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DERIVATION AND SOLUTIONS OF SOME k-DIFFERENTIAL

EQUATIONS

BALQEES FATIMA AND SHAHID MUBEEN

Abstract. The main objective of this present paper is to derive some k-

differential equations by using hypergeometric k-differential equation and then
to find the solutions, where k > 0.

1. Introduction

In 2005 Diaz et al. [1, 2, 3] have introduced gamma and beta k-functions,
pochhammer k-symbol and proved number of their properties. They have also
studied zeta k-function and hypergeometric k-function based on Pochhammer k-
symbol for factorial function. In 2010 Kokologiannaki and Krasniqi [4, 5] followed
the work of Diaz et al. and formed some important results of beta, gamma, zeta,
and hypergeometric k-functions. In 2012 Mubeen and Habibullah [6, 7] introduced
a variance of fractional integral to be called fractional k-integral which was based
on gamma k-function and gave an its application. They also introduced an integral
representation of some generalized confluent hypergeometric k-function and hyper-
geometric k-function by using the properties of Pochammer k-symbol, gamma and
beta k-functions. In 2013 Mubeen et al. [8] has defined the second order linear
differential equations of hypergeometric and confluent hypergeometric k-functions.
In 2014 [9, 10] Mubeen et al. gave the twenty four solutions of the following hyper-
geometric differential equation in terms of the parameter k > 0,

kz(1− kz)w′′ + [c− (a + b + k)kz]w′ − abw = 0, (1.1)

in the form of hypergeometric k-functions and introduced the contiguous function
relations for such functions.

2. Derivation of k-Differential Equations

The hypergeometric k-differential equation is

kz(1− kz)w′′ + [2b− (a + b + k)kz]w′ − abw = 0. (2.1)
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Let z = 4x
(1+kx)2 ⇒

dz
dx = 4(1−kx)

(1+kx)3 and 1− kz = (1−kx)2
(1+kx)2 .

Now

w′ =
dw

dz
=

dw

dx

dx

dz
=

dw

dx

(1 + kx)3

4(1− kx)

and

w′′ =
dw′

dx

dx

dz

=
d

dx

[
(1 + kx)3

4(1− kx)

dw

dx

]
dx

dz

=

[
d2w

dx2

(1 + kx)3

4(1− kx)
+

dw

dx

d

dx

(1 + kx)3

4(1− kx)

]
dx

dz

=

[
d2w

dx2

(1 + kx)3

4(1− kx)
+

dw

dx

1

4
[(1 + kx)3(−1)(1− kx)−2(−k)

+(1− kx)−13(1 + kx)2k]

]
dx

dz

=

[
d2w

dx2

(1 + kx)3

4(1− kx)
+

dw

dx

k(1 + kx)2(2− kx)

2(1− kx)2

]
(1 + kx)3

4(1− kx)

=

[
d2w

dx2

(1 + kx)

2
+

dw

dx

k(2− kx)

1− kx

]
(1 + kx)5

8(1− kx)2
.

Putting the values of w′ and w′′ in equation (2.1), we obtain

4kx

(1 + kx)2
(1− kx)2

(1 + kx)2
(1 + kx)5

8(1− kx)2

[
d2w

dx2

(1 + kx)

2
+

dw

dx

k(2− kx)

1− kx

]
+

[
2b− (a + b + k)

4kx

(1 + kx)2

]
dw

dx

(1 + kx)3

4(1− kx)
− abw = 0

⇒ kx(1 + kx)2

4

d2w

dx2
+

k2x(1 + kx)

2

dw

dx

(2− kx)

1− kx
+

b(1 + kx)3

2(1− kx)

dw

dx

− (a + b + k)kx(1 + kx)

1− kx

dw

dx
− abw = 0

⇒ 4(1− kx)kx(1 + kx)2

4

d2w

dx2
+

k2x4(1− kx)(1 + kx)

2

dw

dx

(2− kx)

1− kx

+
4(1− kx)b(1 + kx)3

2(1− kx)

dw

dx
− 4(1− kx)(a + b + k)kx(1 + kx)

1− kx

dw

dx
− 4(1− kx)abw = 0

⇒ (1− kx)kx(1 + kx)2
d2w

dx2
+ 2k2x(1 + kx)(2− kx)

dw

dx
+ 2b(1 + kx)3

dw

dx

−4kx(a + b + k)(1 + kx)
dw

dx
− 4(1− kx)abw = 0

⇒ (1− kx)kx(1 + kx)2
d2w

dx2
+

dw

dx
2(1 + kx)

[
k2x(2− kx)

+b(1 + kx)2 − 2kx(a + b + k)

