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ON A FRACTIONAL GENERALIZATION OF THE FREE

ELECTRON LASER EQUATIONS ASSOCIATED WITH

GENERALIZED MITTAG-LEFFLER FUNCTION AND A

CONFLUENT HYPERGEOMETRIC FUNCTION OF TWO

VARIABLES

RAM K. SAXENA, SHYAM L.KALLA AND LEDA GALUÉ

Abstract. The main object of this paper is to investigate the solution of
the following free electron laser equations associated with generalized Mittag-

Leffler function and a confluent hypergeometric function in two variables:

Dατ h(τ) = ω
∫ τ
0 tβ−1 h(τ − t)Eγσ,β(iνtσ)dt+ δf(τ),

where γ, δ, ω ∈ C; ν ∈ R,α > 0, σ > 0, β > 0;

Eγσ,β(z) is the generalized Mittag-Leffler function and

Dατ h(τ) = λ
Γ(γ)

∫ τ
0 tγ−1 h(τ − t)φ2 (β, β′; γ;ωt, σt) dt+ µf(τ)

under prescribed conditions. Uniqueness of the derived solutions is obtained.
In the first case a closed form solution is obtained in terms of a generalized

Mittag-Leffler function by the application of Riemann-Liouville fractional in-

tegration operators. The results obtained are general in character and provide
extension of the results given earlier by Boyadjiev et al. and Al-Shammery et

al. In the second case the results are derived in terms of confluent hypergeo-

metric function of two variables.
Use of FEL equation has been given by several authors and in particular

by Ciocci et al. [1] and Dattoli et al. [2-3]. Our aim here is show role

played by Mittag-Leffler function and operators of fractional integration in
such problems. We are treating the mathematical aspect of FEL equations

with operators of fractional integration and special functions.

1. Introduction

The unsaturated behavior of the free electron equation (FEL) is governed by the
first-order integro-differential equation of Volterra-type [1-3] in the form

Dτh(τ) = −iπg0

∫ τ

0

ξ h(τ − ξ) eiπξ dξ, 0 ≤ τ ≤ 1 (1.1)

where τ is a dimensionless time variable, g0 is a positive constant called the small-
signal gain and the detuning parameter is the constant π. The function h(τ) is the
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complex-field amplitude which is assumed to be dimensionless satisfying the initial
condition h(0) = 1. The eq. (1.1), which holds in the linear regime only, is of
practical interest and suitable for numerical computation [3].

Use of FEL equation has been given by several authors and in particular by Ciocci
et al. [1] and Dattoli et al. [2-3]. Our aim here is show role played by Mittag-Leffler
function and operators of fractional integration in such problems. We are treating
the mathematical aspect of FEL equations with operators of fractional integration
and special functions.

The Riemann–Liouville operator of fractional integration is defined by [4-7]

RαX [g(x)] = IαX [g(x)] =
1

Γ(α)

∫ x

0

(x− ξ)α−1g(ξ)dξ, Re(α) > 0. (1.2)

RαX [g(x)] = IαX [g(x)] =
xα

Γ(α)

∫ 1

0

(1− t)α−1g(xt)dt, Re(α) > 0. (1.3)

RαX [g(x)] =
dn

dxn
Rα−nX [g(x)], Re(α− n) > 0, n ∈ N+. (1.4)

The fractional derivative of order α is defined as [4, 6-8]

Dα
X [g(x)] = I−αX [g(x)] = Dn

XI
n−α
X [g(x)], n > Re(α), n ∈ N+,

where Dα
X denote the usual n-fold differentiation such that α± n ≥ 0.

Boyadjiev et al. [9] discussed a non homogeneous case of (1.1) in the following
form:

Dα
τ h(τ) =

∫ τ

0

ξ h(τ − ξ)eiνξdξ + βeiντ , 0 ≤ τ ≤ 1 (1.5)

where α > 0, β ∈ C and ν ∈ R.
Al-Shammery et al. [10] generalized the work of Boyadjiev et al. [9] by consid-

ering an extension of (1.5) in the form

Dα
τ h(τ) = λ

∫ τ

0

ξδ h(τ − ξ)eiνξdξ + βeiντ , 0 ≤ τ ≤ 1 (1.6)

where α > 0, β, λ ∈ C, ν ∈ R and δ > −1.
A further generalization of (1.6) has been discussed in [11] (also see [12]) in the

following form

Dα
τ h(τ) = λ

∫ τ

0

ξδ h(τ − ξ) Φ (b, δ + 1; iνξ) dξ + β Φ (b′, 1; iντ) , 0 ≤ τ ≤ 1 (1.7)

where β, λ ∈ C, ν, b, b′ ∈ R,α > 0 and δ > −1.
Another generalization of (1.6) is given by Saxena and Kalla [13] in the following

form:

