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OSTROWSKI TYPE INEQUALITIES FOR MT, -PREINVEX
FUNCTIONS

ARTION KASHURI, ROZANA LIKO

ABSTRACT. In the present paper, the notion of MT,,-preinvex function is in-
troduced and some new integral inequalities for the left hand side of Gauss-
Jacobi type quadrature formula involving M T,,-preinvex functions along with
beta function are given. Moreover, some generalizations of Ostrowski type
inequalities for MTy,-preinvex functions via classical integrals and Riemann-
Liouville fractional integrals are established. At the end, some applications to
special means are given. These results not only extend the results appeared in
the literature (see [12], [16]) but also provide new estimates on these types.

1. INTRODUCTION AND PRELIMINARIES

The following notation is used throughout this paper. We use I to denote an
interval on the real line R = (—o00,400) and I° to denote the interior of I. For
any subset K C R™ K° is used to denote the interior of K. R™ is used to denote a
generic n-dimensional vector space. The nonnegative real numbers are denoted by
R, = [0,+00). The set of integrable functions on the interval [a,b] is denoted by
L1 [a, b] .

The following result is known in the literature as the Ostrowski inequality (see [12])
and the references cited therein, which gives an upper bound for the approximation
1 b

5 / f(t)dt by the value f(x) at point x € [a, b].
—al,

Theorem 1.1. Let f : I — R, where I C R is an interval, be a mapping differ-

entiable in the interior I° of I, and let a,b € I° with a < b. If |f'(x)| < M for all

x € [a,b], then

of the integral average

(z — =5%)°

b xr
f(a:)—ﬁ/ fH)dt| < M(b—a) i+ﬁ , Va € [a,b]. (1.1)

For other recent results concerning Ostrowski type inequalities (see [12]) and
the references cited therein, also (see [13], [14], [I5], [I6]) and the references cited
therein.
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In (see [12]) and the references cited therein, Tung and Yidirim defined the following
so-called MT-convex function:

Definition 1.2. A function f : I € R — R is said to belong to the class of
MT(I), if it is nonnegative and for all z,y € I and ¢t € (0, 1) satisfies the following
inequality:

Vit VI—t
tr+ (1 —-t)y) < +
oo+ (1) < 5 (o) + ¥
In (see [I6]), Tung derived some inequalities of Ostrowski type for MT-convex
functions.

f(y). (1.2)

Fractional calculus (see [1], [2], [T1]) and the references cited therein, was intro-
duced at the end of the nineteenth century by Liouville and Riemann, the subject
of which has become a rapidly growing area and has found applications in diverse
fields ranging from physical sciences and engineering to biological sciences and eco-
nomics.

Definition 1.3. Let f € Li[a,b]. The Riemann-Liouville integrals J¢, f and Jg* f
of order o > 0 with a > 0 are defined by
1 r 1
J f(x) = m/a (x =) f(t)dt, z>a

and

b
Je f(z) = ﬁ/ (t— ) f()dt, b>
+oo

where I'(a) = / e “u®"'du. Here J, f(z) = J)_f(z) = f(z).
0
In the case of a = 1, the fractional integral reduces to the classical integral.
Due to the wide application of fractional integrals, some authors extended to
study fractional Ostrowski type inequalities for functions of different classes (see [11])

and the references cited therein.
Now, let us recall some definitions of various convex functions.

Definition 1.4. (see [4]) A nonnegative function f : I C R — R, is said to be
P-function or P-convex, if

flz+ (1 =t)y) < fx)+ fy), Vo,yel, tel01]

Definition 1.5. (see [5]) A set K C R™ is said to be invex with respect to the
mapping 7 : K x K — R, if ¢ + tn(y,x) € K for every z,y € K and t € [0,1].

Notice that every convex set is invex with respect to the mapping n(y, ) = y—=,
but the converse is not necessarily true. For more details please see (see [5],[6]) and
the references therein.

Definition 1.6. (see [7]) The function f defined on the invex set K C R™ is said
to be preinvex with respect 7, if for every z,y € K and ¢ € [0, 1], we have that

fz+in(y,2) < (1 =) f(x) +tf(y)-
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The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y,z) = y — x, but the converse
is not true.

The Gauss-Jacobi type quadrature formula has the following

—+o0

b
/ (2= aP(b— ) f(2)de = 3 Bunsf () + R, (1.3)

k=0

for certain B, x, v, and rest R, |f| (see [§]).

