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Abstract. In this paper we define an integral transform, that generalizes
several previously known integral transforms, and establish its existence and

some properties on the classical Wiener space. We then give useful examples

and applications in quantum mechanics.

1. Introduction and preliminaries

Let K ≡ K0[0, T ] be the space of complex-valued continuous functions defined
on [0, T ] which vanish at t = 0, and C0[0, T ] be the space of real-valued continuous
functions defined on [0, T ] which also vanish at t = 0. Let the triple (C0[0, T ],M,m)
denote the classical Wiener space. We denote the Wiener integral of a Wiener
integrable functional F by

E[F ] =

∫
C0[0,T ]

F (x)dm(x).

In the unifying paper [20], Lee introduced an integral transform of analytic func-
tionals on abstract Wiener spaces

Fγ,β(F )(y) =

∫
C0[0,T ]

F (γx+ βy)dm(x), y ∈ K. (1.1)

The Fourier-Wiener transform, the modified Fourier-Wiener transform, the Fourier-
Feynman transform and the Gauss transform are special cases of Lee’s integral
transform Fγ,β [1, 2, 3, 6, 7, 8, 9, 13, 17, 18].

In this paper, we introduce a new generalized integral transform which has a
kernel in its definition. We then establish the existence and some properties of
the integral transform. Furthermore, we give examples to illustrate usefulness of
the transform. Finally, we give an application in quantum mechanic. Many of
the results and formulas obtained here have some rather different aspects than the
results and formulas for integral transforms studied in previous papers [2, 3, 6, 7,
8, 9, 13, 17, 18].

We recall some definitions and notations to understand this paper.
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A subset B of C0[0, T ] is said to be scale-invariant measurable provided ρB is
M-measurable for all ρ > 0, and a scale-invariant measurable set N is said to be
a scale-invariant null set provided m(ρN) = 0 for all ρ > 0. A property that holds
except on a scale-invariant null set is said to hold scale-invariant almost everywhere
(s-a.e.), [16].

For v ∈ L2[0, T ] and x ∈ C0[0, T ], let 〈v, x〉 denote the Paley-Wiener-Zygmund
(PWZ) stochastic integral. For a more detailed study of the PWZ stochastic inte-
gral, see [1, 2, 3, 7, 8, 9, 14, 17, 18].

2. A new generalized integral transform

In this section we define a new generalized integral transform and give simple
examples.

Definition 2.1. Let γ and β be nonzero complex numbers. Let F and G be func-
tionals defined on K. The generalized integral transform TGγ,β(F ) of F given G is
defined by the formula

TGγ,β(F )(y) =

∫
C0[0,T ]

F (x)G(γx+ βy)dm(x), y ∈ K, (2.1)

if it exists. The functional G is called the kernel of the generalized integral trans-
form.

Remark. When F ≡ 1 on K, TGγ,β(1)(y) = Fγ,β(G)(y) for each y ∈ K. That is

to say, it is Lee’s integral transform (1.1) of G. This means that all formulas and
results in previous papers [2, 3, 6, 7, 8, 9, 13, 17, 18] are corollaries of our results
and formulas in this paper.

Remark. Unlike the classical Fourier and Laplace transforms that have kernels,
Lee’s integral transform (1.1) and its special cases on the Wiener space has no ker-
nel. Our generalized integral transform (2.1) is the first integral transform studied
on the Wiener space that has a kernel.

We give simple examples to illustrate the usefulness of the kernel with respect
to the generalized integral transform and to explain some differences between the
generalized integral transform TGγ,β and the integral transform Fγ,β .

Example 2.2. Let G(x) = exp{x(T )}, F1(x) = x(T ), F2(x) = x2(T ), and F3(x) =
exp{x(T )}. Then

TGγ,β(F1)(y) = exp{βy(T )}
∫
C0[0,T ]

x(T ) exp{γx(T )}dm(x)

= exp

{
βy(T ) +

γ2T

2

}
1√
2πT

∫
R
u exp

{
− (u− γT )2

2T

}
du

= γT exp

{
βy(T ) +

γ2T

2

}
,

TGγ,β(F2)(y) = exp{βy(T )}
∫
C0[0,T ]

x2(T ) exp{γx(T )}dm(x)

= exp

{
βy(T ) +

γ2T

2

}
1√
2πT

∫
R
u2 exp

{
− (u− γT )2

2T

}
du

= (T + γ2T 2) exp

{
βy(T ) +

γ2T

2

}
,
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and

TGγ,β(F3)(y) = exp{βy(T )}
∫
C0[0,T ]

exp{x(T )} exp{γx(T )}dm(x)

= exp{βy(T )} 1√
2πT

∫
R

exp

{
(1 + γ)u− u2

2T

}
du

= exp

{
βy(T ) +

T (1 + γ)2

2

}
.

