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ABSTRACT. We present certain results on existence of multi-convolutions of
(tempered) distributions and Beurling (tempered) ultradistributions as well
as on various forms of associativity of multi-convolutions of Beurling (tem-
pered) ultradistributions. The results are formulated in terms of supports of
distributions and ultradistributions, respectively.

1. INTRODUCTION

In this short note we are going to present without proofs some results on the
existence of multi-convolutions of (ultra)distributions, being an extension of the
classical convolution of two (ultra)distributons to the case of k (ultra)distributions,
where k € N\ {1}. In case of distributions (see [22] and [6] [ 26] such an extension
is considered e.g. in [6], pp. 389-391, and plays an important role in formulating
conditions for associativity of the convolution of distributions. We consider various
forms of associativity of the (multi-)convolution of ultradistributions. The existence
and associativity results are expressed in terms of supports of (ultra)distributions
and the existence results in these terms have form of characterizations. For sim-
plicity we restrict our discussions concerning the (multi-)convolution of ultradistri-
butions to the Beurling case (see [2] and e.g. [16] 17, [3]) though analogous results
can be formulated also for Roumieu ultradistributions (see [21] and e.g. [16] 17 3]).
The proofs of the results will be published separately.

2. MULTI-CONVOLUTIONS OF FUNCTIONS AND DISTRIBUTIONS

We start with the definition of an extension of the convolution of two locally
integrable functions to the case of k functions in L _ (for k = 3 see [1], pp. 112

loc
114). This extension will be called simply the convolution of k functions. Here

and further on k£ denotes a fixed positive integer greater than 1. In case k = 2 the
extension coincides with the convolution of two locally integrable functions.
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Definition 2.1. Let Fy, Fy..., F;, € LL _(RY). By the (functional) convolution of

loc

Fi,Fy ... F, € LL _(R?) we mean the function F} x Fy x ... % F}, on R¢ defined by

loc
(Fy % Fox...x Fy)(x) := / F(z,t)dt, (2.1)
R(k—=1)d
where
F(m,t) = Fl(l'—tl) . Fg(tl—tg) Cae. kal(tkfg—tkfl)Fk(tkfl)
for . € R and t = (t1,...,t5_1) € R¥=D whenever the function F under the

integral signs in (2.1) as a function of the variable t = (t1,...,t;_1) € R#E=1d is

integrable on R*~D? for almost all x € R?. We say then that the convolution
Fy *x Fy % ... % F}, exists a.e. in R?.

Since L, c D' Cc D’ (M) it is important to know whether the functional convo-
lution defined in is consistent with the convolution in the space D’ of Schwartz
distributions and in the space D'(Mr) of Beurling ultradistributions.

There are various general definitions of the convolution in D', given (usually for
k = 2) by C. Chevalley [4], L. Schwartz [23], R. Shiraishi [24], V. S. Vladimirov [26],
J. Horvath [6], P. Dierolf-J. Voigt [5], A. Kamiriski [§], R. Wawak [27], S. Mincheva-
Kaminska [I8 [I9] and others. Most of the mentioned definitions are equivalent.
They have counterparts in the space S’ of tempered distributions (see e.g. [24], [5],
[8], [27]) and in other subspaces of D', e.g. in the Gelfand-Shilov spaces K'{M,} (see
e.g. [25], [15]). In the theory of ultradistributions and tempered ultradistributions
of Beurling type (see [2], [16], [I7], [3]) general notions of the convolution analogous
to the mentioned definitions of the distributional convolution were studied in several
publications (see e.g. [20], [10], [12], [13], [14], [3], [11]).

We recall here, for simplicity, only one of the equivalent versions of definitions
of convolution in case of distributions and ultradistributions of Beurling type, cor-
responding to the Vladimirov sequential definition of the convolution in D’ based
on the notion defined below that some authors call “special approximate unit”, but
we use for it the shorter name “approximate unit” since no other types of these
sequences will be discussed in this note (see [26], p. 63, and [3]).