Recently, Liu (see [9]) obtained several integral inequalities for the left hand side
of under the Definition of P-function.

Also in (see [10]), Ozdemir et al. established several integral inequalities concerning
the left-hand side of via some kinds of convexity.

Motivated by these results, in Section the notion of MT,,-preinvex function
is introduced and some new integral inequalities for the left hand side of in-
volving MT,,-preinvex functions are given. In Section [3| some generalizations of
Ostrowski type inequalities for MT,,-preinvex functions via classical integrals are
given. In Section [d] some generalizations of Ostrowski type inequalities for MT,,-
preinvex functions via fractional integrals are given. In Section[5] some applications
to special means are given. These results given in Sections not only extend
the results appeared in the literature (see [12], [16]) but also provide new estimates
on these types.

2. NEW INTEGRAL INEQUALITIES FOR M1T,,-PREINVEX FUNCTIONS

Definition 2.1. (see [3]) A set K C R™ is said to be m-invex with respect to the
mapping 1 : K x K x (0,1] — R™ for some fixed m € (0, 1], if mz+tn(y,x,m) € K
holds for each z,y € K and any t € [0, 1].

Remark 2.2. In Definition under certain conditions, the mapping 7n(y, z, m)
could reduce to n(y, x).

We next give new definition, to be referred as MT,,-preinvex function.

Definition 2.3. Let K C R” be an open m-invex set with respect to n: K x K x
(0,1] — R™. For f: K — R and any fixed m € (0, 1], if

oy +tn(o.om) < 57 ) + "L g, 1)

is valid for all z,y € K and t € (0,1), then we say that f(x) belong to the class of
MT,,(K) with respect to 7.

Remark 2.4. In Definition it is worthwhile to note that the class MT,,(K) is
a generalization of the class MT(I) given in Definition on K = I with respect
to n(z,y,m) =x —my and m = 1.

In this section, in order to prove our main results regarding some new integral
inequalities involving MT,,-preinvex functions along with beta function, we need
the following new lemma:
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Lemma 2.5. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous function
on the interval of real numbers K° with a <b and ma < ma + n(b,a,m). Then for
any fixzed m € (0,1] and any fized p,q > 0, we have

ma+n(b,a,m)
/ (z — ma)?(ma + n(b,a,m) — x) f(x)dx

ma

1
_n(b,a,m)p+q+1/ 121 — )9 f (ma + ty(b, a, m))dt.
0

Proof. Tt is easy to observe that

ma-+n(b,a,m)
/ (2 — ma)? (ma + (b, a,m) — 2)1f(z)dz = (b, a,m)

ma

1
x/ (ma+tn(b, a, m)—ma)? (ma+n(b, a, m)—ma—tn(b, a,m))? f (ma+tn(b, a,m))dt
0

1
= (b, a, m)PTatl / t?(1 — )9 f(ma + tn(b,a,m))dt.
0

The following definition will be used in the sequel.

Definition 2.6. The Euler Beta function is defined for z,y > 0 as

1
_ - ['(z)I(y)
zy)= [ *7Y1 -tV ldt = =L~
Baa) = [ et — i = g
Theorem 2.7. Let f: K = [ma,ma+ n(b,a,m)] — R be a continuous function
on the interval of real numbers K°, a < b with ma < ma + n(b,a,m). If | f| is an
MT,,-preinvex function on K for any fired m € (0,1], then for any fixed p,q > 0,

ma+n(b,a,m)
/ (x — ma)?(ma + n(b,a,m) — ) f(x)dzx

ma

1f(a)|3 <p—|— ;q+ >+|f( )15 (p+2,q+;>

Proof. Since |f| is an MT,,-preinvex function on K, we have

myv/t my/1—t
< /(O] + |f(a)]
21— Y
for all ¢ € (0,1) and for any fixed m € (0, 1]. By Lemma [2.5 Definition [2.6]and the
fact that |f| is an MT,,-preinvex function on K, we get

[ Fma+ t(b, a,m))

ma+n(b,a,m)
/ (z — ma)?(ma + n(b,a,m) — x)f(x)dx

ma

1
<n(b,a m)p+q+1/ (1 —1t)?