Dα
τ h(τ) = λ

∫ τ

0

ξδ h(τ − ξ) Φ (b, δ + 1; iνξ) dξ + µτγ Φ (β, γ + 1; iντ) (1.8)

where 0 ≤ τ ≤ 1, λ, µ ∈ C, ν, b, β ∈ R,α > 0, γ > −1, δ > −1.
Now we present some results which will be useful in the next section.
A generalization of the well-known Mittag-Leffler function

Eα(x) =
∞∑
n=0

xn

Γ(nα+ 1)
, α ∈ C,Re(α) > 0 (1.9)
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and its extension

Eα,β(x) =
∞∑
n=0

xn

Γ(nα+ β)
, α, β ∈ C,Re(α) > 0,Re(β) > 0 (1.10)

has been given by Prabhakar [14] in the following form

Eγα,β(x) =
∞∑
n=0

(γ)n
Γ(nα+ β)

xn

n!
, α, β, γ ∈ C,Re(α) > 0,Re(β) > 0. (1.11)

The Laplace transform [15] of Eγα,β(x) is [14],

L
{
xβ−1 Eγα,β(ωxα); s

}
= s−β

(
1− ωs−α

)−γ
(1.12)

where α, β, γ, ω, s ∈ C,Re(α) > 0,Re(β) > 0, |ωs−α| < 1.
The Laplace transform of a function f(t), denoted by F (s), is defined as

L {f(t); s} =

∫ ∞
0

e−st f(t) dt, s ∈ C,Re(s) > 0

with some conditions on f(t), such that the integral is convergent.
We also have [4]

Eα(x) = E1
α,1(x); Eα,β(x) = E1

α,β(x). (1.13)

φ(γ, β;x) = Γ(β)Eγ1,β(x), (1.14)

is the Kummer’s confluent hypergeometric function.
The detailed account of the Mittag-Leffler function can be found in a survey

paper by Mathai, Saxena and Haubold [7] and in a monograph written recently by
Gorenflo et al. [4].

2. SOLUTION OF GENERALIZED FREE ELECTRON LASER
EQUATIONS

In this paper, we present a generalization of (1.7) in terms of generalized Mittag-
Leffler function due to Prabhakar [14] in equation (2.1).
Theorem 1. Consider the following generalized FEL equation

Dα
τ h(τ) = ω

∫ τ

0

tβ−1 h(τ − t)Eγσ,β(iνtσ)dt+ δf(τ) (2.1)

where 0 ≤ τ ≤ 1, ω, δ, γ, β ∈ C, σ ∈ R,α > 0, σ > 0,Re(β) > 0; with the initial
conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (2.2)

n = [α] + 1 is a positive integer (n − 1 ≤ α < n) and b
′

ks are real numbers and
f(t) is any integrable function in the interval [a, b]. Then there exists an unique
continuous solution of the initial value problem (2.1) and (2.2) given by

h(τ) =
n∑
r=1

br yr(τ) + δ

∫ τ

0

Θ(τ − t) f(t)dt (2.3)

where

yr(τ) =
∞∑
m=0

ωm τα+(α+β)m−r Eγmσ,α+(α+β)m−r+1(iντσ) (2.4)

and

Θ(x) =
∞∑
m=0

ωm xα+(α+β)m−1 Eγmσ,α+(α+β)m(iνxσ). (2.5)
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Proof. Taking Laplace transform of both sides of (2.1) and using (1.12), we find
that

sαH(s)−
n∑
r=1

sr−1 Dα−r
τ h(τ)

∣∣
τ=0

= ωs−β
(
1− iνs−σ

)−γ
H(s) + δF (s), (2.6)

where H(s) is the Laplace transform of h(τ).
Solving for H(s), we find that

H(s) =
n∑
r=1

br s
r−α−1

[
1− ωs−α−β

(
1− iνs−σ

)−γ]−1

+

δ F (s) s−α
[
1− ωs−α−β

(
1− iνs−σ

)−γ]−1

. (2.7)

Expanding
[
1− ωs−α−β (1− iνs−σ)

−γ
]−1

, we obtain

H(s) =
n∑
r=1

br
∞∑
m=0

ωmsr−α−1−(α+β)m
(
1− iνs−σ

)−γm
+

δ F (s)
∞∑
m=0

ωms−α−(α+β)m
(
1− iνs−σ

)−γm
(2.8)

where we have tacitly assumed that
∣∣∣ωs−α−β (1− iνs−σ)

−γ
∣∣∣ < 1.