Definition 2.2. We call a sequence (1,,) of elements of D(R?) an approzimate unit
on R?, if for every compact set in R? (in symbols K CC R?) there exists an ng € N
such that 7, (z) = 1 for z € K, n > ng (hence n,, — 1 in £(R?)) and, in addition,

sup 79 o=t 7 < 00 for every i € N,

neN
where || - || means the L>°-norm. We denote the set of all approximate units on
R? by U(R?).

The Vladimirov type definitions of multi-convolutions, i.e. the convolution of k
distributions in D’ and of the convolution of & tempered distributions in S’ for any
k € N\ {1}, can be formulated as follows (cf. [26], p. 61-64, and [5]):

Definition 2.3. For given distributions S, ..., Sy € D'(RY) we define the convo-
lution S1 % ...% S in D' by

(Si%... % Sy, ¢) = lm ($1®...@ S, m ™), ¢ € DR, (2:2)
where

OB (1, xk) =@ + ...+ x), zy,...,x €RY e DRY),  (2.3)
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whenever the limit exists for all (n,,) € UR) and ¢ € D(R?); we say then that
the convolution Sy *...* Sy exists in D’.

Definition 2.4. For given tempered distributions Sp,...,S; € S'(R?) we define
the convolution Sy *...% Sy in S’ by

(S1%...% Sk, ¥) = lim ($1®...® S, M P2y, e S(RY) (2.4)

with 1* defined as in (2.3), whenever the limit exists for all (7,) € U(R*?) and
1 € S(R?); we say then that the convolution Sy * ... * Sy exists in S'.

Since Li .(R?) can be considered as a subspace of D’(R?) by means of the imbed-
ding;:
Li,(RY) 5 F s Tp € D'(R?),
where
(Trog) = [ F@pla)ds, o DR

we may treat given functions F,..., F; € LlloC (Rd) and their convolution Fix. .. xF}

defined in (2.1)) if only the following assumption is satisfied:
(@)  Fix...xFyexists ae. nRY & Fyx...%Fy € L (RY).

However condition (a) does not imply, in general, that the Vladimirov type convo-
lution of the distributions represented by the functions F1, ..., Fj, € Li (R?) exists
in D’. This is true under the following stronger condition:

(b) Fy%...xFpexists ae. inRY & |Fi|x...%|F| € LL (RY).

Definition 2.5. Let Fy,..., Fy, € LL _(R?). We say that the convolution Fyx. .. xF},
exists in Ll if condition (b) holds. Moreover, we say then that the convolutions

Fix...%«F, and F} *...x Fy, are consistent in D' and write

Fix...xFp~Fy%...x I,

whenever
(Fis...xFp@)=(Fix...%Fp,0) (=(F1®...0 F,¢"))
for all ¢ € D(R?).

Theorem 2.6. Let Fy,..., Fy, € LL _(R?). If the convolution Fyx...* F, exists in
Ll _, then Fy % ...x Fy exists in D' and both the convolutions are consistent in D',
i.e.

Fix...%Fy~F %... % (2.5)

It should be noted that the assumptions of Theorem[2.6] i.e. the conditions in (b),
are essential while the conditions in (a) are not sufficient to get (2.5)). As a matter
of fact one can prove that there exist (smooth) functions Fi,...,Fy € Li (R9)

satisfying (a) such that |Fy|x...* |Fy| ¢ L (R9) and the functional convolution
Fy ... Fj is a function with arbitrarily large singularity at a given point in the

following sense:

Theorem 2.7. For an arbitrary non-negative continuous function ® on the ball
B(xg,1) C R there exist a C™ function ¢ : R* — R such that the kth convolution
power ©** of ¢ exists a.e. on RY, but

lp** (2)] > ®() for all x € B(xg,1). (2.6)
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Remark 2.8. We may take in Theorem[2.7 such a ® that |®(z)] — oo as © — x
as quickly as we wish. In particular, it follows from Theorem that there is a
smooth function @ on R? such that the kth convolution power ¢** of p exists a.e. on
R? but o** is not a locally integrable function and moreover, it cannot be identified
with any distribution or ultradistribution.