1 =
n(b,a mp+q+1/0 tP(1 [ \[ (b)| + m2\1/£ t|f(a)|]dt

= D bam”*‘f“[f B (p+ = 7q+ >+|f()|6<p+2,q+;)

(ma + tn(b, a, m))’dt

2"l
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d

Theorem 2.8. Let f: K = [ma,ma+ n(b,a,m)] — R be a continuous function
on the interval of real numbers K°, a < b with ma < ma + n(b,a,m). Let k > 1.
If |f|ﬁ is an MT,,-preinvez function on K for any fized m € (0,1], then for any
fized p,q > 0,

ma+n(b,a,m)
/ (x — ma)?(ma + n(b,a,m) — ) f(x)dzx

ma

k—1
k

< (Y by B0 + 1.kq + 1) (1@ + 1))

Proof. Since |f] BT is an M T,,-preinvex function on K, combining with Lemma/|2.5
Definition and Holder inequality for all ¢t € (0,1) and for any fixed m € (0, 1],
we get

ma+n(b,a,m)
/ (2 — ma)?(ma +n(b, a,m) — 2)" f(z)d

k

1 %
< (b, a, m)Pratl [/ thP(1 — t)kth]
0

1 k
/ | f(ma + tn(b, a, m))’k‘ldt]
0

=

< (b, a,m)" o [B(kp + 1, kg + 1)]

k—1

1 mvt k. my1-—1t ko *
[/ (5ol + ™ = st )dt]

(Y by, B+ 1,k + 1)) (@)1 + 10

k=1
k

O

Theorem 2.9. Let f : K = [ma, ma + n(b,a,m)] — R be a continuous function
on the interval of real numbers K°, a < b with ma < ma + n(b,a,m). Let | > 1. If
|f|" is an MT,,-preinvex function on K for any fized m € (0,1], then for any fized
p,q >0,

ma+n(b,a,m)
/ (z — ma)?(ma + n(b,a,m) — x)4 f(x)dx

1 1—1
1 [2

< (ﬁ) n(b, a, m)PTatl [B(p +1,q+ 1)}

—\2
1
7

x [f(a)llﬁ (p+ 500+ 3) + 17015 (p+ o0+ 3)

Proof. Since |f| is an MT,,-preinvex function on K, combining with Lemma
Definition and Holder inequality for all ¢t € (0,1) and for any fixed m € (0, 1],
we get

ma+n(b,a,m)
/ (2 — ma)? (ma + (b, a,m) — 21 f(z)da
1—1

= (b, a, m)P+atl /0 1 [tm—t)q] ‘ [tpu—t)Q] f(ma + tn(b, a,m))dt

~l=
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1
l 1

< n(b,a,m)PTatl [/O tP(1 —t)th] [/0 tP(1 —t)q‘f(ma—l—tn(b,a,m))]ldt]

=1

0, a,m) B+ 1,q+ 1))

[ / 1tp<1—t>q( s+ mmma)v) dt]

1
[

21— 2Vt
1 -1
T

= (%) namyp [Bp+1q+1)] T

1
1

X[f(“”lﬁ (o4 50+ 5) #1015 (0 Foat 3)

Remark 2.10. In Theorem 2.9 if we choose [ = 1, we get Theorem [2.7]

3. OSTROWSKI TYPE CLASSICAL INTEGRAL INEQUALITIES FOR MT,,-PREINVEX
FUNCTIONS

In this section, in order to prove our main results regarding some generalizations
of Ostrowski type inequalities for MT,,-preinvex functions via classical integrals,
we need the following new lemmas:

Lemma 3.1. Let K C R be an open m-inver subset with respect to n : K X
K x (0,1] — R for any fized m € (0,1] and let a,b € K, a < b with ma <
ma + n(b,a,m). Assume that f : K — R is a differentiable function on K° and
f' is integrable on [ma, ma + n(b,a,m)]. Then, for each x € [ma, ma + n(b,a, m)],
we have that

n(z, a,m)f(ma + n(z,a,m)) —n(z,b,m)f(mb + n(x,b,m))

n(baaam)
1 ma+n(z,a,m) mb+n(x,b,m)
T EE— flu)du —/ flu)du
n(bvavm) [/ma ( ) mb ( )
n(x,a,m)? n(z,b,m)?