If we take the inverse Laplace transform of (2.8) with the help of (1.12), we arrive
at the desired result (2.3). In order to establish the uniqueness of the solution, we
set ζ = τ − t in (2.1) and apply both sides the operator Iατ , and use the Dirichlet
formula, then after some calculations the given equation (2.1) transforms into the
form

h(τ) =
n∑
r=1

br τ
α−r

Γ(α− r + 1)
+

ω

∫ τ

0

h(ζ)(τ − ζ)α+β−1Eγσ,α+β(iν(τ − ζ)σ)dζ + δ (Iατ f)(τ) (2.9)

(2.9) is the Volterra integral equation with a continuous kernel it does admit a
continuous unique solution, see Krasnov et al. [16].

Note 1. The solution of (2.1) can also be obtained by the method of successive
approximation given in [17].

3. SPECIAL CASES

(i) If we set f(t) = tκ−1Eρσ,κ(iνtσ) in (2.1), then by virtue of the following integral
summation formula for the generalized Mittag-Leffler function [4]∫ x

0

(x− t)µ−1Eγρ,µ(ω [x− t]ρ)tν−1Eσρ,ν(ωtρ)dt = xµ+ν−1Eγ+σ
ρ,µ+ν(ωxρ), (3.1)

where ρ, µ, γ, ν, σ, ω ∈ C,Re(ρ) > 0,Re(µ) > 0,Re(ν) > 0, we obtain the following
Corollary 1. The initial value problem defined by

Dα
τ h(τ) = ω

∫ τ

0

tβ−1 h(τ − t)Eγσ,β(iνtσ)dt+ δ τκ−1Eρσ,κ(iντσ) (3.2)

where 0 ≤ τ ≤ 1, ω, δ, γ, ρ, β ∈ C, σ ∈ R,α > 0, σ > 0,Re(β) > 0,Re(κ) > 0; with
corresponding initial conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (3.3)
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n = [α] + 1 is a positive integer (n − 1 ≤ α < n), then there exists an unique
continuous solution given by

h(τ) =
n∑
r=1

br yr(τ) + δ
∞∑
m=0

ωm τα+(α+β)m+κ−1 Eρ+γmσ,α+(α+β)m+κ(iντσ) (3.4)

where y
′

rs are defined in (2.4).
(ii) If we set γ = 1 in (2.1), it yields the following
Corollary 2. Consider the following generalized FEL equation

Dα
τ h(τ) = ω

∫ τ

0

tβ−1 h(τ − t)Eσ,β(iνtσ)dt+ δf(τ) (3.5)

where 0 ≤ τ ≤ 1, ω, δ, β ∈ C, σ ∈ R,α > 0, σ > 0,Re(β) > 0; with initial conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (3.6)

n = [α] + 1 is a positive integer (n − 1 ≤ α < n) and b
′

ks are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.5) and
(3.6) given by

h(τ) =
n∑
r=1

br gr(τ) + δ

∫ τ

0

Θ1(τ − t) f(t)dt (3.7)

where

gr(τ) =
∞∑
m=0

ωm τα+(α+β)m−r Emσ,α+(α+β)m−r+1(iντσ) (3.8)

and

Θ1(x) =
∞∑
m=0

ωm xα+(α+β)m−1 Emσ,α+(α+β)m(iνxσ). (3.9)

(iii) If we set σ = 1 and use the identity (1.14), we arrive at the following
Corollary 3. Consider the following generalized FEL equation

Dα
τ h(τ) =

ω

Γ(β)

∫ τ

0

tβ−1 h(τ − t) φ(γ, β; iνt) dt+ δf(τ) (3.10)

where 0 ≤ τ ≤ 1, ω, δ, γ, β ∈ C,α > 0,Re(β) > 0; with initial conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (3.11)

n = [α] + 1 is a positive integer (n − 1 ≤ α < n) and b
′

ks are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.10) and
(3.11) given by

h(τ) =
n∑
r=1

br Lr(τ) + δ

∫ τ

0

Ω(τ − t) f(t)dt (3.12)

where

Lr(τ) =
∞∑
m=0

ωm
τα+(α+β)m−r

Γ(α+ (α+ β)m− r + 1)
φ(γm,α+ (α+ β)m− r+ 1; iντ) (3.13)

and

Ω(x) =
∞∑
m=0

ωm
xα+(α+β)m−1

Γ(α+ (α+ β)m)
φ(γm,α+ (α+ β)m; iνx). (3.14)

