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ON A FRACTIONAL GENERALIZATION OF THE FREE
ELECTRON LASER EQUATIONS ASSOCIATED WITH
GENERALIZED MITTAG-LEFFLER FUNCTION AND A
CONFLUENT HYPERGEOMETRIC FUNCTION OF TWO
VARIABLES

RAM K. SAXENA, SHYAM L.KALLA AND LEDA GALUE

ABSTRACT. The main object of this paper is to investigate the solution of
the following free electron laser equations associated with generalized Mittag-
Leffler function and a confluent hypergeometric function in two variables:
D2h(r) =w [§ tP71 h(r = t)E] ;(ivt)dt + 6 f(7),

where v,0,w € C;v € R,a > 0,0 > 0,8 > 0;

Elﬁ (2) is the generalized Mittag-Leffler function and

D2h(r) = w55 Jg 71 h(r — )2 (B, B viwt, ot) di + uf (1)

under prescribed conditions. Uniqueness of the derived solutions is obtained.

In the first case a closed form solution is obtained in terms of a generalized
Mittag-LefHler function by the application of Riemann-Liouville fractional in-
tegration operators. The results obtained are general in character and provide
extension of the results given earlier by Boyadjiev et al. and Al-Shammery et
al. In the second case the results are derived in terms of confluent hypergeo-
metric function of two variables.

Use of FEL equation has been given by several authors and in particular
by Ciocci et al. [1] and Dattoli et al. [2-3]. Our aim here is show role
played by Mittag-Leffler function and operators of fractional integration in
such problems. We are treating the mathematical aspect of FEL equations
with operators of fractional integration and special functions.

1. Introduction

The unsaturated behavior of the free electron equation (FEL) is governed by the
first-order integro-differential equation of Volterra-type [1-3] in the form

D, h(T) = —imgo /075 h(t =€) e™ de, 0<7<1 (1.1)

where 7 is a dimensionless time variable, go is a positive constant called the small-
signal gain and the detuning parameter is the constant 7. The function h(7) is the
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complex-field amplitude which is assumed to be dimensionless satisfying the initial
condition h(0) = 1. The eq. (1.1), which holds in the linear regime only, is of
practical interest and suitable for numerical computation [3].

Use of FEL equation has been given by several authors and in particular by Ciocci
et al. [1] and Dattoli et al. [2-3]. Our aim here is show role played by Mittag-Leffler
function and operators of fractional integration in such problems. We are treating
the mathematical aspect of FEL equations with operators of fractional integration
and special functions.

The Riemann-Liouville operator of fractional integration is defined by [4-7]

Ry lo(0)] = 131900 = 1oy [ (0= O @6, Ref) >0. (1)
xr® 1

R%[g(z)] = Ix[g(x)] = F(a)/o (1—t)* 'g(at)dt, Re(a)>0. (1.3)

R [g(a)] = %R?{"[g(x)], Re(a—n) > 0,n € N*. (1.4)

The fractional derivative of order « is defined as [4, 6-8]
D%[g(z)] = Ix*[g(x)] = D%I¥ “[g(z)],n > Re(a),n € N*,

where D% denote the usual n-fold differentiation such that o £n > 0.
Boyadjiev et al. [9] discussed a non homogeneous case of (1.1) in the following
form:

— /Tg h(r —€)e™de + Be™™, 0<7<1 (1.5)
0

where o > 0,8 € C and v € R.
Al-Shammery et al. [10] generalized the work of Boyadjiev et al. [9] by consid-
ering an extension of (1.5) in the form

—)\/ € h(t — €)eide + Be™T, 0<T<1 (1.6)

where a > 0,8, € C,v € R and § > —1.
A further generalization of (1.6) has been discussed in [11] (also see [12]) in the
following form

T))\/OT§5 h(t —&) ® (b5 + 1;iv€)déE+ B @ (W, 1;ivT), 0<7<1 (1.7)

where 8,A € C,v,b,' € R,a >0 and 6 > —1.
Another generalization of (1.6) is given by Saxena and Kalla [13] in the following
form:

T)= )\/OT & h(r—&) ®(b,d + 1;iv)dE + pr” @ (B,v + 1;ivT) (1.8)

where 0 <7 <1, A\, peCv,b,f € R,a>0,7v>—-1,6 >—1.
Now we present some results which will be useful in the next section.
A generalization of the well-known Mittag-Leffler function

Folz) = 3> —o

_Om, a < C, Re(a) >0 (19)
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and its extension

