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ABSTRACT. In this paper we have found some integral inequalities by applying
concept of m-convexity introduced by Toader via Riemann-Liouville fractional
integrals. Also we have derived several Hadamard-type inequalities as special
cases.

1. INTRODUCTION

Convex functions play an important role in different fields of Mathematics, Sci-
ence and Engineering. A class of functions related to convex functions is m-convex
functions introduced by Toader in [22].

Definition 1.1. A function f : [0,b] — R, b > 0, is said to be m-convex, where
m € [0,1], if we have

[tz +m(1=t)y) <tf(x) +ml—1)f(y)
for all z,y € [0,b] and t € [0, 1].

If we take m = 1, then we recapture the concept of convex functions defined on
[0,b] and if we take m = 0, then we get the concept of starshaped functions on
[0,b]. We recall that a function f : [0,b] — R is called starshaped if

f(tz) <tf(z) for all t € [0,1] and = € [0, b].

If the set of m-convex functions on [0,b] for which f(0) < 0 is denoted by K,,(b),
then one has
K1 (b) C K (b) C Ko(b),

whenever m € (0,1).

Note that in the class K;(b) there are convex functions f : [0,0] — R for which
f(0) <0 (see [6]).

Example: [16] The function f : [0,00) — R, given by

1
f@) =35 (42° — 152* + 18z — 5)
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is %—convex function but it is not convex function.
For more results and inequalities related to m-convex functions one can consult for
example [6] [7, 10, [14, [17] along with references.

The Hadamard and the Fejér-Hadamard inequalities are of great interest for re-
searchers working in the field of integral inequalities, and their various extensions
and generalizations have been found (see, [IH5], @] 12} 13} 15, 20, 23] and references
therein).

Let f: I — R be a convex function defined on the interval I of real numbers and

a,b € I with a < b. Then the following double inequality

f(a;b>§

is known in literature as the Hadamard inequality.
In [T1] Fejér gave the following generalization of the Hadamrd inequality.

fla) + f(b)
— 2 )

(1.1)

Theorem 1.2. Let f : [a,b] — R be a convex function and g : [a,b] — R be a
nonnegative, integrable and symmetric to ““’. Then the following inequality holds:

f(‘”b)/ d:c</ fx Sl ”f()/a g@)de.  (12)

In literature above inequality is known as the Fejér-Hadamard inequality.

Now a days the Hadamard and the Fejér-Hadamard inequalities via fractional
calculus are in focus. Recently a lot of papers by many researchers have been ded-
icated in this direction for example see [I3, [19, [20] and references therein.

Two sided Riemann-Liouville fractional integral operator is defined as follows:
Let f € Lila,b]. Then the Riemann-Liouville fractional integrals Jg, f and Jg* f
of order o« > 0 with a > 0 are defined as:

Tef@) = o [ =0T 0 o> a
and
b
Je f(z) = ﬁ/ (t—2)* Lf()dt, = <b

where T'(«) is the Gamma function defined as:

F(a):/ t*tetdt,
0

also

and Jg f(z) = Jy_f(z) = f(2).
In [21] authors have proved the following Fejér-Hadamard type inequalities for

convex functions.

Theorem 1.3. Let f : I° — R be a differentiable mapping on I°, a,b € I° with
a <bandlet g:[a,b = R be continuous on [a,b]. If |f'| is convex on [a,b], then
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the following inequality holds

a—1

| ( / bg(s)ds>a @)+ 0] - a b ([ o) storsc

a—1

b b
_a/ (/t 9(8)d3> g(t) f(t)dt (1.3)

(b—a)* Mglls o ,
< -—F =% b)|].
i (1" (@) + [ ()]

with a > 0.
Theorem 1.4. Let f : I° — R be a differentiable mapping on I°, a,b € I° with

a <bandlet g : [a,b] = R be continuous on [a,b]. If|f'|%, ¢ > 1 is convez on [a,b],
then the following inequality holds with a > 0, % + % =1 and ||g||cc = sup|g(t)]

-1

‘ ( / b g(s)ds> @+ 1) —a / b ( / t g(s)ds) i f 0t
—a /ab </tbg(8)ds> . g(t) f(t)dt

2(b — ) lgllS [1 @) + 1/ ()] *
= (ap+1)» [ 2 -0

In [19], authors have proved the following Hadamard-type inequalities for Riemann-
Liouville fractional integrals.

