the pair (G, z0) ,which minimizes the integral∫∫

G

∣∣ϕ′
p (z)− P ′

n (z)
∣∣p dσz

in the class of all polynomials of degree at most≤ n with Pn (z0) = 0, P ′
n (z0) =

1.

In this paper we deal with the simultaneous approximation problem of gen-

eralized Bieberbach polynomials to the function ϕp in the Lp− and C−norms
for some regions of the complex plane.

It is shown that approximation rate of π
(k)
n,p to the ϕ

(k)
p depends on not

only geometric and analytic properties of Γ but also depends on k.

1. Statement of the Problem

Let G be a finite region in the extended complex plane, bounded by rectifiable
Jordan curve Γ := ∂G and Ω := ext G. Let also T = {w ∈ C : |w| = 1} , D := int T
and ∆ := ext T .

By w = ϕ0 (z) we will denote the unique conformal mapping of G onto the
disk Dr0 := {w : |w| < r0} , normalized by ϕ0 (z0) = 0, ϕ′0 (z0) = 1 where r0 =
r0 (z0, G) is called the conformal radious of G with respect to z0 and having the
inverse mapping ψ0.

Similiarly w = ϕ (z) is conformal mapping of Ω onto ∆ with normalizations

ϕ (∞) =∞ and lim
z→∞

ϕ(z)
z > 0. We denote the inverse mapping of ϕ by ψ.
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It is well known that the unique function minimizing the integral

‖f ′‖Lp(G) :=

∫ ∫
G

|f ′ (z)|p dσz

 1
p

, (0 < p <∞)

where dσz stands for two dimensional Lebesque measure, in the class of ana-
lytic functions in G satisfying f (z0) = 0, f ′ (z0) = 1, is the function ϕp (z) :=∫ z
z0

[ϕ′0 (ζ)]
2
p dζ [20, p. 435].

Let ℘n be the class of polynomials Pn of degree at most n and satisfying Pn (z0) =
0, P ′n (z0) = 1. When p > 0, by means of a similar method given in [8, p.137] it is
seen that there exists a polynomial πn,p furnishing a minimum of

∥∥ϕ′p − P ′n∥∥Lp(G)
in

℘n, and if p > 1, then the polynomial πn,p (z) is determined uniquely [8, p.142].
We call such a polynomial πn,p the generalized Bieberbach polynomial of degree
n for the pair (G, z0) as it is in [13]. It is also well known that the polynomial
πn,p uniformly convergence to the function ϕp in any Carathedory region [23, p.63].
In case of p = 2, let us emphasize that πn,2 coincides with thewell known n−th
Bieberbach polynomial πn for the pair (G, z0) , see, for example [10].

Approximation properties in uniform norm of πn on G was first observed by
Keldych [17] for the regions with sufficiently smooth boundaries. He also con-
sructed an example of a starlike region, bounded by piecewise analytic curve with
one singular point, where Bieberbach polynomials diverge. A considerable progress
in this area has been achieved by Mergelyan [18], Suetin [22], Simonenko [21], An-
drievskii ([5], [6]), Gaier ([10], [11]), Abdullayev ([1], [2]) and Israfilov ([14], [15])
and the others.

In the paper [18] S.N. Mergelyan also noted without an estimate the conver-
gence of any derivatives of the Bieberbach polynomials πn to the phenoma is also
true for derivatives of conformal mapping function ϕ0, so called the simultaneous
approximation.

First and unique result relating on simultaneously approximation of Bieberbach
polynomials πn to the function ϕ0 by our opinion is obtained by Suetin in [22].

For its exspression it is necessary to give the following class of differentiable
Jordan curves:

Let Γ be a rectifiable Jordan curve and z = z (s) be its natural parametrization
with respect to the arc lenght s where s ∈ [0,mesΓ].

We say that Γ ∈ C (r, α) , where r is a positive integer and 0 < α < 1, if z (s) is
r times continously differentiable, with z(r) (s) ∈ Lipα.

Now, Suetin’s result (in [22] ) which is related this problem can be formulated
as follows:

Theorem 1.1 (A). Let Γ ∈ C (r, α) with r = 2, 3, ... and 0 < α < 1. If 0 ≤ k ≤
r − 2, then ∥∥∥ϕ(k)

0 − π(k)
n

∥∥∥
C(G)

≤ c

nr+α−k−
3
2

, (1)

holds for n = k, k + 1, ... with some positive constant c = c (r) .

In this work, simultaneously approximation of the polynomials πn,p to the func-
tion ϕp will be investigated. Especially some improvements when p = 2 will be
obtained.
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2. Main Results

Our new results of this work are the following theorems:

Theorem 2.1. Let Γ ∈ C (r, α) with 0 < α < 1 and r = 2, 3, ... . If 1 ≤ k ≤
r − 1, then ∥∥∥ϕ(k)

p − π(k)
n,p

∥∥∥
C(G)

≤ c

nr+α−k−
1
p

(2)

holds for n ≥ k with some positive constant c = c (r, p) .