While, the formulas for the integral transform Fγ,β for functionals F1, F2 and F3

are given by
Fγ,β(F1)(y) = βy(T ),

Fγ,β(F2)(y) = γ2T + β2y2(T ),

and

Fγ,β(F3)(y) = exp

{
βy(T ) +

γ2T

2

}
.

We next describe the class of functionals that we work with in this paper. Let

{α1, · · · , αn} be an orthonormal set of functions in L2[0, T ] and let E(n)
0 be the

space of all functionals F : K → C of the form

F (x) = f(〈α1, x〉, · · · , 〈αn, x〉) ≡ f(〈~α, x〉) (2.2)

for some positive integer n, where f(λ1, · · · , λn) is an entire function of n complex
variables λ1, · · · , λn of exponential type; that is to say,

|f(λ1, · · · , λn)| ≤ AF exp

{
BF

n∑
j=1

|λj |
}

(2.3)

for a positive constant AF and a nonnegative constant BF .

Remark. Note that E(n)
0 is a very rich class of functionals as E(n)

0 contains many

unbounded functionals. For F ∈ E(n)
0 , f is a constant function if and only if f

is bounded. Furthermore we can show that for appropriate θ and φ, the following
functionals of the forms

exp

{∫ T

0

θ(t, x(t))dt

}
, exp

{∫ T

0

θ(t, x(t))dt

}
φ(x(T )), exp

{
i

∫ T

0

x(t)dt

}
are all elements of E(n)

0 . These functionals are of interest in functional analysis
and quantum mechanics, [17].

We finish this section by stating a well-known integration formula (see [22, for-
mula (29)]) which will be used later in this paper.

Theorem 2.3. Let {α1, · · · , αn} be an orthonormal set of functions in L2[0, T ].
Let f : Rn → C be Borel measurable and let

F (x) = f(〈~α, x〉).
Then ∫

C0[0,T ]

F (x)dm(x) =

∫
C0[0,T ]

f(〈~α, x〉)dm(x)

=

(
1

2π

)n
2
∫
Rn

f(~u) exp

{
−

n∑
j=1

u2j
2

}
d~u

(2.4)
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in the sense that if either side of (2.4) exists, then both sides exist and the equality
holds.

3. Existence of the generalized integral transform

In this section, we establish the existence of generalized integral transform TGγ,β(F )

of F ∈ E(n)
0 given the kernel G with useful examples. We then obtain some rela-

tionships involving the generalized integral transform.

3.1. The classical kernel G. We first consider the classical kernel G of the form

G(x) = g(x(T )), (3.1)

where g : C→ C is an entire function such that the restriction on R is an element
of L1(R) ∩ L∞(R). This kernel is used to explain various physical phenomena in
quantum mechanics.

Let {α1, · · · , αn} be an orthonormal set of functions of bounded variation in
L2[0, T ]. That is to say

(αi, αj)2 =

∫ T

0

αi(t)αj(t)dt =

{
0 , i 6= j

1 , i = j

for all i and j in the set {1, 2, · · · , n}. In order to obtain the existence of TGγ,β(F )

for all functionals F ∈ E(n)
0 given the kernel G as in equation (3.1), we have to

consider the following observation. Let α0 be the constant function

α0(t) =
1√
T

for all t ∈ [0, T ]. Then four cases arise:

(a) The normalized constant function α0 is orthogonal to span {α1, · · · , αn}.
(b) α0 ∈ {α1, · · · , αn}, say α0 = α1 for convenience.
(c) α0 6∈ {α1, · · · , αn} but α0 ∈ span{α1, · · · , αn}. In this case, one may

choose a new orthonormal basis {β1 · · · , βn} for span{α1, · · · , αn} such
that α0 = β1. Now by an appropriate change in f it reduces to the case
(b).