E,s(z) = n§0m7 a, 8 € C,Re(a) > 0,Re(B) >0 (1.10)

has been given by Prabhakar [14] in the following form
o0 n
B @)= 3 — & C.R 0,R 0. 111
a,ﬁ(x) nz::OF(naJrﬂ) n ) Oé7ﬂ,’)/ e(, e(a) >0, e(ﬁ) > ( )
The Laplace transform [15] of E ;(x) is [14]

L{ A-1 E] 4 3} (1-ws™)’ (1.12)

where a, 8, v,w, s € C,Re(a) > 0,Re(f) > 0, |ws™?| < 1.
The Laplace transform of a function f(¢), denoted by F(s), is defined as

L{f(t);s}/OOOeSt f(t) dt, s C,Re(s) >0

with some conditions on f(¢), such that the integral is convergent.
We also have [4]

Eo(z) = Eq1(2);  Bap(x) = By (x). (1.13)
¢(y, B; ) =T (B)EY 4(x), (1.14)

is the Kummer’s confluent hypergeometric function.

The detailed account of the Mittag-Lefler function can be found in a survey
paper by Mathai, Saxena and Haubold [7] and in a monograph written recently by
Gorenflo et al. [4].

2. SOLUTION OF GENERALIZED FREE ELECTRON LASER
EQUATIONS
In this paper, we present a generalization of (1.7) in terms of generalized Mittag-
Leffler function due to Prabhakar [14] in equation (2.1).
Theorem 1. Consider the following generalized FEL equation

D%h(1) = w /OT 771 (T — ) E) 5(ivt?)dt + 6 f (T) (2.1)

where 0 < 7 < 1,w,6,7,8 € C,o0 € R,a > 0,0 > 0,Re(B) > 0; with the initial
conditions
DE7FR(T)| _y=bk, k=1,....,n (2.2)

n = [a] + 1 is a positive integer (n —1 < a < n) and b;s are real numbers and
f(t) is any integrable function in the interval [a,b]. Then there exists an unique
continuous solution of the initial value problem (2.1) and (2.2) given by

h(T) = > b yr(T) + 5/ O(r —t) f(t)dt (2.3)
r=1 0
where
yT(T) - Zowm O‘*(a%@))m " E22+(a+5)m r+1(“/7—0) (2'4)
and

O(x) = Zowm gotlatfm—1 E] L (arpym (27 (2.5)
m=
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Proof. Taking Laplace transform of both sides of (2.1) and using (1.12), we find
that

S H(s) — gi;lsr—l DEh(r)|._, = ws ™ (1—ivs~) " H(s) + 6F(s), (2.6

=0

where H(s) is the Laplace transform of h(r).
Solving for H(s), we find that

n 11
H(s) = _1bT Pl [1 —ws P (1—ivs™) 7} +
~1

5 F(s) s @ [1 —ws P (1- il/s_")_q : (2.7)

-1
Expanding [1 —ws™ A (1~ ius“’)_q , we obtain

H(S) _ Zbr Z wmsrfaflf(oﬂrﬂ)m (1 _ Z-sta)*'ym_k
r=1 m=0
§ F(s) Y wms—omeffm (1 _jyg=o) " (2.8)
m=0

where we have tacitly assumed that ‘ws‘“‘ﬁ (1- ius“’)iv‘ <1

If we take the inverse Laplace transform of (2.8) with the help of (1.12), we arrive
at the desired result (2.3). In order to establish the uniqueness of the solution, we
set ( =7 —t in (2.1) and apply both sides the operator I%, and use the Dirichlet
formula, then after some calculations the given equation (2.1) transforms into the
form

w /OT WO = O PTLE] g (iv(T = €)7)dC + 6 (12 f)(7) (2.9)

(2.9) is the Volterra integral equation with a continuous kernel it does admit a
continuous unique solution, see Krasnov et al. [16].

Note 1. The solution of (2.1) can also be obtained by the method of successive
approximation given in [17].