]
− 4(1− kx)abw = 0
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⇒ kx(1− kx)(1 + kx)2
d2w

dx2
+ 2(1 + kx)(b− 2akx + bk2x2 − k3x2)

dw

dx
−4ab(1− kx)w = 0. (2.2)

of which one solution is w = F

(
a, b; 2b; 4x

(1+kx)2

)
. Put w = (1 + kx)

2a
k y in equation

(2.2), we get

w′ =
dw

dx
= (1 + kx)

2a
k
dy

dx
+ k

2a

k
(1 + kx)

2a
k −1y

and

w′′ =
dw′

dx

=
d

dx

(
dw

dx

)
=

d

dx

[
(1 + kx)

2a
k
dy

dx
+ 2a(1 + kx)

2a
k −1y

]
=

d2y

dx2
(1 + kx)

2a
k + 4a(1 + kx)

2a
k −1

dy

dx
+ 2a(2a− k)(1 + kx)

2a
k −2y.

Putting the values of w′ and w′′ in equation (2.2), we obtain

kx(1− kx)(1 + kx)2
[
(1 + kx)

2a
k
d2y

dx2
+

4a(1 + kx)
2a
k

1 + kx

dy

dx
+

2a(2a− k)(1 + kx)
2a
k y

(1 + kx)2

]
+2(1 + kx)(b− 2akx + bk2x2 − k3x2)

[
(1 + kx)

2a
k
dy

dx
+

2a(1 + kx)
2a
k y

(1 + kx)

]
−4ab(1− kx)(1 + kx)

2a
k y = 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k +1 d

2y

dx2
+ kx(1− kx)4a(1 + kx)

2a
k +1 dy

dx

+kx(1− kx)2a(2a− k)(1 + kx)
2a
k y + 2(1 + kx)

2a
k +1(b− 2akx + bk2x2 − k3x2)

dy

dx

+2(b− 2akx + bk2x2 − k3x2)2a(1 + kx)
2a
k y − 4ab(1− kx)(1 + kx)

2a
k y = 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k +1 d

2y

dx2
+

dy

dx
2(1 + kx)

2a
k +1

[
2akx(1− kx)

+(b− 2akx + bk2x2 − k3x2)

]
+ 2a(1 + kx)

2a
k y

[
(kx− k2x2)(2a− k)

+2b− 4akx + 2bk2x2 − 2k3x2 − 2b + 2bkx

]
= 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k +1 d

2y

dx2
+

dy

dx
2(1 + kx)

2a
k +1

[
b− (2a− b + k)(kx)

2

]
−2akx(1 + kx)

2a
k +1y(2a + k − 2b) = 0.

Since (1 + kx)
2a
k +1 6= 0

⇒ kx(1− (kx)2)y′′ + 2
[
b− (2a− b + k)(kx)2

]
y′ − 2akx(2a + k − 2b)y = 0 (2.3)
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of which one solution is y = (1 + kx)
−2a
k Fk(a, b; 2b; 4x

(1+kx)2 ). Put kv = (kx)2 ⇒
√
kv = kx and v = kx2 ⇒ dv

dx = 2kx = 2
√
kv. Then

y′ =
dy

dx
=

dy

dv

dv

dx
= 2
√
kv

dy

dv

y′′ =
dy′

dx
=

d

dx

(
2
√
kv

dy

dv

)
=

d

dv

(
2
√
kv

dy

dv

)
dv

dx
=

(
2
√
kv

d2y

dv2
+

k√
kv

dy

dv

)
2
√
kv

= 4kv
d2y

dv2
+ 2k

dy

dv
.

Now, putting the values of y′ and y′′ in the equation (2.3), we obtain

√
kv(1− kv)

(
4kv

d2y

dv2
+ 2k

dy

dv

)
+ 2

[
b− (2a− b + k)kv

]
2
√
kv

dy

dv

−2a
√
kv(k + 2a− 2b)y = 0

⇒ 2
√
kv

[
2kv(1− kv)

d2y

dv2
+ k(1− kv)

dy

dv
+ 2b

dy

dv
− 2kv(2a− b + k)

dy

dv

−a(2a− 2b + k)y

]
= 0

⇒ 2
√
kv

[
2kv(1− kv)

d2y

dv2
+

dy

dv

[
k − k2v + 2b− 4akv + 2bkv − 2k2v

]
−a(2a− 2b + k)y

]
= 0

⇒ 2kv(1− kv)
d2y

dv2
+ 2

[
k

2
− 3k2v

2
+ b− 2akv + bkv

]
dy

dv
− 2a(

k

2
+ a− b)y = 0

⇒ kv(1− kv)
d2y

dv2
+

[
b +

k

2
− (2a− b +

3k

2
)kv

]
dy

dv
− a(a− b +

k

2
)y = 0. (2.4)