Remark 2.1. If p = 2, Theorem 2.1 coincides with the main theorem in [16].

Remark 2.2. If p = 2, the approximation rate in (2) is much better than that rate
of (1).

Remark 2.3. Estimation (2) for p = 2 is more general than (1), because of it
contains also the case k = r − 1.

Theorem 2.2. Let Γ ∈ C (r, α) with 1
p < α < 1 and r = 1, 2, 3, ... .. Then,∥∥∥ϕ(r)

p − π(r)
n,p

∥∥∥
C(G)

≤ c

nα−
1
p

,

holds for n ≥ r and for some positive constant c = c (r, p).

Theorem 2.3. Let Γ ∈ C (r, α) with 0 < α < 1 and r = 1, 2, 3, ... If 0 < ε < 1,
then

‖ϕp − πn,p‖C(G) ≤ c


√

lnnn−(r+α− 1
2 ) ; p = 2,

n−(r+α+ 1
p−1) ; p > 2,

n−(r+α− 1
p−ε) ; 1 < p < 2, r = 2, 3, 4, ...,

holds for some positive constant c = c (r, p) .

3. Some Auxiliary Facts and Proof of Theorems

By Lp (G) and Ep (G) we denote the set of all measurable complex valued func-
tions such that |f |p is Lebesque integrable with respect to arclenght, and Simirnov
class of analytic functions in G, respectively.

Each function f ∈ Ep (G) has a nontangential limit almost everywhere on Γ and
if we use the same notation for the nontangential limit of f, then f ∈ Lp (Γ).

For p > 1, Lp (G) and Ep (G) are Banach space with respect to the norm

‖f‖Ep(G) = ‖f‖Lp(Γ) :=

(∫
Γ

|f (z)|p |dz|
) 1
p

(see for example: [12]) .
For the mapping ϕ0 and a weight function ω defined on Γ we set

εn (ϕ′0)p := inf
Pn
‖ϕ′0 − Pn‖Lp(G) , E0

n (ϕ′0, ω)p := inf
Pn
‖ϕ′0 − Pn‖Lp(Γ,ω) ,

where infimum is taken over all algebraic polynomials Pn of degree at most n and

Lp (Γ, ω) :=
{
f ∈ L1 (Γ) : |f |p ω ∈ L1 (Γ)

}
.

According to the Dynkin’s result [9], in case of ω := |ϕ′|−1
the inequality

εn (ϕ′0)p ≤ cn
− 1
pE0

n

(
ϕ′0,

1

|ϕ′|

)
p

(3)
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holds and it gives the relation between the best approximation numbers εn (ϕ′0)p

and E0
n

(
ϕ′0, |ϕ′|

−1
)
p
.

Let f ∈ Ep (G) and let

ωp (f, δ) : = sup
|h|≤δ

∥∥∥(foψ)
(
ei(θ+h)

)
− (foψ)

(
eiθ
)∥∥∥
Lp[0,2π]

= sup
|h|≤δ

{∫ 2π

0

∣∣∣(foψ)
(
ei(θ+h)

)
− (foψ)

(
eiθ
)∣∣∣p dθ} 1

p

be the generalized modulus of continuity of f.
Let Γ be a smooth Jordan curve and ϑ (s) be its tangent direction angle expressed

via arclenght of Γ, satisfying the condition

c∫
0

ω (ϑ, u)

u
du <∞ (4)

where ω (ϑ, u) is the modulus of continuity of ϑ (s) .
We use the following approximation Alper’s theorem by polynomials in the

Simirnov class Ep (G) , 1 < p <∞.

Theorem 3.1 (B). [4] Let k ∈ N and f (k) ∈ Ep (G) with 1 < p <∞. If Γ satisfies
the condition (4) ,then for every n ∈ N there are constant c > 0, independent of n,
and an algebraic polynomial Pn (z, f) such that

‖f − Pn (z, f)‖Lp(Γ) ≤
c

nk
ωp

(
f (k), δ

)
holds where

ωp

(
f (k), δ

)
:= sup
|h|≤δ

∥∥∥(f (k)oψ
)(

ei(θ+h)
)
−
(
f (k)oψ

) (
eiθ
)∥∥∥
Lp[0,2π]

.

Definition 3.2. [19] A bounded Jordan region G is called a k−quasidisk, 0 ≤ k <
1, if any conformal mapping ψ0 can be extended to a K−quasiconformal, K = 1+k

1−k ,

homeomorphizm of the plane C on the C. In that case the curve Γ := ∂G is called
a K−quasicircle. The region G (curve Γ) is called a quasidisk (quasicircle) , if it is
k−quasidisk (k− quasicircle) with some 0 ≤ k < 1.