(d) α0 6∈ span{α1, · · · , αn}. In this case one may choose a basis {β1 · · · , βn+1}
for the span{α0, α1, · · · , αn} such that α0 = β1. Again after making an ap-
propriate change in f , we are back to the case (b) except that the dimension
is raised by one, for more details see [10, 15].

These mean that we can consider two cases as follows: either α0 is orthogonal to
span{α1, · · · , αn} or else α0 ∈ span{α1, · · · , αn}. For each of these two cases we will
obtain a formula for the generalized integral transform TGγ,β(F ) for all functionals

F ∈ E(n)
0 given the kernel G as in equation (3.1) above.

Case 1: α0 is orthogonal to span{α1, · · · , αn}. That means

(α0, αi)2 =

∫ T

0

α0(t)αi(t)dt = 0

for all i = 1, 2, · · · , n; and we proceed to establish the following theorem.
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Theorem 3.1. Assume that α0 is orthogonal to span{α1, · · · , αn} and let F be
given by equation (2.2) and G be given by equation (3.1). Then for all nonzero
complex numbers γ and β with Re(1/γ2) ≥ 0,

TGγ,β(F )(y) = Γ1(〈α0, y〉),
where

Γ1(w) =

(
1

2π

)n
2
∫
Rn

f(~u) exp

{
−

n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫
R
g(v) exp

{
− 1

2γ2
[v − β

√
Tw]2

}
dv.

(3.2)

Furthermore, TGγ,β : E(n)
0 −→ E(1)

0 is a linear operator.

Proof. First, let γ and β be nonzero real numbers. Using equations (2.1), (2.2),
(2.4) and (3.1), it follows that for y ∈ K

TGγ,β(F )(y) =

∫
C0[0,T ]

f(〈~α, x〉)g(γx(T ) + βy(T ))dm(x)

=

∫
C0[0,T ]

f(〈~α, x〉)g(γ
√
T 〈α0, x〉+ β

√
T 〈α0, y〉)dm(x)

=

(
1

2π

)n
2
∫
Rn

f(~u) exp

{
−

n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫
R
g(v) exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv

≡ Γ1(〈α0, y〉).

This is also valid for all nonzero complex numbers γ and β with Re(1/γ2) ≥ 0

because the function exp

{
− 1

2γ2 [v − β
√
Tw]2

}
is analytic as a function of nonzero

complex numbers γ and β with Re(1/γ2) ≥ 0. Next, the function Γ1 is an entire
function of variable w and by using equation (2.3),

|Γ1(w)| ≤
(

1

2π

)n
2

‖g‖1
(

1

2π|γ2|T

) 1
2
∫
Rn

|f(~u)| exp

{
−

n∑
j=1

u2j
2

}
d~u

≤ ‖g‖1
(

A2
F

2π|γ2|T

) 1
2
(

1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj | −
n∑
j=1

u2j
2

}
d~u

= A1 exp{B1|w|},
where B1 = 0 and

A1 = ‖g‖1
(

A2
F

2π|γ2|T

) 1
2
(

1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj | −
n∑
j=1

u2j
2

}
d~u <∞.

This means that TGγ,β(F ) is an element of E(1)
0 and we complete the proof of Theorem

3.1. �

We next give a table of useful special cases of the generalized integral transform
TGγ,β(F ) by giving two functions f and g as in Theorem 3.1 above.
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g(u) = exp{−u
2

2 }

f(~u) = exp{
n∑
j=1

uj} 1√
T (1+γ2)

exp

{
n
2 −

β2T
2+2γ2 〈α0, y〉

}
f(~u) = exp{

n∑
j=1

−u
2
j

2 }
1√
T

exp

{
n+γ2

2 + β
√
T 〈α0, y〉

}
Table 1. Examples 1.

Case 2: α0 ∈ span{α1, · · · , αn}. In this case we know that there exists con-
stants c1, c2, · · · , cn, not all zero such that

α0(t) =

n∑
j=1

cjαj(t) (3.3)

for all t ∈ [0, T ]. We have the following theorem.