If, we take c = a + b + k
2 in equation (1.1), we get the following

kz(1− kz)
d2y

dz2
+ [a + b +

k

2
− (a + b + k)kz]

dy

dz
− aby = 0. (2.5)

Let z = 4x(1− kx) = 4x− 4kx2 ⇒ dz
dx = 4(1− 2kx). Then

y′ =
dy

dz
=

dy

dx

dx

dz
=

1

4

dy

dx

1

(1− 2kx)

y′′ =
d2y

dz2
=

dy′

dz
=

d

dz

[
1

4

dy

dx

1

(1− 2kx)

]
=

d

dx

[
1

4

dy

dx
(1− 2kx)−1

]
dx

dz

=

[
1

4

dy

dx
(−1)(1− 2kx)−2(−2k) +

(1− 2kx)−1

4

d2y

dx2

]
1

4(1− 2kx)

=

[
k

2(1− 2kx)2
dy

dx
+

1

4(1− 2kx)

d2y

dx2

]
1

4(1− 2kx)

=

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
1

8(1− 2kx)2
.
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By putting the values of y′ and y′′ in equation (2.5), we get

4kx(1− kx)(1− 4kx + 4k2x2)

8(1− 2kx)2

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
+

[
a + b +

k

2
− (a + b + k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

⇒ kx(1− kx)

2

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
+

[
a + b +

k

2
− (a + b + k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

⇒ k2x(1− kx)

2(1− 2kx)

dy

dx
+

kx(1− kx)

4

d2y

dx2
+

[
a + b +

k

2
− (a + b + k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

⇒ 4k2x(1− kx)

2(1− 2kx)

dy

dx
+ kx(1− kx)

d2y

dx2
+

[
a + b +

k

2
− (a + b + k)(4kx− 4k2x2)

]
dy

dx

1

(1− 2kx)
− 4aby = 0

⇒ kx(1− kx)
d2y

dx2
+

dy

dx

[
2k2x(1− kx)

(1− 2kx)
+

{
a + b +

k

2
− (a + b + k)(4kx− 4k2x2)

}
1

(1− 2kx)

]
− 4aby = 0

⇒ kx(1− kx)
d2y

dx2
+

dy

dx

[
a + b +

k

2
− 2akx− 2bkx− k2x

]
− 4aby = 0.

So, the above equation becomes

kx(1− kx)
d2y

dx2
+ [a + b +

k

2
− (2a + 2b + k)kx]

dy

dx
− 4aby = 0 (2.6)

of which one solution is y = F

(
a, b; a + b + k

2 ; 4x(1− kx)

)
.

3. Solutions of k-Differential Equations

Assume the solution of the form

y =

∞∑
n=0

anv
c+n

with an 6= 0 in equation (2.4). Then

y′ =

∞∑
n=0

an(c + n)vc+n−1

y′′ =

∞∑
n=0

an(c + n)(c + n− 1)vc+n−2.
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Now putting the values of y, y′ and y′′ in equation (2.4), we get

⇒
∞∑

n=0

ank(c + n)(c + n− 1)vc+n−1 −
∞∑

n=0

ank
2(c + n)(c + n− 1)vc+n

+(b +
k

2
)

∞∑
n=0

an(c + n)vc+n−1 − k(2a− b +
3k

2
)

∞∑
n=0

an(c + n)vc+n

−a(a− b +
k

2
)

∞∑
n=0

anv
c+n = 0

vc
[
aokc(c− 1)v−1 + aoc(b +

k

2
)v−1 +

∞∑
n=1

an

{
k(c + n)(c + n− 1)

+(b +
k

2
)(c + n)

}
vn−1 −

∞∑
n=0

an

{
k2(c + n)(c + n− 1) + k(2a− b +

3k

2
)(c + n)

+a(a− b +
k

2
)

}
vn
]

= 0.

Change the summation index

vc
[
aokc(c− 1)v−1 + aoc(b +

k

2
)v−1 +

∞∑
n=0

an+1

{
k(c + n + 1)(c + n)

+(b +
k

2
)(c + n + 1)

}
vn −

∞∑
n=0

an

{
k2(c + n)(c + n− 1) + k(2a− b +

3k

2
)(c + n)

+a(a− b +
k

2
)

}
vn
]

= 0.