Theorem 1.5. Let [ : [a,b] — R be a differentiable mapping on (a,b) with 0 <
/|4

a<b. If ‘f ‘ , g > 1 1is convex on [a,b], then the following inequality for fractional

integrals holds:

1—2))(b—a) (1= 2)\)2 (b — q)atl
% [ amrat FO@+ (L= 2B) + Tasaonn-FOB+ (1= Na)

‘f (Ab+ (1 — N)a) + f(Aa+ (1 — A)b) T(a+1)

[E—

Q=

<

|
) ail (1_1) ‘f’(Aa+(1—A)b)]q+]f’(Ab+(1—A)a)’q )

2 2 ’
where A € [0,1] \ {3} with a > 0.

Theorem 1.6. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <
/19
a<b. If ‘f ‘ is convex on [a,b] for some fized ¢ > 1, then the following inequality
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for fractional integrals holds:

‘f()\b—l—(1—)\)a)+f()\a—|—(1—)\)b) INa+1)

1200 —a) (1 —2N)eri(b—q)at
X |:J(o/‘\b+(1f)\)a)+f(>‘a + (L= 2)0) + I3t a-ayp)- f(Ab+ (1 = Na)

[E—

Q=

|
<[ 2 (1_1>]; £ Qa+ =2 + [ o+ (1= a)
2

1.6
ap +1 2 > (16)

ap

where}%+%=1,oz>0and/\E[O,l]\{%}.

Theorem 1.7. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <
/19
a<b. If ‘f ‘ is convex on [a,b] for some fized ¢ > 1, then the following inequality

for fractional integrals holds:

‘f (Ab+ (1 — N)a) + f(Aa + (1 — A)b) T(a+1)

(1—2N)(b—a) (1 —2\)oF (b — q)ot
% [T aonars FO@+ (1= 2B) + T oay- S0+ (1= Na)|

Q=

LT Ga+ @ =) +[F b+ a-na)
e
(1.7)

where A € [0,1]\ {3} and a > 0.

We organize the paper as follows:
In Section 2 we give the Fejér-Hadamard type inequalities for m-convex functions
via Riemann-Liouville fractional integrals. Also we deduce results of [8, 21]. In
Section 3 we give generalizations of the Hadamard-type inequalities for m-convex
functions via Riemann-Liouville fractional integrals given in [I8H20]. Moreover we
deduce results of [8, [I8H21] as special cases of our results.

2. MAIN RESULTS

We need the following lemma for our results.

Lemma 2.1. Let f : I° — R be a differentiable mapping on I°, a,b € I° with
a < mb and let g : [a,mb] — R be continuous on [a,mb]. If f', g € L[a,b], then for
all t € [a,mb] the following equality holds

mb @
( / g(s)ds> [F(a) + f(mb)

1 a—1

~af " (/ tg(s)ds)a s @it —a | " ( / mbg(s)ds> o) F(1)dt

[e3%

- /amb ( /:g(S)d8>af/(t)dt / " < /tmbg<s>ds> Fd (21)

where a > 0



174 G. FARID, B. TARIQ
Proof. One can have

(e

/am (/at 9<5>d8) F(t)dt

and
mb mb «
/ ( /t g(s)ds> F(t)dt
mb « mb mb o=l
—( / g(s)ds> f@+a | < / g(s)ds> o fdt.  (23)
Subtracting from we get . O

Using above lemma we give the following generalization of Theorem |1.3

Theorem 2.2. Let f : I° — R be a differentiable mapping on I°, a,b € I°and
let g : [a,mb] — R be continuous on [a,mb]. If |f'| is m-convex on [a, mb] with
a < mb, then for a« >0 and ||g|lcc = sup|g(t)| the following inequality holds

a—1

‘ ( /" g(s)ds> o)+ o) —a [ ([ o) s

" ( / mbg<s>ds>a o) F (0t

(mb — a)**|g|l5,

a+1

(2.4)

<

(1 (@) +ml|f (D)]].