/1 tf' (mb+ tn(x, b, m))dt.
’ (3.1)

1
=127 7 | tf'(ma+tn(z,a,m))dt — "
o / f'(ma-+ (e, m))ar - L0

Proof. Denote

n(m7 a” m)

2 1 2
/ tf' (ma+tn(z,a,m))dt — o, b,m)”
0

1
I= / tf'(mb+tn(z,b,m))dt.
0

/r](b’ a7 m) n(b7 a/’ m)
Integrating by parts, we get
I_n(x,a,m)2 tf(ma—i—tnxam fma+t17xam))dt
— n(b,a,m) n(z,a,m) n(z,a,m)

_r](gc,b,m)2 tf(mb—i—tnxbm fmb—l—tnacbm))dt
n(b,a,m) n(xz,b,m) n(xz, b, m)
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n(b, a,m) n(z,a,m)  nlz,a,m)?

ma

_ n(z, a,m)? [f(ma + n(xz,a,m)) 1 /ma+n(m,a,m) f(u)du]

_77(37, b, m)2 lf(mb + 77(377 b, m)) 1 /mb+n(af,b,m)

n(b, a,m) n(z,b,m) ~ n(z, b,m)? f(U)dul

77(3% a, m)f(ma’ + 77(% a, m)) — 77(957 b’ m)f(mb + 77(3% ba m))
n(bvavm)

1 ma+n(x,a,m) mb+n(x,b,m)
—— u)du — w)du | .
77(b7 a, m) /7na f( ) / b f( )

mb

m

O

Remark 3.2. Clearly, if we choose m = 1 and n(z,y, m) = z — my in Lemma
we get Lemma (see [16], Lemma 1).

Using the Lemma [3.1] the following results can be obtained.

Theorem 3.3. Let A C Rqy be an open m-inver subset with respect to n : A X
A x (0,1] — Rq for any fixed m € (0,1] and let a,b € A, a < b with ma <
ma + n(b,a,m). Assume that f : A — R is a differentiable function on A°. If | f'|
is an MT,,-preinvez function on [ma,ma + n(b,a,m)] and |f'(z)| < M, then for
each z € [ma, ma + n(b, a, m)], we have that

77(% a, m)f(ma’ + 77(37, a, m)) — 77(377 b’ m)f(mb + 77(3% ba m))

n(b, a,m)
1 ma+n(x,a,m) mb+n(x,b,m)
- f(u)du —/ f(u)du
n(byavm) /ma ( ) mb ( )
Mmm
< 2 2. .
< Tl a oy (1680 0m)? + e, b’ (3:2)

Proof. Using Lemma Definition [2.6] MT,,-preinvexity of |f’|, the fact that
|f'(z)| < M for each x € [ma, ma + n(b,a, m)|, and taking the modulus, we have

77(% a, m)f(ma + 77(17’ a, m)) — 77(% ba m)f(mb + ’r](gj, ba m))

n(b, a,m)
1 ma+n(z,a,m) mb-+n(xz,b,m)
_(b‘”’”[/ f(u)du—/b f(u)du]
n(z,a,m) n(z,b,m
W t|f (ma+tn(z,a m))|dt+W/ tlf (mb+tn(x,b,m))|dt
myv1—t

=|f(@)] + i ()I]dt

|77bam| [
n(z,b,m)? T
|17bam| l\ﬁf() N |f (b)|]dt

Mm n(x,a,m)? \/
=72 [n(boa,m)| F J
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anxbm / Vit \/1—
2 baml o VIt v
Mmm

:m[n(x a,m)? +n(x,b,m) }

O

Remark 3.4. In Theorem if we choose m =1 and n(z,y, m) = 2 — my then we
get Theorem (see [16], Theorem 2).

The corresponding version for power of the absolute value of the first derivative
is incorporated in the following results.

Theorem 3.5. Let A C Ry be an open m-inver subset with respect to n : A X
A x (0,1] — Rg for any firzed m € (0,1] and let a,b € A, a < b with ma <
ma-+n(b,a,m). Assume that f : A — R is a differentiable function on A°. If | f'|?
is an MT,,-preinvex function on [ma,ma + n(b,a,m)], ¢ > 1, p~ 1 +¢ 1 =1 and
|f(x)] < M, then for each x € [ma,ma + n(b,a,m)], we have that

n(z,a,m)f(ma+n(z,a,m)) —n(z,b,m)f(mb+ n(z,b,m))
n(b,a,m)

ma+n(z,a,m) mb+n(x,b,m)
/ fu)du — / f(u)du

ma 1b

v
n(b,a,m)

M (mﬁ)% ln(x, a,m)? + n(x,b, m)Q] ) (3.3)