Theorem 3.2. Assume that α0 is given by equation (3.3). Let F be given by
equation (2.2) and G be given by equation (3.1). Then for all nonzero complex
numbers γ and β,

TGγ,β(F )(y) = Γ2(〈α0, y〉)
where

Γ2(w) =

(
1

2π

)n
2
∫
Rn

f(~u)g

(
γ
√
T

n∑
j=1

cjuj + β
√
Tw

)
exp

{
−

n∑
j=1

u2j
2

}
d~u.

Furthermore, TGγ,β : E(n)
0 −→ E(1)

0 is a linear operator.

Proof. First, let γ and β be nonzero real numbers. Using equations (2.1), (2.2),
(2.4) and (3.1), it follows that for y ∈ K

TGγ,β(F )(y)

=

∫
C0[0,T ]

f(〈~α, x〉)g(γx(T ) + βy(T ))dm(x)

=

∫
C0[0,T ]

f(〈~α, x〉)g(γ
√
T

n∑
j=1

cj〈αj , x〉+ β
√
T 〈α0, y〉)dm(x)

=

(
1

2π

)n
2
∫
Rn

f(~u)g(γ
√
T

n∑
j=1

cjuj + β
√
T 〈α0, y〉) exp

{
−

n∑
j=1

u2j
2

}
d~u

≡ Γ2(〈α0, y〉).
This is still valid for all nonzero complex numbers γ and β because g is an entire
function. Next, the function Γ2 is an entire function of variable w and by using
equation (2.3),

|Γ2(w)| ≤
(

1

2π

)n
2
∫
Rn

|f(~u)||g(γ
√
T

n∑
j=1

cjuj + β
√
T 〈α0, y〉)| exp

{
−

n∑
j=1

u2j
2

}
d~u

≤ ‖g‖∞AF
(

1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj | −
n∑
j=1

u2j
2

}
d~u

= A2 exp{B2|w|},
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where B2 = 0 and

A2 = ‖g‖∞AF
(

1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj | −
n∑
j=1

u2j
2

}
d~u <∞.

This means that TGγ,β(F ) is an element of E(1)
0 and hence we complete the proof of

Theorem 3.2. �

We also give a table of special cases for the generalized integral transform TGγ,β(F )
by giving two functions f and g as in Theorem 3.2. We will only state for the case
n = 2 to avoid some complexity.

g(u) = exp{−u
2

2 }

f(~u) = e−
u2
1+u2

2
2

1√
4+2γ2T

2∑
j=1

c2j

exp

{
− β2T 〈α0,y〉2

2+γ2T
2∑

j=1
c2j

}

f(~u) = eu1+u2 1√
1+γ2T

2∑
j=1

c2j

exp

{ 2+γ2T
2∑

j=1
(c21−c

2
2)−βT 〈α0,y〉(2γ

2∑
j=1

cj+β〈α0,y〉)

2+2γ2T
2∑

j=1
c2j

}

Table 2. Examples 2.

3.2. The kernel G in the class E(n)
0 . We now consider the kernel G ∈ E(n)

0 .

Theorem 3.3. Let F be given by equation (2.2) and let G be an element of E(n)
0

which has the form

G(x) = g(〈~α, x〉),

where g is a function which satisfies the conditions of the class E(n)
0 . Then for all

nonzero complex numbers γ and β,

TGγ,β(F )(y) = Γ3(〈~α, y〉),

where

Γ3(~w) =

(
1

2π

)n
2
∫
Rn

f(~u)g(γ~u+ β ~w) exp

{
−

n∑
j=1

u2j
2

}
d~u.