There are various sufficient conditions for existence of convolutions of functions
and distributions; we discuss here only these expressed in terms of their supports
(cf. [6], p. 389, and [I], p. 126).

Theorem 2.9. Let Ay,...A;, C R? be arbitrary sets for k > 2. The following
conditions are equivalent:

(C) the set (Ay x ... x Ap) NK? is bounded in R* for every K bounded in R,
where

KA ={(x1,...,25) €ER*: 2y + ... 42, € K};

(c) the following implication holds:

k k
lim Z |Zin| =00 = lim \leﬂ = 00,

whenever x; , € A; fori e {1,...,k} andn € N.

Definition 2.10. Sets A;,...A4; C R? are called compatible, if any of the two
equivalent conditions (C'), (¢) in Theorem is satisfied.

The following two theorems show that compatibility of supports of given func-
tions (distributions) guarantees the existence of their convolution in L (in D)
(cf. [6], pp. 390-391, and [I], pp. 124-128):

Theorem 2.11. If functions Fi,...,F, € L _(R?) have supports contained in
compatible sets Ay, ..., A, C R?, respectively, then the convolution F| x ... F},

exists in L . and supp (Fy % ... x Fy) C Ay + ...+ Ay.

loc

Theorem 2.12. If distributions Si,...,Sx € D'(R?) have supports contained in
compatible sets Ay, ..., A, C R, respectively, then the convolution Sy * ... x Sy
exists in D’ and supp (Sy*...%Sg) C Ay + ...+ A.

On the other hand, it follows from Theorem [2.13] below that the counterpart of
Theorem for the convolution in &’ is not true under the condition of compati-
bility of supports of the considered tempered distributions (cf. [7]):

Theorem 2.13. For each nonnegative continuous function ® on R? (of an arbitrary
increase) there is a C™ function ¢ on RY, bounded together with all derivatives
(moreover lim ;|00 ¢(x) = 0) such that the kth convolution power o** of ¢ exists
everywhere in R? and

(™) (z)| > ®(x) for all x € R% (2.7)
Moreover, the sets Ay, ..., Ay, where A; := supp ¢ fori=1,...,k, are compatible.
Theorem [2.7] claims that the convolution may arbitrarily increase near points in

R? while Theorem says about such an increase at infinity: the existence of the
convolution in L] . does not imply any restriction of its growth at infinity.
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Remark 2.14. Theorem[2.13 implies, in particular, that there exist tempered dis-
tributions Sy, ..., Sk € S'(RY), represented by smooth functions @1, . .., or, bounded
together with all its derivatives, such that the convolution Sy * ... Sy exists in D’
but not in S':

©1 K. k@ ~ Sy x... xS, € D'(RY)\ S'(RY).
But Theorem [2.13 has a more general value: remarks analogous to the above con-

cern other spaces of generalized functions, e.g. the subspace P of slowly increasing
functions of the space L ., the Gelfand-Shilov subspaces K'(M,) of D', the space

loc?

S C D* of tempered ultradistributions of Beurling and Roumieu type etc.

Theorem [2.13] and Remark indicate that the condition of compatibility
requires modifications in other spaces of generalized functions than D’ (cf. 7, [9]).

Definition 2.15. We call sets A;,..., A, C R? polynomially compatible, if there
exists a positive polynomial P on [0, 00) such that the following implication holds:

(P) x1 €Ay, ..ok € A = ||+ F ok S P(Jer + - .-+ k).

Theorem 2.16. Let F,...,F, € P(RY). If the supports of F,...,Fy are con-
tained in polynomially compatible sets Ai,..., A, C R, respectively, then the
convolution Fy % ... Fy exists in LL_ and Fy % ... x Fy € P(RY). Moreover,
supp (F1 % ... x F) C Ay + ...+ Ag.