Theorem 3.3 (C). [3] Let G be a k−quasidisk, 0 ≤ k < 1.Then for arbitrary
Pn ∈ ℘n and any r = 0, 1, 2, ... we have∥∥∥P (r)

n

∥∥∥
C(G)

≤ cn(r+ 2
p )(1+k) ‖Pn‖Lp(G) , p > 1.

Corollary 3.4. Let Γ ∈ C (r, α) with 0 < α < 1 and r = 0, 1, 2, .... Then, for an
arbitrary Pn ∈ ℘n we have∥∥∥P (r)

n

∥∥∥
C(G)

≤ cn(r−1+ 2
p ) ‖P ′n‖Lp(G)

for p > 1.

Proof. By considering Definition 3.2 and the method used in the proof of Theorem
(C) proof can be obtained easily. So, it is ommited here. �
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For the proof of the main results we are going to use a traditional method
based on extremal property of the generalized Bieberbach polynomials and also the
inequality (3).

Proof of Theorem 2.1. Let 1 ≤ k ≤ r − 1. Since πn,p → ϕp, n → ∞, uniformly
in G, for any z ∈ G, n ∈ N with n ≥ k and 2j ≤ n ≤ 2j+1 we have

ϕp (z)− πn,p (z) =
[
π2j+1,p (z)− πn,p (z)

]
+

∞∑
m=j+1

[
π2m+1,p (z)− π2m,p (z)

]
and

ϕ(k)
p (z)− π(k)

n,p (z) =
[
π

(k)
2j+1,p (z)− π(k)

n,p (z)
]

+

∞∑
m=j+1

[
π

(k)
2m+1,p (z)− π(k)

2m,p (z)
]
.

Therefore, the inequality∥∥∥ϕ(k)
p − π(k)

n,p

∥∥∥
C(G)

≤
∥∥∥π(k)

2j+1,p − π
(k)
n,p

∥∥∥
C(G)

+

∞∑
m=j+1

∥∥∥π(k)
2m+1,p − π

(k)
2m,p

∥∥∥
C(G)

holds. If we use Corollary 1, also we have∥∥∥ϕ(k)
p − π(k)

n,p

∥∥∥
C(G)

≤ c12(j+1)(k−1+ 2
p )
∥∥∥π′2j+1,p − π

′
n,p

∥∥∥
Lp(G)

+ (3.1)

+c2

∞∑
m=j+1

2(m+1)(k−1+ 2
p )
∥∥∥π′2m+1,p − π

′
2m,p

∥∥∥
Lp(G)

.

Setting

Qn (z) :=

z∫
z0

qn (t) dt and tn (z) := Qn (z) + [1− qn (z0)] (z − z0)

for the polynomial qn, best approximating ϕ′0 in the norm ‖.‖Lp(G). We have

tn (z0) = 0 and t′n (z0) = 1. Then,∥∥ϕ′p − t′n∥∥LP (G)
=

∥∥ϕ′p − qn − 1 + qn (z0)
∥∥
LP (G)

≤
∥∥ϕ′p − qn∥∥Lp(G)

+ ‖1− qn (z0)‖Lp(G) 6 (3.2)

= εn
(
ϕ′p
)
p

+ ‖1− qn (z0)‖Lp(G)

Applying the inequality

|f (z0)| ≤ 1

[πd2 (z0,Γ)]
1
p

‖f‖Lp(G)

which holds for every analytic function f with ‖f‖Lp(G) <∞, we also get

‖1− qn (z0)‖Lp(G) ≤

∥∥ϕ′p − qn∥∥Lp(G)

[πd2 (z0,Γ)]
1
p

= c3εn
(
ϕ′p
)
p

Using this inequality, the minimization property of the Bieberbach polynomials and
substituting (3) into (6), we have∥∥ϕ′p − π′n,p∥∥LP (G)

≤
∥∥ϕ′p − t′n∥∥LP (G)

≤ c4εn
(
ϕ′p
)
p
≤ c5n−

1
pE0

n

(
ϕ′p, |ϕ′|

−1
)
p
.
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Then, for a natural number n ∈ N with n ≥ k and 2j ≤ n ≤ 2j+1, by applying
Theorem (B) for ϕ′p we have∥∥∥π′2j+1,p − π

′
n,p

∥∥∥
Lp(G)

≤
∥∥∥π′2j+1,p − ϕ

′
p

∥∥∥
Lp(G)

+
∥∥ϕ′p − π′n,p∥∥Lp(G)