Proof. Let γ and β be nonzero complex numbers. Using equations (2.1), (2.2) and
(2.4), it follows that for y ∈ K,

TGγ,β(F )(y) =

∫
C0[0,T ]

f(〈~α, x〉)g(γ〈~α, x〉+ β〈~α, y〉)dm(x)

=

(
1

2π

)n
2
∫
Rn

f(~u)g(γ~u+ β〈~α, y〉) exp

{
−

n∑
j=1

u2j
2

}
d~u

≡ Γ3(〈~α, y〉).
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In fact, the function Γ3 is an entire function and by using equation (2.3),

|Γ3(~w)| ≤
(

1

2π

)n
2
∫
Rn

|f(~u)||g(γ~u+ β ~w)| exp

{
−

n∑
j=1

u2j
2

}
d~u

≤ AFAG
(

1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj |+BG|γ|
n∑
j=1

|uj |+BG|β|
n∑
j=1

|wj |−
n∑
j=1

u2j
2

}
d~u

= A3 exp{B3

n∑
j=1

|wj |},

where B3 = BG|β| and

A3 = AFAG

(
1

2π

)n
2
∫
Rn

exp

{
BF

n∑
j=1

|uj |+BG|γ|
n∑
j=1

|uj | −
n∑
j=1

u2j
2

}
d~u <∞.

This means that TGγ,β(F ) is an element of E(n)
0 and hence we complete the proof of

Theorem 3.3. �

4. Some relationships

In this section, we establish some relationships with respect to the generalized
integral transform for Case 1: α0 is orthogonal to span{α1, · · · , αn}. Before doing
so, we need the following lemma.

Lemma 4.1. Let F,G, γ and β be as in Theorem 3.1 and let Fγ,β is the integral
operator defined by equation (1.1). Then

TGγ,β(F )(y) = E[F ]Fγ,β(G)(y) (4.1)

for y ∈ K. In particular, if E[F ] = 1, then TGγ,β(F )(y) = Fγ,β(G)(y) for all
y ∈ K.

Proof. For F ∈ E(n)
0 , we note that

E[F ] =

(
1

2π

)n
2
∫
Rn

f(~u) exp

{
−

n∑
j=1

u2j
2

}
d~u.

In fact,

|E[F ]| ≤
(
A2
F

2π

)n
2
∫
Rn

exp

{ n∑
j=1

(BF |uj | −
u2j
2

)

}
d~u <∞.

Also, we note that for G(x) = g(x(T )) and for all nonzero real numbers γ and β,

Fγ,β(G)(y) =

∫
C0[0,T ]

g(γ
√
T 〈α0, x〉+ β

√
T 〈α0, y〉)dm(x)

=

(
1

2πγ2T

) 1
2
∫
R
g(v) exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv.

This is valid for all nonzero complex numbers γ and β. From these facts, equation
(3.2) and a similar method in Theorem 3.1, we obtain equation (4.1) as desired.

�

In our next theorem, we establish the formula for composition of generalized
integral operators.
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Theorem 4.2. Let F and G be as in Theorem 3.1. Then for all nonzero complex
numbers γ1, · · · , γn, β1, · · · , βn, with Re(1/γ2j ) ≥ 0, j = 1, 2, · · · , n,

TGγn,βn
(· · · (TGγ1,β1

(F )) · · · )(y)

= E[F ]E[Fγ1,β1(G)] · · ·E[Fγn−1,βn−1(G)]Fγn,βn(G)(y)
(4.2)

for y ∈ K.

Proof. Applying equation (4.1) twice, we have

TGγ2,β2
(TGγ1,β1

(F ))(y) = E[TGγ1,β1
(F )]Fγ2,β2

(G)(y)

= E[F ]E[Fγ1,β1(G)]Fγ2,β2(G)(y),

which establishes equation (4.2) for n = 2. The general case n ≥ 2 is deduced by
mathematical induction. �

5. Applications

In this section, we present some applications involving quantum mechanics. The
solution of a diffusion equation can be expressed as the limit of generalized integral
transform. In order to do this we need to first list some results and formulas
used in [4, 5]. We will only do this for Case 1; i.e., when θ0 is orthogonal to

span{θ1, · · · , θn}. Case 2; when θ0 ∈ span{θ1, · · · , θn} and the case G ∈ E(n)
0

follow in a similar way.
Let

C ′0[0, T ] =
{
w ∈ C0[0, T ] : w(t) =

∫ t

0

z(s)ds, z ∈ L2[0, T ]
}
.

Then C ′0[0, T ] is a separable infinite dimensional real Hilbert space with inner prod-
uct

(w1, w2)C′0 =

∫ T

0

w′1(t)w′2(t)dt =

∫ T

0

z1(t)z2(t)dt.