Theorem 2.17. Let Sy,...,S, € S'(RY). If the supports of Si,...,Sy are con-
tained in polynomially compatible sets A1, ..., A, C R?, respectively, then the con-
volution Sy * ... * Sy exists in §" and supp (S1 *...%Sk) C A1 + ...+ Ag.

The conditions of compatibility and polynomial compatibility for existence of
the convolutions in D’ and in &', respectively, are sharp in terms of supports, since
the following inverse results to Theorems and respectively, hold (cf. [9]):

Theorem 2.18. Let Ay,..., A, C R%.  Assume that for arbitrary distributions
S1,...,8, € D'(RY) such that suppS; C Ay,...,suppSy C Ay, respectively, the
convolution Sy * ... Sy exists in D'. Then the sets Aq,..., Ay are compatible.

Theorem 2.19. Let Ay, ..., A, C R, Assume that for arbitrary tempered distribu-
tions St1,...,S, € S'(RY) such that supp Sy C Ay, ...,supp Sy C Ay, respectively,
the convolution Sy *...x Sy exists in S'. Then the sets Ay, ..., Ay are polynomially
compatible.

3. BEURLING ULTRADISTRIBUTIONS

Let us briefly recall definitions and present some theorems concerning ultradis-
tributions of Beurling type.

Fix a sequence (M) = (M,)pen, of positive numbers such that
(M.1) MZ? <Mp_1Mpi1, peEN;
(M2) M,<abPM,M,_, p geN 0<qg<p;
(M.3) Z;o:qH M, M, <aqMyM;*, qeN,
where a,b > 0 are constants.

For example, the Gevrey sequences (M,) of the form: 1° M, = (p!)®; 2° M, =
pP%; 3° M, =T'(1+ ps) for s > 1 and p € N, satisfy conditions (M.1)-(M.3).
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It is convenient to extend the sequence (M,)pen, to its multidimensional coun-
terpart (My)gene as follows:

My = My, 4 45y k= (k1,...,kq) € N

By the associated function corresponding to the sequence (M,) we mean the
function M: [0,00) — [0, 00) such that M (0) = 0 and

M(t) := sup log, (t*/M,), log, :=max{logt,0}, t>0.
pENy

Let the symbol K CC V for an open set V C R? mean that the set K is compact
and K C V. Denote first by Daz,) x,n (R%), for given h > 0 and K CC R, the
space of all C* functions ¢ on R? with supports contained in K such that

lpllsc.n == sup sup | o™ (2) | (h* M) ™" < o0, (3.1)
keNd ze K

endowed with the topology of the norm || - ||k 5 defined in (3.1)).
Now we may define the space DM») (R?) of test functions for Beurling ultradis-
tributions as follows:

DMp) (Rd) = ind lim proj lim Dy x.n (Rd)'
K cc R4 h—0 P

The known theorem of Denjoy-Carleman-Mandelbrojt guarantees that the space
DMp) contains sufficiently many functions.

The space D'(M») (R9) of Beurling ultradistributions is defined as the strong dual
of DM») (R?).

Beurling ultradistributions can be characterized as follows (see [16]):

Theorem 3.1. S € D'M»)(RY) if and only if for each open relatively compact set
V in R? there exist measures pio, € C'(V) for a € N& such that for every K CC V.
there are constants Lx and cx > 0 satisfying the inequalities:

Sly = Z p and ltallery < ex L /Mo for a€ N4, (3.2)
aeNg

For a fixed m > 0, let us consider the space SQ(M’))’"L (R9) of all C* functions 1

on R? such that
1/2

maeth 2
() = Z( - ||<->%<a>||2) <o, (3.3)

MM,
a,BENE alth

where (-) is the function defined by (x) := (1 + |z|?)'/2 for x € R? and || - ||2 is the
L?—norm, endowed with the topology of the norm o, » defined in (3.3).
Now we define the space S(M») (RY) of test functions for Beurling tempered
ultradistributions as follows:
M) (RY) := proj lim S (RY).