Proof. Using (12.1]) of Lemma we get

’(Lm2ﬂ@%>awm)+fwwﬂ—a[fw(A:ﬂQ%>a1g@ﬁﬁmt
_aﬁmb<[m2ﬂ@“>alg@ﬁamt
<[] o] [ ot

(e

|f/()]dt.

mb

me+/

a
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As g(t) < [|g]loo, 80 wWe have

| ( / mg(s)ds) 1@ + 10 - [7(] tg(s)ds)al o) F(0)ds
" ( / mbg(s)ds>a_l o0 1)t

< gl [ [ arirwas [ mb(mbt)alf’(t)ldt]

= lglz. [ [y (Bt

mb
al| e [(mb—t t—a
—I—/a (mb—t)*|f (mb—aa_'_mmb—ab)‘dt]'

Using m-convexity of | f’| we have

’ ( / mbg(s)@) s+ st o [ ([ o) s
—a/amb (/tmbg(S)ds> ailg(t)f(t)dt

mb _ _
< lgl [ [ - (i@l m = o)) d

a
[ b (2= ) = ) a
a " mb—a” T —a '
From which after some calculations we get the required result. O

Corollary 2.3. For g(s) = 1 we have the following Hadamard-type inequality for
Riemann-Liouville fractional integrals

‘f(a)Jrf(mb) _ Tla+1)
2 2(mb — a)*

(72, F(mb) + %, f(a)] ]

mb—a

< Sty W@+ m O, (25

with o > 0.

Remark. In Theorem[2.2
(i) if we take m =1, then we get Theorem [1.5
(#1) if we takeg(s) =1 along with m = 1, then we get [21, Corollary 2].
(4i1) if we take o =1 along with m =1, then we get [21], Corollary 3].

Theorem 2.4. Let f: I° — R be a differentiable mapping on I°, a,b € I° and let
g : [a,mb] — R be continuous on [a,mb]. If |f'|7 is m-convex on [a,mb], ¢ > 1, with
a < mb, then the following inequality with o > 0, % + % =1 and ||g|leo = suplg(t)]
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holds

1

</amb9(5)d8>a [f(a) + f(mb)] — a/amb (/atg(s)ds) . g(t) f(t)dt

-1

o f " ( / mbg(s)ds>a o(t)f (t)dt

o 2(mb — a)*gllS, Pf’(a)q + mf’(b)|q} . .
T (apt+ D) 2

(2.6)

Proof. Using (2.1]) of Lemma [2.1| we get

a—1

( /" g(s)ds> @) + fm) - [ (o) sswa

o f " ( / mbg(s)ds> o) f(0)dt
< /amb [ sty " / " g(e)as

Using Holder’s inequality on the right hand side of the above inequality we have

WmW+/ |F/(t)|dt.

a—1

( /" g(s)ds> @)+ )] [ ([ o) atsoa

o f " ( / mbg(s)ds>a_ o(t)f (1)t
< ( / " / “gs)as| dt)é ( / " If’(t)lthy

+ ( / " / " yoyis| dt)é ( / " If’(t)l“dt>}1 .

As g(t) < [|g]loo, sO We get
a—1

| ( / " 9(5)ds> (@) + fmb) - / " (/ t so)is) a0

mb mb @
—af ( / g<s>d8> g0 (t)dt
mb % mb % mb %
<l (/ |t—a|“pdt> +</ |mb—t|“pdt> (/ If’(t)th>-
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From m-convexity of |f'|¢ we have

|<Amix@m>awm>+fmwﬂa[ﬁb(éﬂx@@>wﬂmﬂﬂwﬁ
—a/amb (/tmbg(S)d8> _ g(t)f(t)dt
< gl (Lmﬂp_MWﬁ>;+<AMbmb_wwﬁ>;

b b_ B 1
([ (ron mipm)s)

From which one can have inequality ([2.6]). O

Corollary 2.5. If we take g(s) = 1 we have the following Hadamard-type inequality
for Riemann-Liouville fractional integrals

‘f(a) +f(mb)  T(a+1)
2 2(mb — a)®

[@wa+m%ﬂm]

o (mb— al <|f’(a>|q + mlf’(b)|Q>é |

" (ap+1) 2

Remark. In Theorem
(i) if we take m =1 we get Theorem [1.]]
(74) if we take oo =1 along with m = 1 we get [21, Corollary 5].
(i41) if we take a =1, g(s) =1 along with m =1 we get [8, Theorem 2.5].

3. GENERALIZED HADAMARD-TYPE INTEGRAL INEQUALITIES FOR m-CONVEX
FUNCTIONS VIA RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

In this section we are interested to give some Hadamard-type inequalities for
differentiable m-convex functions via fractional integrals. Also we deduce some
results of [18-20].

We need the following lemma for our results.

