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Abstract. In this paper we have found some integral inequalities by applying
concept of m-convexity introduced by Toader via Riemann-Liouville fractional

integrals. Also we have derived several Hadamard-type inequalities as special

cases.

1. Introduction

Convex functions play an important role in different fields of Mathematics, Sci-
ence and Engineering. A class of functions related to convex functions is m-convex
functions introduced by Toader in [22].

Definition 1.1. A function f : [0, b] → R, b > 0, is said to be m-convex, where
m ∈ [0, 1], if we have

f (tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

for all x, y ∈ [0, b] and t ∈ [0, 1].

If we take m = 1, then we recapture the concept of convex functions defined on
[0, b] and if we take m = 0, then we get the concept of starshaped functions on
[0, b]. We recall that a function f : [0, b]→ R is called starshaped if

f(tx) ≤ tf(x) for all t ∈ [0, 1] and x ∈ [0, b].

If the set of m-convex functions on [0, b] for which f(0) < 0 is denoted by Km(b),
then one has

K1(b) ⊂ Km(b) ⊂ K0(b),

whenever m ∈ (0, 1).
Note that in the class K1(b) there are convex functions f : [0, b] → R for which
f(0) ≤ 0 (see [6]).
Example: [16] The function f : [0,∞)→ R, given by

f(x) =
1

12

(
4x3 − 15x2 + 18x− 5

)
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is 16
17−convex function but it is not convex function.

For more results and inequalities related to m-convex functions one can consult for
example [6, 7, 10, 14, 17] along with references.

The Hadamard and the Fejér-Hadamard inequalities are of great interest for re-
searchers working in the field of integral inequalities, and their various extensions
and generalizations have been found (see, [1–5, 9, 12, 13, 15, 20, 23] and references
therein).
Let f : I → R be a convex function defined on the interval I of real numbers and
a, b ∈ I with a < b. Then the following double inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
, (1.1)

is known in literature as the Hadamard inequality.
In [11] Fejér gave the following generalization of the Hadamrd inequality.

Theorem 1.2. Let f : [a, b] → R be a convex function and g : [a, b] → R be a
nonnegative, integrable and symmetric to a+b

2 . Then the following inequality holds:

f

(
a+ b

2

)∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ b

a

g(x)dx. (1.2)

In literature above inequality is known as the Fejér-Hadamard inequality.
Now a days the Hadamard and the Fejér-Hadamard inequalities via fractional

calculus are in focus. Recently a lot of papers by many researchers have been ded-
icated in this direction for example see [13, 19, 20] and references therein.

Two sided Riemann-Liouville fractional integral operator is defined as follows:
Let f ∈ L1[a, b]. Then the Riemann-Liouville fractional integrals Jαa+f and Jαb−f
of order α > 0 with a ≥ 0 are defined as:

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)α−1f(t)dt, x < b

where Γ(α) is the Gamma function defined as:

Γ(α) =

∫ ∞
0

tα−1e−tdt,

also

Γ(α+ 1) = αΓ(α)

and J0
a+f(x) = J0

b−f(x) = f(x).

In [21] authors have proved the following Fejér-Hadamard type inequalities for
convex functions.

Theorem 1.3. Let f : Io → R be a differentiable mapping on Io, a, b ∈ Io with
a < b and let g : [a, b] → R be continuous on [a, b]. If |f ′| is convex on [a, b], then
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the following inequality holds∣∣∣∣∣
(∫ b

a

g(s)ds

)α
[f(a) + f(b)]− α

∫ b

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ b

a

(∫ b

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤

(b− a)α+1‖g‖α∞
α+ 1

[|f ′(a)|+ |f ′(b)|].

(1.3)

with α > 0.

Theorem 1.4. Let f : Io → R be a differentiable mapping on Io, a, b ∈ Io with
a < b and let g : [a, b]→ R be continuous on [a, b]. If |f ′|q, q > 1 is convex on [a, b],
then the following inequality holds with α > 0, 1p + 1

q = 1 and ‖g‖∞ = sup|g(t)|

∣∣∣∣∣
(∫ b

a

g(s)ds

)α
[f(a) + f(b)]− α

∫ b

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ b

a

(∫ b

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤

2(b− a)α+1‖g‖α∞
(αp+ 1)

1
p

[
|f ′(a)|q + |f ′(b)|q

2

] 1
q

. (1.4)

In [19], authors have proved the following Hadamard-type inequalities for Riemann-
Liouville fractional integrals.