m — o0

Beurling tempered ultradistributions are defined as elements of the strong dual
S'Mp) (R?) of the space SM») (R?) and can be characterized as follows (see [14]):
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Theorem 3.2. S € &'M»)(RY) if and only if there are functions F, in L*>(R?) for
a € N¢ and positive constants X\, L and ¢ such that

Sly= D" (BxFa)® and |[Falla <cL®/M, for a €N,

a€eNg

where Ey(z) = M) for z € RY,

4. MULTI-CONVOLUTIONS OF BEURLING ULTRADISTRIBUTIONS

There are several equivalent general definitions of the convolution of two Beurl-
ing ultradistributions in D’'™») and of the convolution of two Beurling tempered
ultradistributions in &'™») | corresponding to the mentioned general definitions of
the convolution in D’ and in &', respectively.

We consider here only the counterparts of the sequential definitions of Vladimirov
type based on the notion of (M,)-approximate unit.

Definition 4.1. A sequence (1,,) of elements of DM»)(R?) is called (M,)-approi-
mate unit on R%, if for every K CC R? there is an ng € N such that 7, () = 1 for
x € K, n > ng and, in addition, if there is a constant h > 0 such that
R
sup sup (17 19 1) <o
neN keNg k
Let UM»)(R?) denote the set of all (M,,)-approximate units on R?.

We now define multi-convolutions of Beurling ultradistributions in D'(™») and
Beurling tempered ultradistributions in S’(M») of Vladimirov type, i.e. the convo-
lution of Vladimirov type of k& Beurling ultradistributions in 7’(M») as well as the
convolution of Vladimirov type of k Beurling tempered ultradistributions in S"(M»).

Definition 4.2. For given Beurling ultradistributions S, ..., S, on R? we define
the convolution Sy % ...% Sy in D'Mr) by

(S1%...% Sk, @) := n11_>TI;O<Sl ®...® Sk, Nn (PA>7

whenever the above limit exists for all (1,) € U*(R*?) and for all ¢ € DM»)(R9).
We say then that the convolution Sy * ... * Sy, exists in D'M») (cf. [10]).

Definition 4.3. For given Beurling tempered ultradistributions Si, ..., S on R?
we define the convolution Sy % ...% Sy in S'M») by

(S %% S, ) = lim ($1 @ ... & Sy, ™),

whenever the above limit exists for all (1,,) € UM») (R*?) and for all ¢y € S(Mr)(R?).
We say then that the convolution Sy * ... Sy, exists in S'Me) (cf. [14]).

1

Ioe and in D', for the existence of the

Similarly as in case of the convolution in L
convolution of k ultradistributions in D'(M») compatibility of their supports is a

sufficient condition (cf. [I2]):

Theorem 4.4. If Sy,...,S; C D'Me)(R?) and the supports of the ultradistribu-
tions S1, ..., Sy are contained in compatible sets Ay, ..., A, C R?, respectively, then
the convolution Sy . ..% S, exists in D'Me) and supp (S *...%Sy) C Ay +...+ Ay.
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Also the following inverse result analogous to Theorem is true (cf. [II]):

Theorem 4.5. Let Ai,..., A, C R Suppose that the convolution Sy * ... * S,
exists in D' M) for arbitrary ultradistributions S, ..., S, € D'Me)(R?) such that
supp S1 C A1, ...,supp Sk C Ag, respectively. Then Ay, ..., Ax are compatible.

In case of the convolution in S'(M») the condition of compatibility requires a
modification (cf. [II]).

Definition 4.6. Let M : [0,00) — [0,00) be a nondecreasing function. Sets
Ay,... A CR? are called M-compatible, if there is a constant 6 > 0 such that

k k
(M) mi€Ai (i=1,.0k) = Y M(lnil) < M(0]D i) + 0.

Let (M) be a sequence of positive numbers satisfying conditions (M.1)-(M.3)
and let M be the associated function for the sequence (1M,,).