3. SPECIAL CASES
(i) If we set f(t) = t""'Ef  (ivt?) in (2.1), then by virtue of the following integral
summation formula for the generalized Mittag-Leffler function [4]

/ (2 — B (wl — 1) BT (wt)dt = 2B (waf), (3.1
0

where p, p,v,v,0,w € C,Re(p) > 0,Re(u) > 0,Re(v) > 0, we obtain the following
Corollary 1. The initial value problem defined by

Doh(r) = w /0 191 h(r — )EY ,(t?)dt + 8 75 UEL, (i) (3.2)
where 0 < 7 < 1,w,0,7,p,8 € C,o0 € Rya > 0,0 > 0,Re(8) > 0,Re(k) > 0; with
corresponding initial conditions

D2 Fn(r)| _ =be, k=1,...,n (3.3)

7=0
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n = [a] + 1 is a positive integer (n — 1 < « < n), then there exists an unique
continuous solution given by
n [ee]
h(r) = Tglbr yr (1) + 5mz::owm rot(atB)mtr—1 E§;17a+,3)m+n(iy7_g) (3.4)
where y,.s are defined in (2.4).
(ii) If we set v =1 in (2.1), it yields the following
Corollary 2. Consider the following generalized FEL equation

DeW(T) =w /OT P71 h(r — ) Ey p(ivt%)dt + 6 f (1) (3.5)

where 0 <7< 1,w,8,8 € C,o € R,a> 0,0 > 0,Re(B) > 0; with initial conditions
D¢Fh(r)| _,=br, k=1,...,n (3.6)
n = [a] + 1 is a positive integer (n — 1 < o < n) and b/ks are real numbers. Then

there exists an unique continuous solution of the initial value problem (3.5) and
(3.6) given by

hr) = St anr) 48 [ €u(r—1) )t (3.7)
where " ’
gr(r) = miowm T B @t ym—r 1 (WTT) (3:8)
and B
O1(x) = i)“m gotatfm=t gm (2. (3.9)
P

(iil) If we set o = 1 and use the identity (1.14), we arrive at the following
Corollary 3. Consider the following generalized FEL equation

DOR(r) = - / tP=Y h(r —t) (v, B ivt) dt + S f(7) (3.10)
I'(8) Jo
where 0 <7 < 1,w,6,7,8 € C,a > 0,Re(B) > 0; with initial conditions
D¢Fh(r)| _,=br, k=1,...,n (3.11)

n = [a] + 1 is a positive integer (n — 1 < a < n) and bys are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.10) and
(8.11) given by

h(r) = ébr Lo(7)+36 /O " — 1) f()dt (3.12)

where

L(r)= Y

. Toz+(o¢+5)mfr
iz Tla+ (a+ Bym—r+1)

o(ym,a+ (a+ B)m —r+ 1;ivr) (3.13)

and
xa+(a+ﬁ)mf 1

Q)= > w"
W= 2 Nt (s m)
(iv) If we further set f(z) = %gf)(p, o;ive) in (3.10), then we obtain the following

o(ym, o + (a + B)m;ive). (3.14)
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Corollary 4. Consider the following generalized FEL equation

T o—1

D&h(r) = %/0 P h(r —t) (v, Byivt) dt + (5;(70)¢(p,0;im') (3.15)

where 0 < 7 < 1,w,d,7,8 € C,o,p € Rya > 0,0 > 0,Re(B) > 0; with initial
conditions

D7Fh(r)| _,=br, k=1,...,n (3.16)

n = [a] + 1 is a positive integer (n —1 < o < n) and bys are real numbers. Then
there exists an unique continuous solution of the initial value problem (8.15) and
(3.16) given by

n 6 T
h(r) = ;br L(1) + m/o E(r —t) t°7 @(p, o ivt) dt (3.17)
where
> Toc+(oc+5)m7r .
L.(r) = mZZZOw T(a+(atBm—r+ 1)¢>(’ym, a+ (a+B)m—r+1livr) (3.18)
and

x pot(atp)ym—1
= 2 Tt (s Bym)
From (3.17), (3.19) and apply the following integral formula [18]

[1]

o(ym, a + (a + B)m;iva). (3.19)

tﬂ a,c, T m a ., dit—x)de=
| Fgotean) Sl it —a) da -

ct+c'—1
ﬁqﬁ(a +d,c+c;t), Re(c)>0,Re(c) >0,

we finally get
To+a+(a+[3)m—1

h(r) = i:lbr L.(1)+6 ioj w™ d(p+ym,o+a+(a+p)m;ivt).

m=0 F(O’+Oé+ (O[+ﬁ)m)

(3.20)
If we set v = 8 =1, we obtain
Corollary 5. Consider the following generalized FEL equation
D&h(r) = w/ h(T — t)Eq (ivt?)dt + 5 f (1) (3.21)
0
where 0 <7< 1,w,6 € C,o0 € R,a > 0,0 > 0; with initial conditions
DFR(T)| _y=bk, k=1,....n (3.22)

n = [a] + 1 is a positive integer (n —1 < a < n) and b/ks are real numbers. Then
there exists an unique continuous solution of the initial value problem (3.21) and
(8.22) given by

hr) = 3o by o (7) +5/TA(T _ ) f)dt (3.23)
where - ’
() = miowm bt mer g (i077) (3.24)
and -
Az) = 3 W™ gotlathm-1 oot (at1)m ((v27). (3.25)

m=0
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If we further set o = 1, it yields the generalization of the result given by Boyadjiev
et al. [9]