S - | —
(p+DVr\ 2 (b, a,m)|

Proof. Suppose that p > 1. Using Lemma [3.1] Definition [2.6] MT,,-preinvexity of
|f|9, Holder inequality, the fact that | f/(x)] < M for each = € [ma, ma+n(b,a, m)],
and taking the modulus, we have

n(x, a,m)f(ma+ n(x,a,m)) —n(x,b,m)f(mb+nz,bm))

n(b, a,m)
1 ma+n(z,a,m) mb+n(z,b,m)
_(bam)[/ f(u)du—/b f(U)du]
0, a,m)* t|f (ma+tn(z, a m))|dt+M/ t|f (mb+tn(z, b,m))|dt
= In(b,a,m)| In(b, a,m)|

< M (/Oltpdt) : (/O |f'(ma+tn(x,a,m))|th>é
+M (/01 t%t)é (/01 | (mb + t(z, b, m))|th>;
<M</tdt)[/ (2%|f<>|q m;7| <>|q> ]

2 1 :
+Lﬁ’ bm) ( / tpdt>
In(b, a,m)| \Jo

]
—
O\H
/N
[N}
<3
[ =
H‘—
=
S
4@
S
27
=
N———
QU
Lt
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M (mf n(z,a,m)? + n(x,b,m)?
T (pr 1)t In(b,a,m)|

O

Remark 3.6. In Theorem if we choose m = 1 and n(x,y, m) = x — my then we
get Theorem (see [I6], Theorem 3).

Theorem 3.7. Let A C Rqy be an open m-inver subset with respect to n : A X
A x (0,1] — Rqy for any fized m € (0,1] and let a,b € A, a < b with ma <
ma+n(b,a,m). Assume that f : A — R is a differentiable function on A°. If |f'|
is an M T, -preinvez function on [ma,ma+n(b,a,m)], ¢ > 1 and |f'(x)] < M, then
for each x € [ma, ma + n(b,a, m)|, we have that

n(x,a,m)f(ma + 77($7 a, m)) - 77('737 b, m)f(mb + n(z, b, m))
n(b,a, m)

1 /7na+n(m,a,m) ( mb+n(x,b,m) )
T E— fu)du—/ flu)du
77(17, a, m) ma mb

1 a m): n(z,a,m)? + n(zx,b,m)?
SM(2) (mm) l i (b.a.m)| ] (3.4)

Proof. Using Lemma Definition MT,,-preinvexity of |f’|7, the well-known
power mean inequality, the fact that | f'(z)| < M for each = € [ma, ma+n(b, a, m)],
and taking the modulus, we have

n(x,a,m)f(ma + 77($7 a, m)) - 77(% b, m)f(mb + n(z, b, m))

n(b,a,m)
ma+n(z,a,m) mb+n(z,b,m)
_(bim)[/ f(U)du—/b f(u)du]
n(z,a,m)? n(z,b,m
- W t|f (ma+tn(z,a m))|dt+|n(’)|/ tlf (mb+tn(z,b,m))|dt

1—1

< M (/Oltdt> }1 (/01t|f’(ma+t77(a:7a7m))|th>

+m </01 tdt) v (/Olt|f’(mb+tn(x,b, m))|th)}1

1
q

cmant (1) [/ (;ﬁww Il <>|Q> r
e () [/01t<2%|f<>| P <>q> r
o e pepzze]
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Remark 3.8. In Theorem [3.7} if we choose m = 1 and n(z,y, m) = x — my then we
get Theorem (see [I6], Theorem 4). Also, in Theorem [3.7] if we choose ¢ = 1, we

get Theorem

4. OSTROWSKI TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR
MT,,-PREINVEX FUNCTIONS

In this section, in order to prove our main results regarding some generalizations
of Ostrowski type inequalities for MT,,-preinvex functions via fractional integrals,
we need the following new lemma:

Lemma 4.1. Let K C R be an open m-inver subset with respect to n : K X
K x (0,1] — R for any fized m € (0,1] and let a,b € K, a < b with ma <
ma + n(b,a,m). Assume that f : K — R is a differentiable function on K° and
f' is integrable on [ma,ma + n(b,a,m)]. Then, for each x € [ma, ma + n(b,a,m)]
and o > 0, we have that