Theorem 1.5. Let f : [a, b] → R be a differentiable mapping on (a, b) with 0 ≤
a < b. If

∣∣∣f ′∣∣∣q, q ≥ 1 is convex on [a, b], then the following inequality for fractional

integrals holds:

∣∣∣∣f (λb+ (1− λ)a) + f(λa+ (1− λ)b)

(1− 2λ)(b− a)
− Γ(α+ 1)

(1− 2λ)α+1(b− a)α+1

×
[
Jα(λb+(1−λ)a)+f(λa+ (1− λ)b) + Jα(λa+(1−λ)b)−f(λb+ (1− λ)a)

]∣∣∣
≤ 2

α+ 1

(
1− 1

2α

)
∣∣∣f ′(λa+ (1− λ)b)

∣∣∣q +
∣∣∣f ′(λb+ (1− λ)a)

∣∣∣q
2


1
q

, (1.5)

where λ ∈ [0, 1] \ { 12} with α > 0.

Theorem 1.6. Let f : [a, b] → R be a differentiable mapping on (a, b) with 0 ≤
a < b. If

∣∣∣f ′ ∣∣∣q is convex on [a, b] for some fixed q ≥ 1, then the following inequality
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for fractional integrals holds:∣∣∣∣f (λb+ (1− λ)a) + f(λa+ (1− λ)b)

(1− 2λ)(b− a)
− Γ(α+ 1)

(1− 2λ)α+1(b− a)α+1

×
[
Jα(λb+(1−λ)a)+f(λa+ (1− λ)b) + Jα(λa+(1−λ)b)−f(λb+ (1− λ)a)

]∣∣∣
≤
[

2

αp+ 1

(
1− 1

2αp

)] 1
p


∣∣∣f ′(λa+ (1− λ)b)

∣∣∣q +
∣∣∣f ′(λb+ (1− λ)a)

∣∣∣q
2


1
q

, (1.6)

where 1
p + 1

q = 1, α > 0 and λ ∈ [0, 1] \ { 12}.

Theorem 1.7. Let f : [a, b] → R be a differentiable mapping on (a, b) with 0 ≤
a < b. If

∣∣∣f ′ ∣∣∣q is convex on [a, b] for some fixed q ≥ 1, then the following inequality

for fractional integrals holds:∣∣∣∣f (λb+ (1− λ)a) + f(λa+ (1− λ)b)

(1− 2λ)(b− a)
− Γ(α+ 1)

(1− 2λ)α+1(b− a)α+1

×
[
Jα(λb+(1−λ)a)+f(λa+ (1− λ)b) + Jα(λa+(1−λ)b)−f(λb+ (1− λ)a)

]∣∣∣
≤
[

1

qα+ 1

(
1− 1

2qα+1

)] 1
q


∣∣∣f ′(λa+ (1− λ)b)

∣∣∣q +
∣∣∣f ′(λb+ (1− λ)a)

∣∣∣q
2


1
q

,

(1.7)

where λ ∈ [0, 1] \ { 12} and α > 0.

We organize the paper as follows:
In Section 2 we give the Fejér-Hadamard type inequalities for m-convex functions
via Riemann-Liouville fractional integrals. Also we deduce results of [8, 21]. In
Section 3 we give generalizations of the Hadamard-type inequalities for m-convex
functions via Riemann-Liouville fractional integrals given in [18–20]. Moreover we
deduce results of [8, 18–21] as special cases of our results.

2. Main results

We need the following lemma for our results.

Lemma 2.1. Let f : Io → R be a differentiable mapping on Io, a, b ∈ Io with
a < mb and let g : [a,mb]→ R be continuous on [a,mb]. If f ′, g ∈ L[a, b], then for
all t ∈ [a,mb] the following equality holds(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]

− α
∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt− α

∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

=

∫ mb

a

(∫ t

a

g(s)ds

)α
f ′(t)dt−

∫ mb

a

(∫ mb

t

g(s)ds

)α
f ′(t)dt (2.1)

where α > 0
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Proof. One can have

∫ mb

a

(∫ t

a

g(s)ds

)α
f ′(t)dt

=

(∫ mb

a

g(s)ds

)α
f(mb)− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt (2.2)

and

∫ mb

a

(∫ mb

t

g(s)ds

)α
f ′(t)dt

= −

(∫ mb

a

g(s)ds

)α
f(a) + α

∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt. (2.3)

Subtracting (2.3) from (2.2) we get (2.1). �

Using above lemma we give the following generalization of Theorem 1.3.