= c6ε2j+1

(
ϕ′p
)
p

+ c5εn
(
ϕ′p
)
p

≤ c7εn
(
ϕ′p
)
p

≤ c8n
− 1
pE0

n

(
ϕ′p, |ϕ′|

−1
)
p

≤ c9n
− 1
p

∥∥Pn (z, ϕ′p)− ϕ′p∥∥Lp(Γ, |ϕ′|−1)

For Γ ∈ C (r, α) we have [24]

0 < c10 ≤ |ϕ′ (z)| ≤ c11 , z ∈ Γ. (7)

and hence ∥∥∥π′2j+1,p − π
′
n,p

∥∥∥
Lp(G)

≤ c12n
− 1
p

∥∥Pn (z, ϕ′p)− ϕ′p∥∥Lp(Γ)

≤ c13n
− 1
p

1

nr−1
ωp

(
ϕ(r)
p oψ,

1

n

)
≤ c14

nr+α+ 1
p−1

By the similar way we can show that∥∥∥π′2j+1,p − π
′
2j ,p

∥∥∥
Lp(G)

≤ c15

2j(r+α+ 1
p−1)

.

Using these estimations in (3.1) we obtain the required estimation∥∥∥ϕ(k)
p − π(k)

n,p

∥∥∥
C(G)

≤ c162(j+1)(k−1+ 2
p )

nr+α+ 1
p−1

+ c17

∞∑
m=j+1

2(m+1)(k−1+ 2
p )

2m(r+α+ 1
p−1)

=
2(k−1+ 2

p )c162j(k−1+ 2
p )

nr+α+ 1
p−1

+ 2(k−1+ 2
p )c17

∞∑
m=j+1

[
2(k−1+ 2

p )

2(r+α+ 1
p−1)

]m

≤ 2(k−1+ 2
p )c16

nr+α−
1
p−k

+ 2(k−1+ 2
p )c17

∞∑
m=j+1

[
1

2(r+α− 1
p−k)

]m

≤ 2(k−1+ 2
p )c16

nr+α−
1
p−k

+ 2(k−1+ 2
p )c172(k+ 1

p−r−α)j

≤ 2(r−1)c16

nr+α−
1
p−k

+ 2(k−1+ 2
p )c17

nk+ 1
p−r−α

2k+ 1
p−r−α

≤ 2(r−1)c16

nr+α−
1
p−k

+
c172(r+1)

nr+α−
1
p−k

≤ c18

n
r−k− 1

p
+α
.

Thus the proof of Theorem 2.1 is completed. �

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem
2.1. �
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Proof of Theorem 2.3. As in the case of Theorem 2.1 we obtain the estimation∥∥ϕ′p − π′n,p∥∥Lp(G)
≤ c5n−

1
pE0

n

(
ϕ′p,

1

|ϕ′|

)
p

Using here Polynomial Lemma for Lp (G)-space [7]

‖Pn‖C(G) ≤ ‖P
′
n‖Lp(G) .


c
√

lnn ; p = 2
c ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
; 1 < p < 2

,

which holds for every polynomial Pn of degree at most n with Pn (z0) = 0, by
applying the method developed by Simonenko and Andrievskii, we obtain that

‖ϕp − πn,p‖C(G) ≤ c19n
− 1
pE0

n

(
ϕ′p, |ϕ′|

−1
)
p
.


c
√

lnn ; p = 2
c ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
; 1 < p < 2

The rest of the proof completed as in The proof of Theorem 2.1; If Pn
(
z, ϕ′p

)
is a

polynomial from Theorem (B), Then

‖ϕp − πn,p‖C(G) ≤ c20

∥∥Pn (z, ϕ′p)− ϕ′p∥∥Lp(Γ,|ϕ′|−1)
.

.


c
√

lnnn−
1
p ; p = 2

cn−
1
p ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
n−

1
p ; 1 < p < 2

and by (7)

‖ϕp − πn,p‖C(G) ≤ c21

∥∥Pn (z, ϕ′p)− ϕ′p∥∥Lp(Γ)
.

.


c
√

lnnn−
1
p ; p = 2

cn−
1
p ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
n−

1
p ; 1 < p < 2

which by Theorem (B) implies that

‖ϕp − πn,p‖C(G) ≤ c22
1

nr−1
ωp

(
ϕ(r)
p oψ,

1

n

)
.

.


c
√

lnnn−
1
p ; p = 2

cn−
1
p ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
n−

1
p ; 1 < p < 2

≤ c23
1

nr+α−1
.


c
√

lnnn−
1
p ; p = 2

cn−
1
p ; p > 2

cn( 2
p−1)

(
2K2

1+K2

)
n−

1
p ; 1 < p < 2

≤ c24


√

lnnn−(r+α− 1
2 ) ; p = 2

n−(r+α+ 1
p−1) ; p > 2

n−(r+α− 1
p−ε) ; 1 < p < 2, 0 < ε < 1

.

This completes the proof of the Theorem 2.3. �
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