Lemma 3.1. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with
0<a<mb. If f € Lla,mb], then the following equality holds

FmAb+ (1= ANa) + f(Aa+m(1 — A)b) I'a+1)
- (1= 2\)(mb—a) T A= 205 (mb — a)att

X [J(Oém)\bJr(lf)\)a)*f()‘a +m(1 = A)b) + I atma-ayp)-f (MAb+ (1 — A)a)]

_ /0 (=0 =) (£ m(1 = 08) + (1 = 1) (Mo (1= 2)2) ),

where A € [0,1]\ {3} and a > 0.
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Proof. Since

' ! a
/0 (1 —t)* —t°]f (t()\a +m(1 = A)b) +m(1—1t) ()\b+ (1- A)%)) dt
= /01 (1—t)f (t (Aa+m(1 = A)b) +m(1 —t) (Ab+ (1— /\)%)) dt
_/0 f (tQa+m(t =08 +m(1 =) (o+ (1= 0= ) ) d. (3.2)

First term of right hand side is calculated as

) / a
/0 (1—t)f (t()\a—i—m(l —A)b) +m(l—1) ()‘IH' (1 _)\)m)) dt

f(mAb+ (1 —Na)
(I =2X)(mb—a)

o Aa+m(1—X)b L
A 1—-Mb—2)*" d
eyt o Q= =) s

fmAo+ (1 —Na INa+1 o
((1 - 2)\)((mb - )a)) 1- 2A)a(+1(mb)_ ayart Timavt1-xay+ f(Aa +m(l = A)b),

while second term of the right side is calculated as

1 ’ a
/O 5 (10 m(1 = 0p) +m(1— 1) (ot (1= X)L )t

f(Aa+m(l—A)b)
(1 =2X)(mb—a)

a Aa+m(1—X)b o1
B /mw(“)a (@ — mAb+ (1 — Na)*~" f(z)dx
B fa+m(1—A\)b) MNa+1) o

(I =2X\)(mb—a) B (I =2)\)ot+(mb — a)ot+l J()‘“er(l*)‘)b)_f(m)\b + (1= Na).
Now using these values in (3.2)), we get required result. O

Remark. In Lemmal3.1]]
(i) if we take m =1, then we get [19, Lemma 2.1].
(i) if we take A =0 or A =1 along with m = 1, then we get [20, Lemma 2].

(#4i) if we take o = m =1 along with A = 0 or A = 1, then we get [8, Lemma
2.1].

Using the above lemma we give following Hadamard-type inequality for m-convex
functions.

Theorem 3.2. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with
0<a < mb. If‘f’

q
, ¢ > 1 4is m-convex on [a, mb], then the following inequality
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holds

FmAb+ (1= Na) + f(Aa+m(1 — A)b) MNa+1)
‘ (1 —2\)(mb — a) (1 =202 (mb — a)ot!
X |:J(am)\b+(17)\)a)+ fAa+m(1—=Nb) + I pma—xp-f(mAb+ (1 A)a)} ‘

1
99 4

(3.3)

FQa+m@—=Nb)| +m|f (\b+(1-A)2)
Sail<1_2la> [‘ ‘ 2 ’

where X € [0,1]\ {3} with a > 0.

Proof. Firstly, we suppose that ¢ = 1. Using Lemma and m-convexity of
we find

FmAb+ (1= XNa) + f(Aa+ m(1 — A)b) MNa+1)
‘ (1 —2\)(mb —a) (1 =2))2*t(mb — a)o+!

X [‘](m)\bJr(l ay+f(Aa+m(L = A)b) + I3 -y - f(mAb + (1 A)a)”

s/o (1= 1) — ]

1 , / a
g/o |(17t)°‘fta|[t‘f ()\aer(lf)\)b)'er(l*t)‘f (Ab+(1fk)m)ﬂ dt

7 (EOa+m(1 = p) +m(1 — ) (Ab+ (1 - A)%))‘dt

:/0 (1= 67 =] [t Qa+ m(1 = 2p)| +m(1 =) |f (M + (1= X)) || at

|
+ /11 [(1— ) — ] [t ]f’ (Aa+m(1— A)b)‘ +m(l—t) ]f’ ()\b+ (1- A)%)H dt.
’ (3.4)

By calculation we have

‘Ma+m(l -\ ’/ [(1—t)*t—t>t]at
—O-m‘f >\b+ D) ’/ — )t — (1 —t)t*] dt
‘“A“*m(l”)b)w(a T )at2) 2a+1(1a+1)]

er’f/(Ab (1= )\)m)‘[a—li—22“+1(1a+1)}

and
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1

‘f’(Aa +m(l— )\)b)’ Ul jatlgy

2

+m‘f’ (/\b+ 1- )\)%)’ Vl (1 — t)dt — [(1 _t)a+1dt]

2

—

1- t)atdt]

- ’f'()\awLm(l *)\)b)’ [(a—ll—Q) B 2@“(24-*- 1)}

_|_m‘f' ()\b+ (1 —/\)%)‘ [(a+1)1(a+2) - 2a+1(1a+1)] .