It is well-known [12, 19] that (C ′0[0, T ], C0[0, T ],m) is an abstract Wiener space.
Next, let S : C ′0[0, T ]→ C ′0[0, T ] be the linear operator defined by

Sw(t) =

∫ t

0

w(s)ds.

Then the adjoint operator S∗ of S is given by

S∗w(t) = w(T )t−
∫ t

0

w(s)ds =

∫ t

0

(w(T )− w(s))ds

and the linear operator A = S∗S is given by

Aw(t) =

∫ T

0

min{s, t}w(s)ds.

Furthermore, we see that A is a self-adjoint operator on C ′0[0, T ] and that

(w1, Aw2)C′0 = (Sw1, Sw2)C′0 =

∫ T

0

w1(s)w2(s)ds

for all w1, w2 ∈ C ′0[0, T ]. Hence A is a positive definite operator, i.e., (w,Aw)C′0 ≥ 0
for all w ∈ C ′0[0, T ]. One can show that the orthonormal eigenfunctions {en} of A
are given by

en(t) =

√
2T

(n− 1
2 )π

sin

(
(n− 1

2 )π

T
t

)
≡
∫ t

0

αn(s)ds
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with corresponding eigenvalues {δn} given by

δn =

(
T

(n− 1
2 )π

)2

. (5.1)

Furthermore, it can be shown that {en} is a basis of C ′0[0, T ] and so {αn} is a basis
of real L2[0, T ], and that A is a trace class operator and so S is a Hilbert-Schmidt

operator on C ′0[0, T ]. In fact, the trace of A is given by TrA = 1
2T

2 =
∫ T
0
tdt. In

this case, ∫ T

0

x2(s)ds = lim
n→∞

n∑
j=1

δj〈αj , x〉2

for a.e. x ∈ C0[0, T ]. Let

fn(~w) = exp

{
−

n∑
j=1

δjw
2
j

}
.

Then fn is an entire function and |fn(~w)| ≤ An exp{Bn
n∑
j=1

|wj |} where An =

‖fn‖1 and Bn = 0 for all n = 1, 2, · · · . Hence Fn(x) = fn(〈~α, x〉) in E(n)
0 for all

n = 1, 2, · · · . Also, for each n = 1, · · · , let δn be as in equation (5.1). Then we
obtain that

lim
n→∞

Fn(x) = lim
n→∞

exp

{
−

n∑
j=1

δj〈αj , x〉2
}

= exp

{
−
∫ T

0

x2(s)ds

}
for a.e. x ∈ C0[0, T ].

It is a well-known fact that the Wiener integral of the functionals

exp

{
−
∫ T

0

V (x(t))dt

}
ψ(x(T )) (5.2)

gives the solution to the diffusion equation

∂

∂t
ϕ(u, t) =

1

2
∆ϕ(u, t)− V (u)ϕ(u, t) (5.3)

with initial condition ϕ(u, 0) = ψ(u), where ∆ is the Laplacian and V is an ap-
propriate potential function. Our new integral transform TGγ,β(F ) represents the

functional (5.2) as follows, when the potential function V (u) = u2,

TGγ,β(F )(y) =

∫
C0[0,T ]

F (x)G(γx+ βy)dm(x)

=

∫
C0[0,T ]

exp

{
−
∫ T

0

x2(s)ds

}
g(γx(T ) + βy(T ))dm(x)

=

∫
C0[0,T ]

lim
n→∞

exp

{
−

n∑
j=1

δj〈αj , x〉2
}
g(γx(T ) + βy(T ))dm(x)

= lim
n→∞

∫
C0[0,T ]

exp

{
−

n∑
j=1

δj〈αj , x〉2
}
g(γx(T ) + βy(T ))dm(x)

= lim
n→∞

TGγ,β(Fn)(y),

where Fn(x) = fn(〈~α, x〉) in E(n)
0 for all n = 1, 2, · · · . This tells us that the limit of

the generalized integral transforms can be used to obtain the solution of diffusion
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equation (5.3). In fact, if γ = 1 and y = 0, then it gives the solution of the diffusion
equation (5.3).

