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DERIVATION AND SOLUTIONS OF SOME k-DIFFERENTIAL
EQUATIONS

BALQEES FATIMA AND SHAHID MUBEEN

ABSTRACT. The main objective of this present paper is to derive some k-
differential equations by using hypergeometric k-differential equation and then
to find the solutions, where k& > 0.

1. Introduction

In 2005 Diaz et al. [Il 2, B] have introduced gamma and beta k-functions,
pochhammer k-symbol and proved number of their properties. They have also
studied zeta k-function and hypergeometric k-function based on Pochhammer k-
symbol for factorial function. In 2010 Kokologiannaki and Krasniqi [4, [5] followed
the work of Diaz et al. and formed some important results of beta, gamma, zeta,
and hypergeometric k-functions. In 2012 Mubeen and Habibullah [6l [7] introduced
a variance of fractional integral to be called fractional k-integral which was based
on gamma k-function and gave an its application. They also introduced an integral
representation of some generalized confluent hypergeometric k-function and hyper-
geometric k-function by using the properties of Pochammer k-symbol, gamma and
beta k-functions. In 2013 Mubeen et al. [8] has defined the second order linear
differential equations of hypergeometric and confluent hypergeometric k-functions.
In 2014 [9, T0] Mubeen et al. gave the twenty four solutions of the following hyper-
geometric differential equation in terms of the parameter k& > 0,

kz(1 — kz)w” + [c — (a + b+ k)kz]w’ — abw = 0, (1.1)

in the form of hypergeometric k-functions and introduced the contiguous function
relations for such functions.

2. Derivation of k-Differential Equations

The hypergeometric k-differential equation is

kz(1 = kz)w” + [2b — (a + b+ k)kz]w' — abw = 0. (2.1)
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F P
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[d*w (1 + kx)3 dw k(1 + kx)%(2 — kx)] (1+ kz)3
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Putting the values of w’ and w” in equation (2.1]), we obtain

dkx (1 —kx)? (1 +k2)® [d?w (1 +kx)  dwk(2 - kz)
(14 kx)2 (14 kx)2 8(1 — k)2 [d:ﬁ 2 de 1—kx ]
dkx dw (1 + kx)3
(1+ km)2} dz 4(1 — kz)
kx(1+kz)? d>w  k2z(1 + kx) dw (2 —kz)  b(1 + kz)? dw
4 da? 2 de 1—ke = 201 —kz) do
(a+ b+ k)kx(1 + kz) dw
B 1—kzx dx
N 401 = kx)ka(1 + kz)® PPw | K*rd(l — kx)(1 + kz) dw (2 - k)
4 dx? 2 dx 1—kx

4(1 — kz)b(1 + kx)3 dw  4(1 — kz)(a+ b+ k)kz(1 + k) dw

2(1 — kx) do 1—kx —— — 41 — kz)abw = 0

+|2b—(a+b+k) —abw =0

—abw =0

d*w dw dw
_ 20°W 2 oz gdw
= (1 —kx)kz(l+ kx) T2 + 2k*x(1 + kx)(2 — kx) i +2b(1 + k) .

—dkx(a+b+k)(1+ kx)fl—w —4(1 — kx)abw =0
x

2
= (1 - ka)ka(l+ kx)z%” + %2(1 + k) [/&x(z ~ kx)

+b(1 + kx)* — 2kz(a + b+ k:)} —4(1 — kx)abw = 0
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d*w dw
2 2,2 _ 13,2
= kx(l— kx)(1+ kx) @+2(1+kx)(b—2akx+bk —k°x )d:c
—4ab(1 — kx)w = 0. (2.2)
of which one solution is w = F(a b; 2b; (sz) ) Put w = (1+ kx) %y in equation
, we get
dw 24 dy 2a_q
f= 1 —(1
w = = (1+ka)% d—|—k (—|—ka:)k Ly
and
dw’
7
YT a
_d [dw
T dx \ dz
@