Therefore from (|3.4) we have

(L= 2\)(mb —a) (1= 20+ (mb — a)otl
X |:J(am)\b+(17)\)a)+ fAa+m(1=Nb) + I3 pma—np) - f(mAb+ (1 = A)a)} ‘

2 [1_1} [‘f’(xﬁmu—x)b)\+m\f/(Ab+(1—A);)

‘f (mAb+ (1= X)a) + f(Aa +m(1 — A)b) I'a+1)

< =
T a+1 2¢ 2

Secondly, we suppose that ¢ > 1. Using Lemma [3.1] and power mean inequality we
have

£ (tO0a+m(1 = N)b) +m(1 =) (A + (1= X)) ] dt

a
m

[a-n e
<([ia-o mdt)l*
(/01|<1—t>a—ta|

1

7 (tOa+m( = 2p) +m(1—) (Mb+ (1 - A);))‘th> "

/19
Using m-convexity of ‘ f ‘ we get
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(1 —=2X)(mb—a) (1 —=2X)ot(mb — a)>t!
% [T aonyars FO@+ M= ) + Ty S mAb+ (1= Na)] |

g(/ol(l—t)a—t‘ﬂdt)l;
([1a-n-e
< (/0%|(1—zs)a—tw|dt+ﬁt°¥—(1—t)w|dt>l_é

(/O (1=t — | |f (t(Aa+m(1—A)b)|Q+m(1—t)\f’ (Ab+(1—A>E))’ dt)

[ (-2) )]

Hf’(Aa+m(1 - /\)b)’q +m|f (A (1 - )\)%)

’f(mAbJr (1= Na) + f(Aa+m(1 — A)b) I(a+1)

1

a

7 (t (Aa +m(1 — \)b) +m(1 —t) (Ab+ (1- )\)m>)‘th> '

1
4}5

5% [ (1) s ol 002

Q=

From which one can have (3.3). [

Remark. In Theorem[3.2

(¢) if we take m = 1, then the inequality reduces to the inequality of
Theorem [L4.

(#1) if we take m = 1 along with A =0 or A = 1, then we get [19, Corollary 2.4].

(iv) if we take « = m =1 along with A =0 or A =1, then we get [18, Theorem
1].

(iv) if we take « = m = q¢ = 1 along with A = 0 or A\ = 1, then we get [8,
Theorem 2.2].
Theorem 3.3. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with

/14

0<a<mb. If ‘f ‘ is m-convex on [a, mb] for some fized ¢ > 1, then the following
inequality holds

‘f (mAb+ (1 — X)a) + f(Aa +m(1 — A)b) I'a+1)

(I =2X\)(mb—a) (1 =2)\)et+(mb — a)ot+!
X [J(O;nAb+(1—>\)a)+ fAa+m(1=Xb) + I pma—xp-f(MAb+ (1 = N)a)

—

20p

. Lép2+1< _1”3 [‘f/()\a—km(l—)\)b)’qJ;m‘f’()\b—s—(l—)\)7‘;)q

where%+%:1,a>0and)\e[(),l}\{%},
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Proof. By Using Lemmal[3.1] Hélder inequality and m-convexity of | f|? respectively
we have

F(mAb+ (1 = XNa) + f(Aa+ m(1 — A)b) IMNa+1)
’ (1 —2\)(mb —a) C (1 =2))o*t(mb — a)o+!