(iv) If we further set f(x) = xσ−1

Γ(σ) φ(ρ, σ; iνx) in (3.10), then we obtain the following
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Corollary 4. Consider the following generalized FEL equation

Dα
τ h(τ) =

ω

Γ(β)

∫ τ

0

tβ−1 h(τ − t) φ(γ, β; iνt) dt+ δ
τσ−1

Γ(σ)
φ(ρ, σ; iντ) (3.15)

where 0 ≤ τ ≤ 1, ω, δ, γ, β ∈ C, σ, ρ ∈ R,α > 0, σ > 0,Re(β) > 0; with initial
conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (3.16)

n = [α] + 1 is a positive integer (n − 1 ≤ α < n) and b
′

ks are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.15) and
(3.16) given by

h(τ) =
n∑
r=1

br Lr(τ) +
δ

Γ(σ)

∫ τ

0

Ξ(τ − t) tσ−1 φ(ρ, σ; iνt) dt (3.17)

where

Lr(τ) =
∞∑
m=0

ωm
τα+(α+β)m−r

Γ(α+ (α+ β)m− r + 1)
φ(γm,α+ (α+ β)m− r+ 1; iντ) (3.18)

and

Ξ(x) =
∞∑
m=0

ωm
xα+(α+β)m−1

Γ(α+ (α+ β)m)
φ(γm,α+ (α+ β)m; iνx). (3.19)

From (3.17), (3.19) and apply the following integral formula [18]∫ t

0

xc−1

Γ(c)
φ(a, c;x)

(t− x)c
′−1

Γ(c′)
φ(a′, c′; t− x) dx =

xc+c
′−1

Γ(c+ c′)
φ(a+ a′, c+ c′; t), Re(c) > 0,Re(c′) > 0,

we finally get

h(τ) =
n∑
r=1

br Lr(τ)+δ
∞∑
m=0

ωm
τσ+α+(α+β)m−1

Γ(σ + α+ (α+ β)m)
φ(ρ+γm, σ+α+(α+β)m; iντ).

(3.20)
If we set γ = β = 1, we obtain

Corollary 5. Consider the following generalized FEL equation

Dα
τ h(τ) = ω

∫ τ

0

h(τ − t)Eσ(iνtσ)dt+ δf(τ) (3.21)

where 0 ≤ τ ≤ 1, ω, δ ∈ C, σ ∈ R,α > 0, σ > 0; with initial conditions

Dα−k
τ h(τ)

∣∣
τ=0

= bk, k = 1, . . . , n (3.22)

n = [α] + 1 is a positive integer (n − 1 ≤ α < n) and b
′

ks are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.21) and
(3.22) given by

h(τ) =
n∑
r=1

br χr(τ) + δ

∫ τ

0

Λ(τ − t) f(t)dt (3.23)

where

χr(τ) =
∞∑
m=0

ωm τα+(α+1)m−r Emσ,α+(α+1)m−r+1(iντσ) (3.24)

and

Λ(x) =
∞∑
m=0

ωm xα+(α+1)m−1 Emσ,α+(α+1)m(iνxσ). (3.25)
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If we further set σ = 1, it yields the generalization of the result given by Boyadjiev
et al. [9]

4. SOLUTION OF GENERALIZED FREE ELECTRON LASER
EQUATIONS ASSOCIATED WITH A CONFLUENT

HYPERGEOMETRIC FUNCTION IN TWO VARIABLES

Lemma 1. It will be shown here that

L
{
tγ−1 φ2(β, β′; γ;ωt, σt); s

}
= Γ(γ) s−γ

(
1− ω

s

)−β (
1− σ

s

)−β′
, (4.1)

where Re(γ) > 0,Re(s) > 0,Re(ω) > 0,Re(σ) > 0.

Proof. Using the definition of the function φ2(a, b; c;x, y) [19] we have

L
{
tγ−1 φ2(β, β′; γ;ωt, σt); s

}
=
∫∞

0
tγ−1 e−st

∞∑
m,n=0

(β)m(β′)n ωmσntm+n

(γ)m+n m! n! dt

=
∞∑

m,n=0

(β)m(β′)n ωmσn

(γ)m+n m! n!