3 2a d 2a
= Gtk ¥ +da( kx)?”% +2a(2a — k)(1 + kx) 2y,

Putting the values of w’ and w” in equation (2.2), we obtain

Py da(l+ k)% dy 2a(2a—k)(1—|—kx)2kay]

k(1 — kz)(1+ kx)? | (1 + kz) * =
21 = kz)(1 + ke) [( ) T T e T 1+ ko)
swwdy  2a(1+ka)Fy
21 _9 2,2 _ 1322y ((1 2a by UL RLFY
+2(1 + kx)(b — 2akz + bk“x” — k°2%) | ( +kx)kdx+ 1 ko)
—dab(1 — kx)(1 + kz) ¥y =0
2J+1d2y @+1dy
= kx(l —kx)(1+ kz)(1 4 kx)* ) + kx(l — kz)da(l + kx)* T ==
k(1 — kx)2a(2a — k) (1 + kz) ¥y + 2(1 + ka) (b — 2aka + bk2a? k%%jﬁ
x
+2(b — 2akz + bk22® — KP2?)2a(1 + k) ¥y — 4dab(1 — kx)(1 + k) ¥y =0
= kx(l—kx)(1+kz)(1+ kx)%aﬂ% + %2(1 + kx)* Bt {2{1/@(1 — kx)
z
+(b — 2akz + bk*2® — k?’xz)] +2a(1 + kx) ¥y [(kx — k%2%)(2a — k)
+2b—4akx+2bk2x2—2k3x2—2b+2bkx} =0
= kx(l —kz)(1+ kz)(1 +kx)2a+1;l Y+ %2(1 + kz) ¥ {b (2a — b+ k) (kz)*
x

—2akz(1 + k) ¥ tly(2a + k — 2b) = 0.
Since (1 + kz) ¥t #£0

= kz(l— (kx)*)y" +2[b— (2a — b+ k)(kz)?] v — 2akz(2a + k — 2b)y = 0 (2.3)
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of which one solution is y = (1 + kx) ™% & Fyy(a, b; 2b;
VEkv = kzx and v = k2? = g—; = 2kx = 2v/kv. Then

W) Put kv = (k.’L’)2

,_dy dydv_%/k—dy

dx  dvdx dv
dy' dy d dy k dy
"= 2VEk — | 2VEk 2VEk — | 2V
V' =~ ( ) dv ( T T ) 2V
d?y dy
=4kv—> + 2k—
dv? * dv’
Now, putting the values of ¥’ and y” in the equation ([2.3)), we obtain
dy dy dy
VEkv(1l — kv) 4kvﬁ+2kd +2|b—(2a —b+ k)kv 2vkvd—
v
—2aVkv(k+2a —2b)y =0
d*y dy | .. dy dy
W [2kv(1 — k) Y 1 k(1 — k)Y + 26 2kp(2a — il
= k‘v[ ko(1 — kv) Jo2 + k(1 — ko) o + bdv kv(2a b—|—l<;)dv
—a(2a —2b+k)y| =0
d’y | dy 2 2
= 2Vkv 2kv(1—kv)w+df k — k“v + 2b — 4akv + 2bkv — 2k*v
—a(2a —2b+k)y| =0

2 2

= 2kv(l — kv)— +2

dv?

d?y E 3k%
dv 2

d k
+b—2akv+bkv} —y—2a(7+a—b)y20

2

= kv(l—kv)%—i— [b—l—;c—(Za—b—l—?)k)kv} @—a(a—b—&-k Y=

k| 2 Sly=0. (24)

If, we take c=a + b+ g in equation 1' we get the following

d?y k dy
kz(l—kz)ﬁ—&—[a+b+§—(a—!—b—i—k)kz}@—aby—(). (2.5)

Let z = 4x(1 — kz) = 4z — 4ka® = 92 = 4(1 — 2kz). Then
/:dyidydxildy 1

dz  drdz  4dx(1—2kz)

o @y _dy _dfldy 1 ] _d[ldy
dz?2 dz  dz |4dx(1—2kx)| dr |4dx
[1dy 9 (1 —2kz)~t d%y 1

= N1 -2 -2 —

1o (D= 2ke)(=2k) + 4 dz?) 4(1 - 2kz)

[ k diy_i_ 1 d*y 1

12(1 — 2kx)? dx 4(1 — 2kx) da? | 4(1 — 2kx)

ST B
| (1 —2kz)dz  2dz?]| 8(1 — 2kz)?

dx

(1— Qkx)_l} =
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By putting the values of ¥’ and y” in equation (2.5)), we get
4k (1 — kz)(1 — 4kz + 4k>2?) [ ko dy 1d%
(

8(1 — 2kx)? 1—2kz)de = 2da?
k 2 0| Ldy —
+[a+b+2 (a+b+k)(4kx — 4k~ x ]4d1—2k) aby =0

kx(1 — kx) k dy
2 {(1 — 2kz) dx
1dy 1
4dx (1 — 2kx)