77(1:) a, m)af(ma + Tl(% a, m)) —n(z, b, m)af(mb + 77(907 b, m))

n(b, a,m)
Fla+1) | o
o am) | Tmatnam) S 000 = Taap o vy - f (mb)l
n(z,a,m)*+ /1 / n(z,b,m)*+ /1 /
=t t* f'(ma+tn(x,a,m))dt————— t* f (mb+tn(x,b,m))dt,
n(b, a, m) 0 ( ( )) 77(b> a, m) 0 ( ( ))

(4.1)

+oo
where T'(a) = / e “u®"tdu is the Euler Gamma function.
0

Proof. Denote

n(z,a,m)**! /1 / n(z, b,m)**
_— t* f'(ma+tn(x,a,m))dt— —————
nbam) o f( n( ) b am)

Integrating by parts, we get

_neam) [ fmat tn(e,am) 10 f(ma + tn(e,0,m)
I e [t TErn T e R e dt]

1
J= / t* f'(mb+tn(z,b,m))dt.
0

n(a,b,m)o [ flmbt t(a,bm) 1 07 (b + (e, b,m))
n(b,a,m) [t n(x,b,m) ‘o_a/o n(xz, b, m) dt]

n(z,a, m)>t1 lf(ma—l—n(a?,a,m)) Fla+1)

— J
n(b,a,m) n(xz,a,m) n(z,a, m)e+1 (ma+ﬂ(w,aam))f(ma)1

n(x,b,m)* | f(mb+n(z,b,m))  T(at+1)
" nlba,m) l n(@,bom) — gleb,m)ett J<mb*”“”’b’m”f(mb>]
_ n(@,a,m)* f(ma + n(z,a,m)) — n(x,b,m)* f(mb + n(x,b,m))
B n(b,a,m)

INa+1)
n(b,a,m)

J(ama—i-n(x,a,m))—f(ma) - J(amb—i—n(at,b,m))—f(mb)‘| :
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Remark 4.2. Clearly, if we choose m = 1 and n(z,y, m) = z — my in Lemma
we get Lemma (see [12], Lemma 1).

By using Lemma one can extend to the following results.

Theorem 4.3. Let A C Ry be an open m-inver subset with respect to n : A X
A x (0,1] — Rg for any firzed m € (0,1] and let a,b € A, a < b with ma <
ma + n(b,a,m). Assume that f: A — R is a differentiable function on A°. If | f'|
is an MT,,-preinvez function on [ma,ma + n(b,a,m)] and |f'(x)| < M, then for
each x € [ma, ma + n(b,a, m)] and oo > 0, we have that

n(x, a,m)* f(ma + n(x, a,m)) —n(x,b,m)*f(mb+ n(z,b,m))

n(b,a,m)
Fla+1) | 0 o
7m (ma+n(x,a,m))—f(ma’) - J(mb+n(x,b,m))—f(mb)]
_ M [ (e, m) ™+ + fn(a, b, m>|a+1] D(a+3)T (é)] RS

- 2 [n(b, a,m)| Na+1)

Proof. Using Lemma Definition MT,,-preinvexity of |f'|, the fact that
|f'(z)| < M for each x € [ma, ma + n(b,a,m)], & > 0, and taking the modulus, we
have
n(z,a,m)* f(ma + n(x,a,m)) —n(z,b,m)* f(mb + n(z,b,m))
n(b,a, m)

I'a+1)
n(b, a,m)

J(amaJrn(z,a,m))ff(ma) - J?mb+n(z,b,m))f(mb>]

In(z, a,m)|** 02, b,m)|* !

1
/ t*| f' (ma+tn(z, a,m))|dt+
0

(B, @, m)] n(b, @, m)]
In(z,a,m)[*+t [t f myVi my/1
< el [ LFIH )+ >|]
G, bom)e [t [ mvi myT—1
el /t [ﬁw |+ =l <>|]dt
Mm |’I’](l‘, a?m)la_H « \[ V
=2 bam)] /t lﬁ T ]
Mm [g(a,b,m)o 1 T VI VIS
T2 [n(ba,m) /t l\ﬁl Vi ]
_ M [fn(z,a,m)|** + fy(x,bm)le 1 ] [T (a+ 5T ()
2 In(b, a,m)| T(a+1) '

O

Remark 4.4. In Theorem [4.3] if we choose m = 1 and n(x y,m) = x —my then we
get Theorem (see [12], Theorem 5). Also, in Theorem |4.3} if we choose o = 1, we
get the inequality in Theorem