4. SOLUTION OF GENERALIZED FREE ELECTRON LASER
EQUATIONS ASSOCIATED WITH A CONFLUENT
HYPERGEOMETRIC FUNCTION IN TWO VARIABLES

Lemma 1. It will be shown here that

L{t"™ ¢a2(B, 85730t 0t); 8} =T(7) s (1 - g)*ﬂ (1 - g)iﬁ ’ (4.1

s
where Re(y) > 0,Re(s) > 0,Re(w) > 0,Re(o) > 0.

Proof. Using the definition of the function ¢2(a b;c; z,y) [19] we have
L{t'Y 1 ¢2 5 5/ v; wt, O’t S} f =1 g—st Z (B)m (B)n wmamtmtT gt

(7)7n+n m! n!

— Z (ﬂ)m(ﬁ/)n fO t’y+m+n 1 7st dt

(V) m+n m! n'
m,n= 0

F('Y) Z ([jy);!ns‘:i § Z (ﬁngnsf

(-

s s

This completes the proof of (4.1). This result will be utilized in proving the next
Theorem.
Theorem 2. Let A\, u,7, 3,8 ,0,w € C,Re(vy) > 0,Re(s) > 0,Re(c) > 0,Re(w) >
0 and f(t) is assumed to be continuous on every finite interval of the exponential
order al [0,T],0 < T < oo and of the exponential order e* k — oo. Then for type
problem for the fractional integro-differential equation of Volterra-type

Drhr) = g5 | OB — 1) 6ol B piwtot) di 4 pf(r) (42)

0 <7 <1, together with the initial condition

D.,Ofikh(T)L_:O =cp k=1,....nsn=[a]+1 (n—-1<a<n),neN; (4.3)
where c1,...,c, € R, there exists an unique continuous solution given by
W) = e n(r)+5 [ x(r—0) fo)ds (1.4)
r=1 0
being

zr(x) = Z)\’” atletNm=r 4x(Bm, B'm;a + (a +y)m —r + L;wz,ox)  (4.5)

with

5(B, 8’5 v;wt, ot) = $2(B, B'sv; wt, ot) (4.6)

1
L'(v)
and

X(t) = 3 A et g8 (Bm, Bims o (o y)miwt,ot). (4.7)
m=0
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Proof. Projecting both sides of (4.2) to Laplace transform and using the result
(4.1): we find that

5% H(s) — éy—l DEh(T)|_y = AsT (1 - %)_ﬁ (1 - %)_5/ H(s) + nF(s),

where H(s) and F'(s) are the Laplace transforms of h(t) and f(t) respectively.
Solving for H(s) we see that

H(s) [s" —As™? (1 - %)76 (1 - O>q = ﬁ:sr_lcr + uF(s),
that is,

-1
S S

cur s i (1297 (1297

S S

H(s) = TZZjls’“*o‘*lc,. [1 @ (1 _ g)*ﬁ’ (1 B J)B’]

Expanding the expression within big bracket by binomial theorem, it yields

H(s) = ic’r io: A gt (aty)m—1 (1 _ 8)757" (1 _ g)*ﬁ’m

r=1 m=0 S S
S —Bm —B'm
+ uF(s) S Amsma—(aty)m (1 - f) (1 - 5) , (4.9)
m=0 S S

where it is tacitly assumed that ’)\s*“”o‘ (1- ﬂ)fﬁ (1-— %)75 ‘ < 1.

S
If we take the inverse Laplace transform of (4.9), we arrive at the desired result.
In order to establish the uniqueness of the solution, we set ( = 7 —t in (4.2) and
both sides apply the operator I, and use the Dirichlet formula, then after some
calculations the given equation (4.2) transforms into the form
cp TOTT

M= Lra—r-n?

A/oT H(G)(r =)= 65(8, 85y + asw(r = ), 0(r = Q) ¢+ p (I f) (7) (4.10)

with ¢3(8, 8;v;wt, ot) as defined in (4.6).

(4.10) is the Volterra integral equation with a continuous kernel it does admit a
continuous unique solution, see Krasnov et al. [16].

Note 2. The solution of (4.1) can also be obtained by the method of successive
approximation [11].
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