] [ +b+§—(a+b+k)(4kw—4k2 2)]

—aby =0

2.(1 — 1— 2

2(1—2ka) de T 4 di? 5
iggyc(l_gk)—aby:O
Wgy—i-k (1—k$)%+ [a-i—b—f—];—(a+b+]{;)(4kx_4k2$2)]
1
flg(l%m)—élabyzo
= kx(l—kz )Zi‘ZJrZZ {W+{a+b+§—(a+b+k)(4km_4k2w2)}

1

| —daby =
(1—2kw)] aby =0

d? d k
ﬁkx(lkx)d:ngdy[ +b+§ Qakabkxkzx} — 4aby = 0.

So, the above equation becomes

2
kx(l—kx)%—&-[a—i—b—i-g—(2a+2b+k)k;x];l—i—4aby:0 (2.6)

of which one solution is y = F(a, b;a+b+ %; 4x(1 — kx))

3. Solutions of k-Differential Equations

Assume the solution of the form
oo
n=0
with a, # 0 in equation (2.4). Then

00
y/ _ Zan(c+ n)chrnfl
n=0

o0
Z (c+n)(c+n—1)pstn2,
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Now putting the values of y,y" and y” in equation (2.4)), we get

= Z ank(c+n)(c+n— 1ot 1 - Z ank*(c+n)(c+mn —1)vc™
n=0 n=0

k oo
ct+n—1 (:Jrn
b+§)§ an(c+n)v —k 2afb+ E an(c+n)v

a—b—|— Zan =

’Uc|:aok‘c(c—l)1j—1+ao _1+Za”{ c+n)lc+n—1)
—|—(b+];)(c—i—n)}v”_l—Zan{kQ(c—&—n)(c—i—n—1)+k(2a—b+ %)(C—l—n)
n=0

+a(a—b+ S)}v"} =0.

Change the summation index

UC{aOk‘c(c—l) + aoc( _1+Za”+1{ (c+n+1)(c+n)

o0

+(b+ g)(c—i-n—i- 1)}v” - Zan{kz(c+n)(c+n —1)+k(2a-b+ %)(Hn)

n=0
k
+a(a—b+ 5) ™| =0.
Which implies that
k
aokc(c — 1) + aoc(b+ 5) =0.

a, # 0. So,
k k 1 b
kc(c—1)+(b+§)0—0 :>c(k:c+b—§)—0 :c-Oorc-§—E
and
k
A1 {k(c+n+1)(c—|—n)—|—(b+ 2)(C—|—TL—|—1):| =a, {kz(c—kn)(c—kn— 1)
3k k
+k(2a—b+7)(c+n)+a(a—b+ 2)]
an[kz(chn)(chn1)+k(2ab+3’2’“)(c+n)+a(ab+§)]
Ap+1 = (31)

k(c+n+1)(c+n)+ (b+E)(c+n+1)

Where n =0,1,2,....
(1) If, we take ¢ = 0 in equation (3.1)), we get

an [K*n(n—1) +k(2a — b+ %)n +ala—b+ g)]
k(n+1n+ (b+ %) (n+1) '

Ap4+1 =
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Taking n = 0 in above expression, we have

acala—b+ %)
(b+3)

a; =

and n = 1 implies

acala — b+ g)(a—i-k)(a—b—l-%)
(b+ 5200+ )

ag =

up to so on

CLO(CL -0 + %)n,k(a)n,k
n!(b—|— g)mk

Ap =

So

Bk (@)nko”
yl:Z n'b—l—) :

k k
= SFi, ((a, k),(a—b+ §,k‘); b+ ,k);v).
- % in equation 1) then

(2) If, we take ¢ = 1
brn)(3—t4+n—1)+k2a—b+ )

an [k2( —

1
2

b
fn1 = 1 2k ? IZ
kGG —g+n+)(G-¢+n)+0+5)(G -7+

Taking n = 0 in above expression implies

a0 [K3(3 — (5 — ¢ =1 +kQRa—b+ $)(5 — 7) +ala—b+5)]
WG b G- PTG H0 -

ao(a—b+ %) (a+k—2b)

ay =

(% —b)
n = 1 implies
" ar [F2E -2+ D)3 -2 +k@a—-b+3)E -2+ 1) +ala—b+L)]
kG-t +2G-F D+ 0+5G - +2)
aola—b+5)(a+k—2b)(a—b+ 3E)(a — 2b+ 2Kk)