∫∞
0
tγ+m+n−1 e−st dt

= Γ(γ)
sγ

∞∑
m=0

(β)m ωm

m! sm

∞∑
n=0

(β′)n σn

n! sn

= Γ(γ)
sγ

(
1− ω

s

)−β (
1− σ

s

)−β′
.

This completes the proof of (4.1). This result will be utilized in proving the next
Theorem.
Theorem 2. Let λ, µ, γ, β, β′, σ, ω ∈ C,Re(γ) > 0,Re(s) > 0,Re(σ) > 0,Re(ω) >
0 and f(t) is assumed to be continuous on every finite interval of the exponential
order al [0, T ], 0 < T <∞ and of the exponential order eaκ, κ→∞. Then for type
problem for the fractional integro-differential equation of Volterra-type

Dα
τ h(τ) =

λ

Γ(γ)

∫ τ

0

tγ−1 h(τ − t) φ2(β, β′; γ;ωt, σt) dt+ µf(τ) (4.2)

0 ≤ τ ≤ 1, together with the initial condition

Dα−k
τ h(τ)

∣∣
τ=0

= ck, k = 1, . . . , n; n = [α] + 1 (n− 1 ≤ α < n) , n ∈ N ; (4.3)

where c1, . . . , cn ∈ R, there exists an unique continuous solution given by

h(τ) =
n∑
r=1

cr zr(τ) + δ

∫ τ

0

χ(τ − t) f(t)dt (4.4)

being

zr(x) =
∞∑
m=0

λm xα+(α+γ)m−r φ∗2(βm, β′m;α+ (α+ γ)m− r + 1;ωx, σx) (4.5)

with

φ∗2(β, β′; γ;ωt, σt) =
1

Γ(γ)
φ2(β, β′; γ;ωt, σt) (4.6)

and

χ(t) =
∞∑
m=0

λm tα+(α+γ)m−1 φ∗2(βm, β′m;α+ (α+ γ)m;ωt, σt). (4.7)
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Proof. Projecting both sides of (4.2) to Laplace transform and using the result
(4.1): we find that

sα H(s)−
n∑
r=1

sr−1 Dα−r
τ h(τ)

∣∣
τ=0

= λs−γ
(

1− ω

s

)−β (
1− σ

s

)−β′
H(s) + µF (s),

where H(s) and F (s) are the Laplace transforms of h(t) and f(t) respectively.
Solving for H(s) we see that

H(s)

[
sα − λs−γ

(
1− ω

s

)−β (
1− σ

s

)−β′]
=

n∑
r=1

sr−1cr + µF (s),

that is,

H(s) =
n∑
r=1

sr−α−1cr

[
1− λs−γ−α

(
1− ω

s

)−β (
1− σ

s

)−β′]−1

+ µF (s) s−α
[
1− λs−γ−α

(
1− ω

s

)−β (
1− σ

s

)−β′]−1

. (4.8)

Expanding the expression within big bracket by binomial theorem, it yields

H(s) =
n∑
r=1

cr
∞∑
m=0

λmsr−α−(α+γ)m−1
(

1− ω

s

)−βm (
1− σ

s

)−β′m
+ µF (s)

∞∑
m=0

λms−α−(α+γ)m
(

1− ω

s

)−βm (
1− σ

s

)−β′m
, (4.9)

where it is tacitly assumed that
∣∣∣λs−γ−α (1− ω

s

)−β (
1− σ

s

)−β′ ∣∣∣ < 1.

If we take the inverse Laplace transform of (4.9), we arrive at the desired result.
In order to establish the uniqueness of the solution, we set ζ = τ − t in (4.2) and

both sides apply the operator Iατ , and use the Dirichlet formula, then after some
calculations the given equation (4.2) transforms into the form

h(τ) =
n∑
r=1

cr τ
α−r

Γ(α− r − 1)
+

λ

∫ τ

0

H(ζ)(τ − ζ)α+γ−1 φ∗2(β, β′; γ+α;ω(τ − ζ), σ(τ − ζ)) dζ +µ (Iατ f) (τ) (4.10)

with φ∗2(β, β′; γ;ωt, σt) as defined in (4.6).
(4.10) is the Volterra integral equation with a continuous kernel it does admit a

continuous unique solution, see Krasnov et al. [16].
Note 2. The solution of (4.1) can also be obtained by the method of successive

approximation [11].
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