Which implies that

aokc(c− 1) + aoc(b +
k

2
) = 0.

ao 6= 0. So,

kc(c− 1) + (b +
k

2
)c = 0 ⇒ c(kc + b− k

2
) = 0 ⇒ c = 0 or c =

1

2
− b

k

and

an+1

[
k(c + n + 1)(c + n) + (b +

k

2
)(c + n + 1)

]
= an

[
k2(c + n)(c + n− 1)

+k(2a− b +
3k

2
)(c + n) + a(a− b +

k

2
)

]

an+1 =

an

[
k2(c + n)(c + n− 1) + k(2a− b + 3k

2 )(c + n) + a(a− b + k
2 )

]
k(c + n + 1)(c + n) + (b + k

2 )(c + n + 1)
. (3.1)

Where n = 0, 1, 2, ....
(1) If, we take c = 0 in equation (3.1), we get

an+1 =
an
[
k2n(n− 1) + k(2a− b + 3k

2 )n + a(a− b + k
2 )
]

k(n + 1)n + (b + k
2 )(n + 1)

.



DERIVATION AND SOLUTIONS OF SOME k-DIFFERENTIAL EQUATIONS 163

Taking n = 0 in above expression, we have

a1 =
aoa(a− b + k

2 )

(b + k
2 )

and n = 1 implies

a2 =
aoa(a− b + k

2 )(a + k)(a− b + 3k
2 )

(b + k
2 )2(b + 3k

2 )

up to so on

an =
ao(a− b + k

2 )n,k(a)n,k

n!(b + k
2 )n,k

.

So

y1 =

∞∑
n=0

ao(a− b + k
2 )n,k(a)n,kv

n

n!(b + k
2 )n,k

= 2F1k

(
(a, k), (a− b +

k

2
, k); (b +

k

2
, k); v

)
.

(2) If, we take c = 1
2 −

b
k in equation (3.1), then

an+1 =
an
[
k2( 1

2 −
b
k + n)( 1

2 −
b
k + n− 1) + k(2a− b + 3k

2 )( 1
2 −

b
k + n) + a(a− b + k

2 )
]

k( 1
2 −

b
k + n + 1)( 1

2 −
b
k + n) + (b + k

2 )( 1
2 −

b
k + n + 1)

.

Taking n = 0 in above expression implies

a1 =
ao
[
k2( 1

2 −
b
k )( 1

2 −
b
k − 1) + k(2a− b + 3k

2 )( 1
2 −

b
k ) + a(a− b + k

2 )
]

k( 1
2 −

b
k + 1)( 1

2 −
b
k ) + (b + k

2 )( 1
2 −

b
k + 1)

=
ao(a− b + k

2 )(a + k − 2b)

( 3k
2 − b)

n = 1 implies

a2 =
a1
[
k2( 1

2 −
b
k + 1)( 1

2 −
b
k ) + k(2a− b + 3k

2 )( 1
2 −

b
k + 1) + a(a− b + k

2 )
]

k( 1
2 −

b
k + 2)( 1

2 −
b
k + 1) + (b + k

2 )( 1
2 −

b
k + 2)

=
ao(a− b + k

2 )(a + k − 2b)(a− b + 3k
2 )(a− 2b + 2k)

2!( 3k
2 − b)( 5k

2 − b)

and up to so on, we get

an =
ao(a− b + k

2 )n,k(a + k − 2b)n,k

n!( 3k
2 − b)n,k

.

Finally,

y2 = v
1
2−

b
k

∞∑
n=0

ao(a− b + k
2 )n,k(a + k − 2b)n,kv

n

n!( 3k
2 − b)n,k

= v
1
2−

b
k 2F1k

(
a− b +

k

2
, a− 2b + k;

3k

2
− b; v

)
.
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So, we have obtained two solutions of equation (2.4). Now we solve equation (2.6).
Let

y =

∞∑
n=0

anx
c+n

in equation (2.6). Then

y′ =

∞∑
n=0

an(c + n)xc+n−1

and

y′′ =

∞∑
n=0

an(c + n)(c + n− 1)xc+n−2.

Now, putting the values of y, y′ and y′′ in equation (2.6) implies

kx(1− kx)

∞∑
n=0

an(c + n)(c + n− 1)xc+n−2 +

[
a + b +

k

2

−(2a + 2b + k)kx

] ∞∑
n=0

an(c + n)xc+n−1 − 4ab

∞∑
n=0

anx
c+n = 0

⇒
∞∑

n=0

kan(c + n)(c + n− 1)xc+n−1 −
∞∑

n=0

k2an(c + n)(c + n− 1)xc+n

+(a + b +
k

2
)

∞∑
n=0

an(c + n)xc+n−1 − k(2a + 2b + k)