205 —0)(F —0)

and up to so on, we get

ao(a—b+ g)n,k(a +k—2b)y
n'(% — b)n,k:

ap =

Finally,

[SIE
o

Y2 =0

i ao(a—b+ k)nk(a+k—2b)n,kv"
n=0 n'(i o )n,k

k 3k
:v%_%gFuC a—b+ 2,a—2b+k;2—b;v>.
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So, we have obtained two solutions of equation (2.4)). Now we solve equation (2.6)).

Let
oo
n=0

in equation (2.6). Then
y' =3 anlct )z

n=0
and

o0
Z (c+n)(c+n—1)zcT2
n=0
Now, putting the values of y,3" and y” in equation (2.6) implies

oo k/’
1— -1 c+n—2 v
kx(1 — kx) nE:Oan(c—i—n)(c—i—n 5 + [a—i—b—i— 5

—(2a+2b+ k)kx} Z an(c4n)zT" 1 — 4ab Z anzcT™ =0

= Z kan(c+n)(c+n— 1)zt 1 — Z Ean(c+n)(c+n — 1)zt
n=0

a+b+ Zanc—l—n efn=l k‘(2a+2b+k)2an(c+n)xc+"

n=0
—4ab Z apzt™ =0
n=0

E)(c + n)} getn—l

n -1 b
iZa{ ct+n)ic+n—1)+ (a+ +2

Z [ (e+n)( C+”_1)+k(20+26+k)(0+n)+4ab}xc+”:0

xc{aokc(c—l)x_l—kao (a+b—|— _1+Zan{ (c+n-—1)

+a+b+ S)(c+n)}x"1 - Z an{kQ((H— n)(c+n—1)

n=0
+k(2a + 20+ k)(c+n) + 4ab}x } 0.

Change the summation index

k
xc[aokc(cl)x1+ao (a+b+ 1+Zan+1{ (c+n+1)(c+n)+(a+b+ 5)

(c+n+1} i { (c+n—1)+k(2a+2b+k)(c+n)+4ab}x”}—().
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Which implies that
k
aokc(c — 1) + aocla+ b+ 5) =0.
ao, # 0. So,
ke(e—1)+(a+b+E)ec=0=clkc+a+b—3k)=0=c=00rc=41-2-2
and

apt1|k(c+n+1)(c+n)+(a+b+ g)(c—l—n—i— 1)] = an[k;Q(c-f—n)(c—i—n— 1)
+k(2a+2b + k)(c+n) + 4ab

an [K*(c+n)(c+n—1)+ k(2a + 2b + k)(c + n) + 4ab]

k(c+n+1)(c+n)+(a+b+E)(crn+1) (3:2)

= QAp41 =

Where n =0,1,2,...
(1) If, we take ¢ = 0 in equation , we get
an [K*n(n — 1) + k(2a + 2b + k)n + 4ab)
k(n+1n+(a+b+E)(n+1)
Taking n = 0 in above expression, we have
a,4ab
(a+b+ %)

An41 =

ap =

and n = 1 implies
a1 [k(2a + 2b + k) + 4ab)

2k + (a+b+%)2
ao(2a)(2a + k)(2b)(2b + k)
(a+b+5)2a+b+%+k)

az

up to so on

So

. 40(20) .k (20) 0 k2™
PR YONCTCT

! nl(a+b+ %)nk

k
= 2F1,(2a,2b;a+ b+ §§$)~

k(A—2—-24n+)E-4—-24n)+(a+b+5)(3-2-24+n+1)
Taking n = 0 in above expression implies

o~ PG i- DG —f ) kR0 24 R~ p) + dad)
- 1 a
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n = 1 implies

aola—b+5)a—b+E+k)b—a+E)b—a+i+k)

2128 —a—b)(3% —a—b+k)

ay =

and up to so on, we get

ao(a—b+ g)n’k(b —a+ %)nk

Ay =
" n'(% —a—Db)nk

So,

oo

1_g_2b Z (a—b+ %)n,k(b —a+ g)n,kzn
n'(% —a—b)nk

k 3k

oi)

k
= :ﬂ_ﬁ_%gFlk(a— b+ —,b—a+

5 —a—bx).
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