Theorem 4.7. Let Sy,...,S, € S'M)(RY). If the supports of Si,...,Sk are
contained in M -compatible sets Ay, ..., Ay CR?, then the convolution Sy * ... * Sy,
exists in 8'Mv) . Moreover, supp (Fix...xFy) CA 4+ ...+ Ag.

Also the following inverse result being a counterpart of Theorem is true (cf.
[11]):
Theorem 4.8. Let A1,..., A, € R Suppose that the convolution Sy * ... % Sy
exists in S'M») for arbitrary tempered ultradistributions Sy, ...,S; € &'Mv)(R%)
such that supp Sy C Ay,...,supp Sy C Ay, respectively. Then the sets Ay, ..., Ag
are M -compatible.

Let us notice that compatibility (M-compatibility) of k sets can be reduced to
compatibility (M-compatibility) of a smaller than k& number of sets, due to the
following characterization (cf. [15]):

Theorem 4.9. Assume that sets Ay,... A, C R? are compatible (M-compatible).
Then for every integer m,1 < m < k, and for every partition {K;}1<j<m of the set
K :={1,...,k} the following two assertions hold:

(a) for every j = 1,...,m, the sets A; with indices i € K; are compatible
(M -compatible);
(b) the sets By, ..., By, where
BJ:ZAZ:{Z% ZL’ZGAZ} forj:L...,m,
ieK; icK;
are compatible (M -compatible).
Conversely, if for some m,1 < m < k, there is a partition {K;}1<j<m of the

set K such that conditions (a) and (b) are satisfied, then the sets are compatible

(M -compatible).
Let us conclude now two particular assertions resulting from Theorem
Corollary 4.10. Let A1,... A, CR®. The following conditions are equivalent:
(a) the sets Aq,... Ay are compatible (M -compatible);

(b)  for every index j =1,...,k — 1 the two sets A1 + ...+ A; and Aj;1 are
compatible (M -compatible).
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Corollary 4.11. Let A, B,C C R%. The following conditions are equivalent:
(a) the sets A, B,C are compatible (M -compatible);

(b)  the two sets A+ B, C are compatible (M -compatible) and the two sets A,
B are compatible (M -compatible).

Let K :={1,...,k} be a finite set of indices and let Ky := {i1,...,;} its subset,
where 1 <i4; < ...<i; <k (1<j<k). Let S; € DM)(RY) (S; € S'Mo)(RY)
for i € K. Then we use the following convenient notation for the convolution of
S1,..., 5k and the convolution of S;, *...*.S;

*ieK Si 2151*...*Sk; *ie Ky S; :S“**Sl7

Theorem 4.12. Let Si,...S, € D'M)(RY) (Sy,...S, € S'Me)(R?)). Assume
that supports of S1, ... Sk are contained in compatible (M -compatible) sets Ay, ..., Ay
C R4, respectively. Then for every partition {K;}i1<j<m (1 < m < k) of the set
K :={1,...,k} all the convolutions in the following equality exist in D'M») (exist
in &' Mp)) .

Sl L 3 Sk = ¥1<j<m (*iEKj Sz)

and the equality holds true.

Corollary 4.13. Let Sy,...S, € D'M)(RY) (Sy,...8, € S'Mp)(RY)). As-
sume that supports of Si,...Sk are contained in compatible (M -compatible) sets
Ai, ..., Ay CRY respectively. Then all the convolutions in the following equality
exist in D'Mv) (exist in S'Mv)):

Sl**Sk = (...((Sl*SQ)*Sg)*...*Sk_l)*Sk
and the equality holds true.

Corollary 4.14. Let R,S,T € D'M»)(R?) (R, S, T € S'Me)(R%)). Assume that
supports of R, S, T are contained in compatible (M -compatible) sets A, B,C C R¢,
respectively. Then all the convolutions in the following equality exist in D'M»)
(exist in S'Mp)):

R« S«T=(R+S)«T=Rx(S«T)

and the equality holds true.
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