∞∑
n=0

an(c + n)xc+n

−4ab

∞∑
n=0

anx
c+n = 0

⇒
∞∑

n=0

an

[
k(c + n)(c + n− 1) + (a + b +

k

2
)(c + n)

]
xc+n−1

−
∞∑

n=0

an

[
k2(c + n)(c + n− 1) + k(2a + 2b + k)(c + n) + 4ab

]
xc+n = 0

xc

[
aokc(c− 1)x−1 + aoc(a + b +

k

2
)x−1 +

∞∑
n=1

an

{
k(c + n)(c + n− 1)

+(a + b +
k

2
)(c + n)

}
xn−1 −

∞∑
n=0

an

{
k2(c + n)(c + n− 1)

+k(2a + 2b + k)(c + n) + 4ab

}
xn

]
= 0.

Change the summation index

xc

[
aokc(c− 1)x−1 + aoc(a + b +

k

2
)x−1 +

∞∑
n=0

an+1

{
k(c + n + 1)(c + n) + (a + b +

k

2
)

(c + n + 1)

}
xn −

∞∑
n=0

an

{
k2(c + n)(c + n− 1) + k(2a + 2b + k)(c + n) + 4ab

}
xn

]
= 0.
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Which implies that

aokc(c− 1) + aoc(a + b +
k

2
) = 0.

ao 6= 0. So,
kc(c− 1) + (a + b + k

2 )c = 0 ⇒ c(kc + a + b− 1
2k) = 0 ⇒ c = 0 or c = 1

2 −
a
k −

b
k

and

an+1

[
k(c + n + 1)(c + n) + (a + b +

k

2
)(c + n + 1)

]
= an

[
k2(c + n)(c + n− 1)

+k(2a + 2b + k)(c + n) + 4ab

]

⇒ an+1 =
an
[
k2(c + n)(c + n− 1) + k(2a + 2b + k)(c + n) + 4ab

]
k(c + n + 1)(c + n) + (a + b + k

2 )(c + n + 1)
. (3.2)

Where n = 0, 1, 2, ...
(1) If, we take c = 0 in equation (3.2), we get

an+1 =
an
[
k2n(n− 1) + k(2a + 2b + k)n + 4ab

]
k(n + 1)n + (a + b + k

2 )(n + 1)
.

Taking n = 0 in above expression, we have

a1 =
ao4ab

(a + b + k
2 )

and n = 1 implies

a2 =
a1 [k(2a + 2b + k) + 4ab]

2k + (a + b + k
2 )2

=
ao(2a)(2a + k)(2b)(2b + k)

(a + b + k
2 )2(a + b + k

2 + k)

up to so on

an =
ao(2a)n,k(2b)n,k

n!(a + b + k
2 )n,k

.

So

y1 =

∞∑
n=0

ao(2a)n,k(2b)n,kx
n

n!(a + b + k
2 )n,k

= 2F1k(2a, 2b; a + b +
k

2
;x).

(2) If, we take c = 1
2 −

a
k −

b
k , in equation (3.2), then

an+1 =
an
[
k2( 1

2 −
a
k −

b
k + n)( 1

2 −
a
k −

b
k + n− 1) + k(2a + 2b + k)( 1

2 −
a
k −

b
k + n) + 4ab

]
k( 1

2 −
a
k −

b
k + n + 1)( 1

2 −
a
k −

b
k + n) + (a + b + k

2 )( 1
2 −

a
k −

b
k + n + 1)

.

Taking n = 0 in above expression implies

a1 =
ao
[
k2( 1

2 −
a
k −

b
k )(−12 −

a
k −

b
k ) + k(2a + 2b + k)( 1

2 −
a
k −

b
k ) + 4ab

]
k( 1

2 −
a
k −

b
k + 1)( 1

2 −
a
k −

b
k ) + (a + b + k

2 )( 1
2 −

a
k −

b
k + 1)

=
ao(a− b + k

2 )(b− a + k
2 )

( 3k
2 − a− b)
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n = 1 implies

a2 =
ao(a− b + k

2 )(a− b + k
2 + k)(b− a + k

2 )(b− a + k
2 + k)

2!( 3k
2 − a− b)( 3k

2 − a− b + k)

and up to so on, we get

an =
ao(a− b + k

2 )n,k(b− a + k
2 )n,k

n!( 3k
2 − a− b)n,k

.

So,

y2 = x
1
2−

a
k−

b
k

∞∑
n=0

(a− b + k
2 )n,k(b− a + k

2 )n,kx
n

n!( 3k
2 − a− b)n,k

= x
1
2−

a
k−

b
k 2F1k(a− b +

k

2
, b− a +

k

2
;

3k

2
− a− b;x).
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