Theorem 2.2. Let f : Io → R be a differentiable mapping on Io, a, b ∈ Ioand
let g : [a,mb] → R be continuous on [a,mb]. If |f ′| is m-convex on [a,mb] with
a < mb, then for α > 0 and ‖g‖∞ = sup|g(t)| the following inequality holds

∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤

(mb− a)α+1‖g‖α∞
α+ 1

[|f ′(a)|+m|f ′(b)|].

(2.4)

Proof. Using (2.1) of Lemma 2.1 we get

∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤
∫ mb

a

∣∣∣∣∫ t

a

g(s)ds

∣∣∣∣α |f ′(t)|dt+

∫ mb

a

∣∣∣∣∣
∫ mb

t

g(s)ds

∣∣∣∣∣
α

|f ′(t)|dt.
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As g(t) ≤ ‖g‖∞, so we have∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤ ‖g‖α∞

[∫ mb

a

(t− a)α|f ′(t)|dt+

∫ mb

a

(mb− t)α|f ′(t)|dt

]

= ‖g‖α∞

[∫ mb

a

(t− a)α
∣∣∣∣f ′(mb− tmb− a

a+m
t− a
mb− a

b

)∣∣∣∣ dt
+

∫ mb

a

(mb− t)α
∣∣∣∣f ′(mb− tmb− a

a+m
t− a
mb− a

b

)∣∣∣∣ dt
]
.

Using m-convexity of |f ′| we have∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤ ‖g‖α∞

[∫ mb

a

(t− a)α
(
mb− t
mb− a

|f ′(a)|+m
t− a
mb− a

|f ′(b)|
)
dt

+

∫ mb

a

(mb− t)α
(
mb− t
mb− a

|f ′(a)|+m
t− a
mb− a

|f ′(b)|
)
dt

]
.

From which after some calculations we get the required result. �

Corollary 2.3. For g(s) ≡ 1 we have the following Hadamard-type inequality for
Riemann-Liouville fractional integrals∣∣∣∣f(a) + f(mb)

2
− Γ(α+ 1)

2(mb− a)α
[
Jαa+f(mb) + Jαmb−f(a)

]∣∣∣∣
≤ mb− a

2(α+ 1)
[|f ′(a)|+m|f ′(b)|] , (2.5)

with α > 0.

Remark. In Theorem 2.2
(i) if we take m = 1, then we get Theorem 1.3.
(ii) if we takeg(s) ≡ 1 along with m = 1, then we get [21, Corollary 2].
(iii) if we take α = 1 along with m = 1, then we get [21, Corollary 3].

Theorem 2.4. Let f : Io → R be a differentiable mapping on Io, a, b ∈ Io and let
g : [a,mb]→ R be continuous on [a,mb]. If |f ′|q is m-convex on [a,mb], q > 1, with
a < mb, then the following inequality with α > 0, 1p + 1

q = 1 and ‖g‖∞ = sup|g(t)|
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holds∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤

2(mb− a)α+1‖g‖α∞
(αp+ 1)

1
p

[
|f ′(a)|q +m|f ′(b)|q

2

] 1
q

.

(2.6)

Proof. Using (2.1) of Lemma 2.1 we get∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤
∫ mb

a

∣∣∣∣∫ t

a

g(s)ds

∣∣∣∣α |f ′(t)|dt+

∫ mb

a

∣∣∣∣∣
∫ mb

t

g(s)ds

∣∣∣∣∣
α

|f ′(t)|dt.

Using Hölder’s inequality on the right hand side of the above inequality we have∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤

(∫ mb

a

∣∣∣∣∫ t

a

g(s)ds

∣∣∣∣αp dt
) 1

p
(∫ mb

a

|f ′(t)|qdt

) 1
q

+

(∫ mb

a

∣∣∣∣∣
∫ mb

t

g(s)ds

∣∣∣∣∣
αp

dt

) 1
p
(∫ mb

a

|f ′(t)|qdt

) 1
q

.