Now we shall explain this for the following cases:

• When g(v) = exp{− v
2

2 }, then G(x) = g(x(T )) = exp{−x
2(T )
2 } and g is an

element of L1(R) ∩ L∞(R).
Let

In ≡ TGγ,β(Fn)(y) =

(
1

2π

)n
2
∫
Rn

fn(~u) exp

{ n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫
R
g(v) exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv

for each n = 1, 2, · · · . We have

In =

(
1

2π

)n
2
∫
Rn

exp{−
∑
j=1

δju
2
j} exp

{
−

n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫
R

exp

{
−v

2

2

}
exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv

=

( n∏
j=1

1

2δj + 1

) 1
2 1√

T (1 + γ2)
exp

{
−β2T

γ2(1 + γ2)− 1

γ2(1 + γ2)
〈α0, y〉2

}
.

Taking the limit as n→∞, we obtain

lim
n→∞

( n∏
j=1

1

2δj + 1

) 1
2

= lim
n→∞

( n∏
j=1

(j − 1
2 )2π2

2T 2 + (j − 1
2 )2π2

) 1
2

=

√
sech(

√
2T )

and hence we can conclude that

lim
n→∞

TGγ,β(Fn)(y) =

√
sech(

√
2T )

T (1 + γ2)
exp

{
−β2T

γ2(1 + γ2)− 1

γ2(1 + γ2)
〈α0, y〉2

}
gives us a solution for the diffusion equation (5.3).

• When g(v) =

{
R, if |v| ≤ L
0, if |v| > L

, where R > 0, then g is an element of

L1(R) ∩ L∞(R). In this case, equation (5.3) is called the diffusion equation for a
pulse wave packet with constant amplitude [21, 23].

In order to explain this case we first need to discuss the “Gauss error function”
which is a non-elementary special function of sigmoid shape which occurs naturally
in probability, statistics, and partial differential equations describing diffusion [11,
24]. It is defined for x ≥ 0 by the formula

Erf(x) =
2√
π

∫ x

0

e−t
2

dt.

The complementary error function, denoted by Erfc(x), is defined as

Erfc(x) = 1− Erf(x).

The imaginary error function, denoted by Erfi, is defined as

Erfi(x) = iErf(ix) =
2√
π
ex

2

D(x),
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where D(x) is the Dawson function. When the error function is evaluated for
arbitrary complex arguments z, the resulting complex error function is usually
referred to in scaled form as the Faddeeva function

w(z) = e−z
2

Erfc(iz).

Now, we will give the solution of the diffusion equation (5.3) for a pulse wave
packet with constant amplitude as follows:

Let

Jn ≡ TGγ,β(Fn)(y) =

(
1

2π

)n
2
∫
Rn

fn(~u) exp

{ n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫
R
g(v) exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv

for each n = 1, 2, · · · . Then we have

Jn =

(
1

2π

)n
2
∫
Rn

exp{−
∑
j=1

δju
2
j} exp

{
−

n∑
j=1

u2j
2

}
d~u

×
(

1

2πγ2T

) 1
2
∫ L

−L
R exp

{
− 1

2γ2
[v − β

√
T 〈α0, y〉]2

}
dv

=

( n∏
j=1

1

2δj + 1

) 1
2
(
R2

4T

) 1
2
[
Erf

(
L− β

√
T 〈α0, y〉

2γ2

)
+ Erf

(
L+ β

√
T 〈α0, y〉

2γ2

)]
.

Taking the limit as n→∞ again as in the proceeding of the first case, we have

lim
n→∞

( n∏
j=1

1

2δj + 1

) 1
2

=

√
sech(

√
2T )

and hence we can conclude that

lim
n→∞

TGγ,β(Fn)(y) =

√
R2sech(

√
2T )

4T

×
[
Erf

(
L− β

√
T 〈α0, y〉

2γ2

)
+ Erf

(
L+ β

√
T 〈α0, y〉

2γ2

)]
gives us the solution for the diffusion equation (5.3).

Remark. In applications we meet also initial functions

g1(v) =
mω2

8c2
(v2 − c2)2

and

g2(v) = −α
2ω

2k

s(s+ 1)

cosh2(αv)
.

In the case of g1, we say that the diffusion equation (5.3) has the double-well initial
function. Also in the case of g2, we say that the diffusion equation (5.3) has the
Pöschl-Teller initial function.
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