% [T a-ayars FOQ+mE = X)) + Ty F(mAb+ (1= Na)] |

<[
<(fx
(L

_t01|

7 (t (Aa +m(1 — A)b) +m(l — 1) ()\b+ 1- A)%))‘dt

|(1
(1

-

]”dt+/1 [t — (1 —t)a]pdt>p

2

1

aq
m

1

P

(/0 (1 ’f’ (Aa +m(1 — A)b)‘q Fm(l—t) ‘f’ (o+a-n2) ’q) dt)
02

< ( (1 —t)*P — P dt + /1 [tYP — (1 —1)°P] dt)

(‘f’(m+m(1 —)\)b)‘q—km‘f'()\b—k (1-2)2) q);
2

N
Q
=
_|_l\')
—
N
=
|
3
Q| —
k]
N———
N———
S |

, q , N

1 ’f(Aa+m(1f>\)b)‘ +m’f(>\b+(1—>\)%)
5 )
Also we have used (A— B)21< A9—BY A>DB>0. O

Remark. In Theorem [3.3

(1) if we take m = 1, then the inequality reduces to the inequality @ of
Theorem [L.8.

(7i) if we take m = 1 along with A =0 or A = 1, then we get [19, Corollary 2.7].
(1) if we take « = m =1 along with A =0 or A = 1, then we get [19, Corollary
2.8].

Theorem 3.4. Let f : [a,mb] — R be a differentiable mapping on (a, mb) with
/14
0<a<mb. If ‘ f

is m-convex on [a, mb] for some fixed ¢ > 1, then the following

t
— 1) t°‘|”dt>; (/01 ]f’ (t(/\a+m(1 — \)b) +m(1 —¢) (Ab+(1 —A);))‘th>
—t)e

1

q
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inequality holds

FmAb+ (1= Na) + f(Aa+m(1 = A)b) MNa+1)
(1 —2\)(mb — a) (1 =2))2F(mb — a)otT
X [J(am,\bﬂkx)aw fAa+m(1—=Nb) + I rma—np)-f(MAb+ (1 = Na )} ‘

1
49 q

S Qat+m@—=Nb)| +m|f (Ab+(1—-N)2)
[t (1 i) {\ v ’ . 7o+

(3.6)
where A € [0,1]\ {3} and a > 0.

Proof. By Using Lemmal[3.1] Hélder inequality and m-convexity of | f|? respectively
we have

f(mAb+ (1 —X)a) + f(Aa+m(1—A)b) Ia+1)

’ (1 —2X\)(mb — a) (1 —=2X))et (mb — a)ot!

% [T aoayars FO@+mM = ) + Tty fmAb+ (1= Na)] |

g/ll 1—)% =%
([ )} ([ oo

’f ( (Aa+m(1—=XN)b)+m(l—1) </\b+(17)\)g))‘th)é

<<A|@—wa—wf

f (t (Aa+ m(1 — A)b) +m(1 — t) (/\b+ (1— A)%))‘dt

i (t()\a+m(1 —A)b) +m(1 —t) (Ab+ (1— /\)%))‘th

+/11 it — (1 |4‘f ( (Aa+m(l = A\)b) +m(1 —t) (Ab+(1—A);)>‘th>q
(‘f (Aa+m(1— X ‘ / )9t — 9t dt
+m‘f ()\b+ 1- ) ‘ / £)aett a0 (1 — £)] dt

+]f’ (Aa+m(1f>\)b)‘ / [ttt = (1= 1)™¢] dt

Q=

—|—m‘f (Ao (1 =02 ‘/ [t (1 —t) — t)qaﬂ]dt)

Q=

a

<[(qa+1 ( Wﬂ ’f /\a+m1—/\)b)‘q+m‘f/()\b+(l—A)E)ﬂ .

We have used ( B)Y1 < A?—Bilforany A>B>0andgq>1.

Remark. In Theorem[3.4)
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(1) if we take m = 1, then the inequality (@) reduces to the inequality of
Theorem [1.7].

(1) if we take m = 1 along with A = 0 or A\ = 1, then we get [19, Corollary
2.11].

(4i) if we take « = m =1 along with A = 0 and A = 1, then we get [19, Corollary
2.12].

REFERENCES

[1] A. Azbcar, K. Nikodem and G. Roa, Fejér-type inequalities for strongly convex
functions, Ann. Math. Sil. 26 (2012) 43-54.

[2] A.G. Azpeitia, Convex functions and the Hadamard inequality, Rev. Colomb.
Mat. 28(1) (1994) 7-12.

[3] M. Alomari and M. Darus, On the Hadamard’s inequality for log convex func-
tions on coordinates, J. Inequal. Appl., 2009 (2009) 13 pp. Article ID 283147.

[4] M.K. Bakula and J. Pecarié, Note on some Hadamard-type inequalities, J. Ineq.
Pure Appl. Math. 5(3) (2004).