As g(t) ≤ ‖g‖∞, so we get∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤ ‖g‖α∞

(∫ mb

a

|t− a|αpdt

) 1
p

+

(∫ mb

a

|mb− t|αpdt

) 1
p

(∫ mb

a

|f ′(t)|qdt

) 1
q

.
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From m-convexity of |f ′|q we have∣∣∣∣∣
(∫ mb

a

g(s)ds

)α
[f(a) + f(mb)]− α

∫ mb

a

(∫ t

a

g(s)ds

)α−1
g(t)f(t)dt

−α
∫ mb

a

(∫ mb

t

g(s)ds

)α−1
g(t)f(t)dt

∣∣∣∣∣∣
≤ ‖g‖α∞

(∫ mb

a

|t− a|αpdt

) 1
p

+

(∫ mb

a

|mb− t|αpdt

) 1
p


(∫ b

a

(
mb− t
mb− a

|f ′(a)|q +m
t− a
mb− a

|f ′(b)|q
)
dt

) 1
q

.

From which one can have inequality (2.6). �

Corollary 2.5. If we take g(s) ≡ 1 we have the following Hadamard-type inequality
for Riemann-Liouville fractional integrals∣∣∣∣f(a) + f(mb)

2
− Γ(α+ 1)

2(mb− a)α
[
Jαa+f(mb) + Jαmb−f(a)

]∣∣∣∣
≤ (mb− a)

(αp+ 1)
1
p

(
|f ′(a)|q +m|f ′(b)|q

2

) 1
q

.

Remark. In Theorem 2.4
(i) if we take m = 1 we get Theorem 1.4.
(ii) if we take α = 1 along with m = 1 we get [21, Corollary 5].
(iii) if we take α = 1, g(s) ≡ 1 along with m = 1 we get [8, Theorem 2.3].

3. Generalized Hadamard-type integral inequalities for m-convex
functions via Riemann-Liouville fractional integrals

In this section we are interested to give some Hadamard-type inequalities for
differentiable m-convex functions via fractional integrals. Also we deduce some
results of [18–20].

We need the following lemma for our results.

Lemma 3.1. Let f : [a,mb] → R be a differentiable mapping on (a,mb) with

0 ≤ a < mb. If f
′ ∈ L[a,mb], then the following equality holds

− f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
+

Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]
=

∫ 1

0

[(1− t)α − tα]f
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt,

(3.1)

where λ ∈ [0, 1] \ { 12} and α > 0.



178 G. FARID, B. TARIQ

Proof. Since∫ 1

0

[(1− t)α − tα]f
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

=

∫ 1

0

(1− t)αf
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

−
∫ 1

0

tαf
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt. (3.2)

First term of right hand side is calculated as∫ 1

0

(1− t)αf
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

= −f (mλb+ (1− λ)a)

(1− 2λ)(mb− a)

+
α

(1− 2λ)α+1(mb− a)α+1

∫ λa+m(1−λ)b

mλb+(1−λ)a
(λa+m(1− λ)b− x)

α−1
f(x)dx

= −f(mλb+ (1− λ)a)

(1− 2λ)(mb− a)
+

Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b),

while second term of the right side is calculated as∫ 1

0

tαf
′
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

=
f (λa+m(1− λ)b)

(1− 2λ)(mb− a)

− α

(1− 2λ)α+1(mb− a)α+1

∫ λa+m(1−λ)b

mλb+(1−λ)a
(x−mλb+ (1− λ)a)

α−1
f(x)dx

=
f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1
Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a).

Now using these values in (3.2), we get required result. �

Remark. In Lemma 3.1
(i) if we take m = 1, then we get [19, Lemma 2.1].
(ii) if we take λ = 0 or λ = 1 along with m = 1, then we get [20, Lemma 2].
(iii) if we take α = m = 1 along with λ = 0 or λ = 1, then we get [8, Lemma

2.1].

Using the above lemma we give following Hadamard-type inequality form-convex
functions.

Theorem 3.2. Let f : [a,mb] → R be a differentiable mapping on (a,mb) with

0 ≤ a < mb. If
∣∣∣f ′ ∣∣∣q, q ≥ 1 is m-convex on [a,mb], then the following inequality
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holds

∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤ 2

α+ 1

(
1− 1

2α

)
∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣q
2


1
q

(3.3)

where λ ∈ [0, 1] \ { 12} with α > 0.