1
/ 17 (mb-tn(, b, m)|de
0
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Theorem 4.5. Let A C Ry be an open m-inver subset with respect to n : A X
A x (0,1] — Rq for any fixed m € (0,1] and let a,b € A, a < b with ma <
ma+n(b,a,m). Assume that f : A — R is a differentiable function on A°. If |f'|
is an MT,,-preinvez function on [ma,ma +n(b,a,m)], ¢ > 1,pt +¢ ' =1 and
|f'(x)] < M, then for each x € [ma,ma + n(b,a,m)] and o > 0, we have that

77(337 a,m)” f(ma + 77(3:’ a, m)) —n(z, b, m)af(mb + Tl(fﬂv b, m))
n(b, a,m)

Lla+1) | ., o
“n(b,a,m) [J(mm(w,a,m))f (ma) = JGnbtn(a,bm) - W’)]

M (mﬂ')% [|n(x,a,m)|“+1 + [n(x, b,m)|*+ (4.3)

T (L+pa)i/r 2 n(b, a,m)|

Proof. Suppose that p > 1. Using Lemma Definition MT,,-preinvexity
of |f'|?, Holder inequality, the fact that |f'(x)] < M for each x € [ma,ma +
n(b,a,m)], a > 0, and taking the modulus, we have

n(z,a,m)* f(ma +n(z,a,m)) —n(z,b,m)* f(mb + n(z,b,m))
n(b,a,m)

B MNa+1)
n(b,a,m)

(03

(ma—i—n(z,a,m))—f(ma) - J(amb—&-n(z,b,m))—f(mb)‘|

|77($,a,m)|a+1 / . |77(x,b, m)|a+1 /1 )
(b oa )| ta ma’+t x? a7 m dt+— ta mb+t $7 b’ m dt
nram)] Jy e e mA T G S fy M bt bm))

+W (/1tp°‘dt>l (/ | (mb + tn(a, b m))|th>}l

(e am)=t e A
<M () ) [ <2¢ A ()'H

<=

In(,b,m)|™*t 1 1 o YL 3
0, aym)] (/O ! dt [/O (2 )" + o f ()l)dt]
M 7 | In(z,a,m)|*TL + |n(z, b, m)|*F!
< e (2) [ G, m) ]
O

Remark 4.6. In Theorem [4.5] if we choose m = 1 and n(x y,m) = x —my then we

get Theorem (see [12], Theorem 6). Also, in Theorem |4.5} if we choose o = 1, we
get the inequality in Theorem
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Theorem 4.7. Let A C Ry be an open m-inver subset with respect to n : A X
A x (0,1] — Rq for any fixed m € (0,1] and let a,b € A, a < b with ma <
ma+n(b,a,m). Assume that f : A — R is a differentiable function on A°. If |f'|
is an M T, -preinvez function on [ma,ma+n(b,a,m)], ¢ > 1 and |f'(x)| < M, then
for each x € [ma, ma + n(b,a,m)] and a > 0, we have that

77(% a, m)af(ma + 77(557 a, m)) — 77(% ba m)af(mb + 77(1'7 ba m))
n(b,a,m)

“ulb.am) [J (matn(@,am)—F (M) = JGop (e pmy) - (mb)]

M m\ i
(1+a)~s <5)
(4.4)

Proof. Using Lemma Definition MT,,-preinvexity of |f’|7, the well-known
power mean inequality, the fact that | f/(x)| < M for each x € [ma, ma+n(b,a,m)], a >
0, and taking the modulus, we have

IA

P (a+ 5T ()] [ne,am)=+ + n(e,b,m)j
Na+1) [n(b,a,m)| ’

n(z,a,m)* f(ma + n(x,a,m)) —n(z,b,m)* f(mb + n(z,b,m))
n(b,a, m)

INa+1)

(b, a,m)

J(ama+77(at,a,m))ff(ma) - J((lmb+n(:c,b,m))f(mb)‘|

In(z,a,m)[**!
In(b, a,m)|

[n(z, b,m)|**?
n(b, a,m)]

1 1
/ t|f' (mattn(z, a,m))|dt+ / | f (mb+tn(w,b,m))|dt
0 0

1—1 1
|’I7<.’IJ a, m)|a+1 /1 a ! al gl q
< .
\n(b a,m) o t%dt t If(ma + tn(z,a,m))|?dt
1
|7)(:c b, m)|“Jrl < L

|n(b a,m)