[5] M.K. Bakula, M.E. Ozdemir and J. Pecari¢, Hadamard tpye inequalities for
m-convex and (o, m)-convez functions, J. Ineq. Pure Appl. Math. 9(4) (2008)
12 pp.

[6] S.S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-
convex functions, Turk. J. Math. 33(1) (2002) 45-55.

[7] S.S. Dragomir and G. H. Toader, Some inequalities for m-convex functions,
Stud. Univ. Babes-Bolyai Math. 38(1) (1993) 21-28.

[8] S.S. Dragomir and R.P. Agarwal, Two inequalities for differentiable mappings
and applications to special means of real numbers and to trapezoidal formula,
Appl. Math. Lett. 11(5) (1998) 91-95.

[9] S.S. Dragomir and C.E.M. Pearce, Selected topics on Hermite-Hadamard in-
equalities and applications, RGMIA Monographs, Victoria University, 2000.

[10] G. Farid, M. Marwan and A.U. Rehman, New mean value theorems and gen-
eralization of Hadamard inequality via coordinated m-convex functions, J. In-
equal. Appl. 2015 (2015) 11pp. Article ID 283.

[11] L. Fejér, Uber die fourierreihen, II, Math. Naturwiss Anz. Ungar. Akad. Wiss.
24 (1906) 369-390. (In Hungarian)

[12] P.M. Gill, C.E.M. Pearce and J. Pecari¢, Hadamard’s inequality for r-convex
functions, J. Math. Anal. Appl. 215(2) (1997) 461-470.

[13] I. Iscan, Hermite Hadamard Fejér type inequalities for convex functions via
fractional integrals, Stud. Univ. Babeg-Bolyai Math. 60(3) (2015) 355-366.

[14] I. i§can, New estimates on generalization of some integral inequalities for
(o, m)-convez functions, Contemp. Anal. Appl. Math. 1(2) (2013) 253-264.

[15] U.S. Kirmaci, M.K. Bakula, M. E. Ozdemir and J. Pec¢ari¢, Hadamard-type
inequalities for s-convex functions, Appl. Math. Comput., 193 (2007) 26-35.

[16] P.T. Mocanu, I. Serb and G. Toader, Real star-convex functions, Stud. Univ.
Babes-Bolyai Math. 42(3) (1997) 65-80.

[17) M.E. Ozdemir, M. Avci and E. Set, On some inequalities of Hermite-
Hadamard type via m-convezity, Appl. Math. Lett. 23(9) (2010) 1065-1070.

[18] C.E.M. Pearce and J. Pecarié, Inequalities for diferentiable mappings with ap-
plication to special means and quadrature formalae, Appl. Math. Lett. 13(2)
(2000) 51-55.



[19]

[20]

SOME INTEGRAL INEQUALITIES FOR m-CONVEX FUNCTIONS ... 185

M.Z. Sarikaya and H. Budak, Generalized Hermite-Hadamard type integral
inequalities for fractional integrals, Filomat. 30(5) (2016) 1315-1326.

M.Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite-Hadamard’s inequali-
ties for fractional integrals and related fractional inequalities, J. Math. Comput.
Model. 57 (2013) 2403-2407.

M.Z. Sarikaya and S. Erden, On the Hermite-Hadamard Féjer-type integral
inequality for convex function, TJANT. 2(3) (2014) 85-89.

G.H. Toader, Some generalizations of the convezity, Proc. Colloq. Approx.
Optim. Cluj-Naploca. (Romania) (1984), 329-338.

J. Wang, C. Zhu and Y. Zhou, New generalized Hermite-Hadamard type in-
equalities and applications to special means, J. Inequal. Appl. 2013 (2013) 15
pp- Article ID 325.

G. FARID
DEPARTMENT OF MATHEMATICS, COMSATS INSTITUTE OF INFORMATION TECHNOLOGY, ATTOCK
CAMPUS, PAKISTAN

E-mail address: faridphdsms@hotmail.com,ghlmfarid@ciit-attock.edu.pk

B. TARIQ
ARMY PUBLIC SCHOOL AND COLLEGE, ATTOCK, PAKISTAN
E-mail address: bushratariq38@yahoo.com



	1. Introduction
	2. Main results
	3. Generalized Hadamard-type integral inequalities for m-convex functions via Riemann-Liouville fractional integrals
	References