Proof. Firstly, we suppose that q = 1. Using Lemma 3.1 and m-convexity of
∣∣∣f ′ ∣∣∣,

we find

∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
∫ 1

0

|(1− t)α − tα|
[
t
∣∣∣f ′ (λa+m(1− λ)b)

∣∣∣+m(1− t)
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣] dt
=

∫ 1
2

0

[(1− t)α − tα]
[
t
∣∣∣f ′ (λa+m(1− λ)b)

∣∣∣+m(1− t)
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣] dt
+

∫ 1

1
2

[(1− t)α − tα]
[
t
∣∣∣f ′ (λa+m(1− λ)b)

∣∣∣+m(1− t)
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣] dt.
(3.4)

By calculation we have

∣∣∣f ′(λa+m(1− λ)b)
∣∣∣ ∫ 1

2

0

[
(1− t)αt− tα+1

]
dt

+m
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣ ∫ 1
2

0

[
(1− t)α+1 − (1− t)tα

]
dt

=
∣∣∣f ′(λa+m(1− λ)b)

∣∣∣ [ 1

(α+ 1)(α+ 2)
− 1

2α+1(α+ 1)

]
+m

∣∣∣f ′ (λb+ (1− λ)
a

m

)∣∣∣ [ 1

α+ 2
− 1

2α+1(α+ 1)

]

and
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∣∣∣f ′(λa+m(1− λ)b)
∣∣∣ [∫ 1

1
2

tα+1dt−
∫ 1

1
2

(1− t)αtdt

]

+m
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣ [∫ 1

1
2

tα(1− t)dt−
∫ 1

1
2

(1− t)α+1dt

]

=
∣∣∣f ′(λa+m(1− λ)b)

∣∣∣ [ 1

(α+ 2)
− 1

2α+1(α+ 1)

]
+m

∣∣∣f ′ (λb+ (1− λ)
a

m

)∣∣∣ [ 1

(α+ 1)(α+ 2)
− 1

2α+1(α+ 1)

]
.

Therefore from (3.4) we have

∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤ 2

α+ 1

[
1− 1

2α

]
∣∣∣f ′(λa+m(1− λ)b)

∣∣∣+m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣
2

 .

Secondly, we suppose that q > 1. Using Lemma 3.1 and power mean inequality we
have

∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

|(1− t)α − tα| dt
)1− 1

q

(∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

.

Using m-convexity of
∣∣∣f ′ ∣∣∣q we get
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∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
(∫ 1

0

|(1− t)α − tα| dt
)1− 1

q

(∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

|(1− t)α − tα| dt+

∫ 1

1
2

|tα − (1− t)α| dt

)1− 1
q

(∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b)|q +m(1− t)

∣∣∣f ′ (λb+ (1− λ)
a

m

))∣∣∣q dt) 1
q

≤
[

2

α+ 1

(
1− 1

2α

)]1− 1
q
[

1

α+ 1

(
1− 1

2α

)] 1
q

[∣∣∣f ′(λa+m(1− λ)b)
∣∣∣q +m

∣∣∣f ′ (λb+ (1− λ)
a

m

)∣∣∣q] 1
q

≤ 2
q−1
q

[
1

α+ 1

(
1− 1

2α

)] [∣∣∣f ′(λa+m(1− λ)b)
∣∣∣q +m

∣∣∣f ′ (λb+ (1− λ)
a

m

)∣∣∣q] 1
q

.

From which one can have (3.3). �

Remark. In Theorem 3.2
(i) if we take m = 1, then the inequality (3.3) reduces to the inequality (1.5) of

Theorem 1.5.
(ii) if we take m = 1 along with λ = 0 or λ = 1, then we get [19, Corollary 2.4].
(iv) if we take α = m = 1 along with λ = 0 or λ = 1, then we get [18, Theorem

1].
(iv) if we take α = m = q = 1 along with λ = 0 or λ = 1, then we get [8,

Theorem 2.2].