[ am)™+t (N[ mE v, )]
= In(b, a,m)| (/Otdt) [/Ot<2\/1f|f()l+ G |f ()|>dt]

In(z,b,m)|*+! 1 o =g of mvt ay my/1—t q 7
e () [/t(ﬁfﬂ v M <>l)dt]

)17 Tne.am)lo* + oz, b, m)jo+?
s anm) ‘

t> ( t"‘|f’(mb + tn(z, b, m))|th>

=
°

+
~—

=
—
N|—=

O

Remark 4.8. In Theorem [4.7] if we choose m = 1 and n(x y,m) = x —my then we
get Theorem (see [12], T heorem 7). Also, in Theorem [4.7] if we choose a = 1, we
get Theorem



208 ARTION KASHURI, ROZANA LIKO

5. APPLICATIONS TO SPECIAL MEANS

In the following we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 5.1. (see [I7]) A function M : RZ — R, is called a Mean function if
it has the following properties:

(1) Homogeneity: M (ax,ay) = aM(z,y), for all a > 0,

(2) Symmetry: M(x,y) = M(y,x),

(3) Reflexivity: M(z,z) = x,

(4) Monotonicity: If x <2’ and y </, then M (z,y) < M(z',y'),

(5) Internality: min{z,y} < M(z,y) < max{z,y}.

We consider some means for arbitrary positive real numbers «, 8 (a # ).
(1) The arithmetic mean:

a+p
2

A:= Ao, ) =

(2) The geometric mean:

(3) The harmonic mean:

(4) The power mean:

Bﬁ‘
; :f(a,m:{ ) aza
(6) The logarithmic mean:
_ __ B
L:=L(a, B) = WA —In]a] la| # |Bl, aB #0.
(7) The generalized log-mean:
. B prtl — qptl %
L,:=Ly(a,B) = MM} ; peR\{-1,0}, a#p.

(8) The weighted p-power mean:

1
n P
o Qo PPN 6]
Mp Y I )t — 2 azuf
Uy, U2, e y Un i1

where 0 < o; <1, u; >0(i=1,2,...,n) with Y | a; = 1.
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It is well known that L, is monotonic nondecreasing over p € R with L_; := L
and Lo := I. In particular, we have the following inequality H < G < L <[ < A.
Now, let a and b be positive real numbers such that a < b. Consider the function
M := M(a,b) : [a,a + n(b,a)] X [a,a + n(b,a)] — R4, which is one of the above
mentioned means, therefore one can obtain various inequalities using the results of
Sections for these means as follows:

Replace n(x,y,m) with n(z,y) and setting n(z,y) = M(z,y), Va,y € A for value

m = 1 in (3.3), (3.4), (4.3) and (4.4, one can obtain the following interesting

inequalities involving means:

M(a, ) f(a+ M(a,z)) = M(b,z)f(b+ M(b, x))
M(a,b)

a+M (a,x) b+M (b,z)
/ fw)du — / f(u)du]
a b

M <w>$ [M(a,m)Q +M(b7m)2]7

1

M (a,b)

= (p+1)1/r \2 M(a,b) (5.1)

|M<a,x>f<a+M<a,x>> — M(b,x)f(b+ M(b,x))
M(a,b)

1 a+M(a,x) b+M(b,x)
“M(a,b) l/ sy f(”)d“]

N\ [ M(a,2)? + M(b,z)?
<M (2> ma [ M{a,0) ], (5.2)

‘ M(a,z)*f(a+ M(a,z)) — M(b,2)* f(b+ M(b,z))
M(a,b)

INa+1)

T M{ap) | Terraan-T(a) = J&+M(b,z))f(b)] ‘

IN

(L+pa)/? \2 M(a,b)

‘M(a,w)"f(aJrM(aw)) — M(b,2)*f(b+ M(b,x))
M(a,b)

M (71')% lM(a,x)o‘“ + M(b, x)”’“]’

Ia+1)

M (a,b)
M (V[P (et )PE)]7 [Mlaa)* + Mb )
= 1ta)s <2) T(a+1) ] [ M(a,b) ] (5:4)

Letting M(z,y) = A,G,H,P.,I,L,L,,M,,Vx,y € A in (5.1), (5.2), (5.3) and
(5.4), we get the inequalities involving means for a particular choices of a differen-
tiable MTi-preinvex function f. The details are left to the interested reader.

J(OZL+M(a,J;))—f(a) - J(Of,+M(b,x))—f(b) |
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