Theorem 3.3. Let f : [a,mb] → R be a differentiable mapping on (a,mb) with

0 ≤ a < mb. If
∣∣∣f ′ ∣∣∣q is m-convex on [a,mb] for some fixed q ≥ 1, then the following

inequality holds∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
[

2

αp+ 1

(
1− 1

2αp

)] 1
q


∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣q
2


1
q

(3.5)

where 1
p + 1

q = 1, α > 0 and λ ∈ [0, 1] \ { 12}.
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Proof. By Using Lemma 3.1, Hölder inequality and m-convexity of |f ′|q respectively
we have

∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

|(1− t)α − tα|p dt
) 1

p
(∫ 1

0

∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)
(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

[(1− t)α − tα]
p
dt+

∫ 1

1
2

[tα − (1− t)α]
p
dt

) 1
p

(∫ 1

0

(
t
∣∣∣f ′ (λa+m(1− λ)b)

∣∣∣q +m(1− t)
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣q) dt) 1
q

≤

(∫ 1
2

0

[(1− t)αp − tαp] dt+

∫ 1

1
2

[tαp − (1− t)αp] dt

) 1
p


∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣q
2


1
q

≤
(

2

αp+ 1

(
1− 1

2αp

)) 1
p


∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣q
2


1
q

.

Also we have used (A−B)q ≤ Aq −Bq, A ≥ B ≥ 0. �

Remark. In Theorem 3.3
(i) if we take m = 1, then the inequality (3.5) reduces to the inequality (1.6) of

Theorem 1.6.
(ii) if we take m = 1 along with λ = 0 or λ = 1, then we get [19, Corollary 2.7].
(iii) if we take α = m = 1 along with λ = 0 or λ = 1, then we get [19, Corollary

2.8].

Theorem 3.4. Let f : [a,mb] → R be a differentiable mapping on (a,mb) with

0 ≤ a < mb. If
∣∣∣f ′ ∣∣∣q is m-convex on [a,mb] for some fixed q ≥ 1, then the following



SOME INTEGRAL INEQUALITIES FOR m-CONVEX FUNCTIONS ... 183

inequality holds∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
[

1

qα+ 1

(
1− 1

2qα+1

)] 1
q


∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ) am )

∣∣∣q
2


1
q

(3.6)

where λ ∈ [0, 1] \ { 12} and α > 0.

Proof. By Using Lemma 3.1, Hölder inequality and m-convexity of |f ′|q respectively
we have∣∣∣∣f (mλb+ (1− λ)a) + f(λa+m(1− λ)b)

(1− 2λ)(mb− a)
− Γ(α+ 1)

(1− 2λ)α+1(mb− a)α+1

×
[
Jα(mλb+(1−λ)a)+f(λa+m(1− λ)b) + Jα(λa+m(1−λ)b)−f(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

|(1− t)α − tα|
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

1pdt

) 1
p
(∫ 1

0

|(1− t)α − tα|q∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)
(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

|(1− t)α − tα|q
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt
+

∫ 1

1
2

|tα − (1− t)α|q
∣∣∣f ′ (t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∣∣∣f ′ (λa+m(1− λ)b)
∣∣∣q ∫ 1

2

0

[
(1− t)qαt− tqα+1

]
dt

+m
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣q ∫ 1
2

0

[
(1− t)qα+1 − tqα(1− t)

]
dt

+
∣∣∣f ′ (λa+m(1− λ)b)

∣∣∣q ∫ 1

1
2

[
tqα+1 − (1− t)qαt

]
dt

+m
∣∣∣f ′ (λb+ (1− λ)

a

m

)∣∣∣q ∫ 1

1
2

[
tqα(1− t)− (1− t)qα+1

]
dt

) 1
q

≤
[

1

(qα+ 1)

(
1− 1

2qα

)] 1
q [∣∣∣f ′(λa+m(1− λ)b)

∣∣∣q +m
∣∣∣f ′(λb+ (1− λ)

a

m
)
∣∣∣q] 1

q

.

We have used (A−B)q ≤ Aq −Bq for any A ≥ B ≥ 0 and q ≥ 1.
�

Remark. In Theorem 3.4
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(i) if we take m = 1, then the inequality (3.6) reduces to the inequality (1.7) of
Theorem 1.7.

(ii) if we take m = 1 along with λ = 0 or λ = 1, then we get [19, Corollary
2.11].

(iii) if we take α = m = 1 along with λ = 0 and λ = 1, then we get [19, Corollary
2.12].
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