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HERMITE-HADAMARD INEQUALITIES FOR STRONGLY

HARMONIC CONVEX FUNCTIONS

M. A. NOOR, K. I. NOOR, S. IFTIKHAR

Abstract. We introduce and study a new class of convex functions which
is called strongly harmonic convex functions. We derive some new Hermite-

Hadamard inequalities for strongly harmonic convex and log-convex functions.

Some special cases are discussed. We also obtain the solution of the Jensen
harmonic functional equations. The techniques and ideas of this paper may

starting point of further research.

1. Introduction

In recent years, several integral inequalities related to various classes of convex
functions have been established using new ideas and techniques. Convex functions
and their generalizations have played a significant and crucial part in the devel-
opment of various fields in pure and applied sciences. Convexity theory has been
generalized and extended in various directions using novel and innovative tech-
niques. A significant class of convex functions is that of strongly convex functions
introduced by Polyak [19]. He used the strongly convex function for proving the
convergence of a gradient type algorithm for minimizing a function. The strongly
convex functions also play an important role in optimization theory, mathematical
economics, variational inequalities and other branches of pure and applied mathe-
matics, see [15]. Let I ⊆ R be an interval and c be a positive number. A function
f : I = [a, b] ⊂ R→ R is called strongly convex with modulus c if

f((1− t)x+ ty) ≤ (1− t)f(x) + tf(y)− ct(1− t)‖y− x‖2 ∈ I, ∀x, y ∈ I, t ∈ [0, 1].

Merentes and Nikodem [12] obtained the Hermite-Hadamard inequality for strongly
convex functions. Azcar et. al. [2] obtained a refinement of the Hermite-Hadamard
type inequality for strongly convex functions. For various properties and applica-
tions of strongly convex functions, see [1, 9, 12, 13, 29, 2] and the references therein.

Motivated and inspired by the ongoing research in this dynamic field, we intro-
duce and investigate strongly harmonic and strongly harmonic log-convex functions.
It is shown that strongly harmonic convex function include harmonic function as
special case. We discuss some properties of strongly harmonic convex functions.
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We derive Hermite-Hadamard inequalities for various type of strongly harmonic
convex function. We also obtain the solution of the the harmonic(reciprocal) func-
tional equations, which are closely related with convex harmonic functions of the

form f((1− t)x+ ty) ≤ f(x)f(y)
(1−t)f(x)+tf(y) ,∀x, y ∈ I, t ∈ [0, 1]. Our results represent a

significant refinement and improvement of the previously known and new classes of
convex functions. The stability criteria of these harmonic functional equations in
the sense of Hyers-Ulam-Rassias is an interesting subject of future research.

We now introduce some new classes of convex functions.

Definition 1.1. [26]. A set I ⊆ R \ {0} is said to be a harmonic convex set, if
xy

tx+ (1− t)y
∈ I, ∀x, y ∈ I, t ∈ [0, 1].

Definition 1.2. A function f : I ⊆ R \ {0} → R is said to be strongly harmonic
convex function with modulus c > 0, if

f

(
xy

tx+ (1− t)y

)
≤ (1− t)f(x) + tf(y)− ct(1− t)

∥∥x− y
xy

∥∥2, ∀x, y ∈ I, t ∈ [0, 1].

(1.1)

The function f is said to be strongly harmonic concave function with modulus
c > 0, if -f is strongly harmonic convex function. We say that f is strongly harmonic
mid convex with modulus c if (4.1) is assumed only for t = 1

2 , that is

f

(
2xy

x+ y

)
≤ f(x) + f(y)

2
− c

4

∥∥x− y
xy

∥∥2.
If c = 0, then definition 4.1 collapses to:

Definition 1.3. [8]. A function f : I ⊆ R \ {0} → R is said to be a harmonic
convex function, if and only if,

f

(
xy

tx+ (1− t)y

)
≤ (1− t)f(x) + tf(y), ∀x, y ∈ I, t ∈ [0, 1].

Definition 1.4. A function f : I ⊂ R \ {0} −→ R is said to be strongly harmonic
quasi-convex function on I, if

f

(
xy

tx+ (1− t)y

)
≤ max{f(x), f(y)} − ct(1− t)

∥∥x− y
xy

∥∥2, ∀x, y ∈ I, t ∈ [0, 1].

Definition 1.5. A function f : I ⊂ R \ {0} −→ R is said to be strongly harmonic
log-convex function on I, if

f

(
xy

tx+ (1− t)y

)
≤
(
f(x)

)1−t(
f(y)

)t− ct(1− t)∥∥x− y
xy

∥∥2, ∀x, y ∈ I, t ∈ [0, 1].

A function f is strongly harmonic log-concave, if −f is strongly harmonic log-
convex function.
For t = 1

2 , we have

f

(
2xy

x+ y

)
≤
√
f(x)f(y)− c

4

∥∥x− y
xy

∥∥2, ∀x, y ∈ I, (1.2)

which is called Jeans type strongly harmonic log-convex function.
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From definition 1.5, we have

f

(
xy

tx+ (1− t)y

)
≤

(
f(x)

)1−t(
f(y)

)t − ct(1− t)∥∥x− y
xy

∥∥2
≤ (1− t)f(x) + tf(y)− ct(1− t)

∥∥x− y
xy

∥∥2
≤ max{f(x), f(y)} − ct(1− t)

∥∥x− y
xy

∥∥2.
This shows that, strongly harmonic log-convex function implies strongly harmonic
convex function which implies strongly harmonic quasi-convex function, but the
converse is not true.

If we take c = 0, then Definition 1.4 and Definition 1.5, reduces to the definition
of harmonic quasi-convex functions and harmonic log-convex functions respectively,
see [17, 26].

Definition 1.6. [11]. A function f : [a, b] ⊂ R \ {0} −→ R is said to be harmonic
symmetric with respect to 2ab

a+b , if

f(x) = f

(
abx

(a+ b)x− ab

)
∀x ∈ [a, b].

We also need the following concepts.

(1) The arithmetic mean:

A(a, b) =
a+ b

2
∀a, b(a 6= b) ∈ R+

(2) The generalized logarithmic mean:

Lp(a, b) =


[

bp+1−ap+1

(p+1)(b−a)

] 1
p

, a 6= b, p 6= −1, 0

a−b
ln a−ln b , a 6= b, p = −1

a, a = b.

∀a, b ∈ R+

We start with the following result which give some relationships between strongly
harmonic convex functions and harmonic convex functions in the Euclidean inner
product space R.

Lemma 1.1. i). A function f : I = [a, b] ⊂ R \ {0} −→ R is strongly harmonic
convex function with modulus c, if and only if, the function g(x) = f(x)− c‖ 1x‖

2 is
harmonic convex.
ii). A function f : I = [a, b] ⊂ R \ {0} −→ R is strongly harmonic mid-convex with
modulus c, if and only if, the function g(x) = f(x)− c‖ 1x‖

2 is harmonic mid-convex
function.
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Proof. i) Assume that f is strongly harmonic convex with modulus c. Using prop-
erties of the inner product, we have

g

(
xy

tx+ (1− t)y

)
= f

(
xy

tx+ (1− t)y

)
− c
∥∥∥∥ tx+ (1− t)y

xy

∥∥∥∥2
≤ (1− t)f(x) + tf(y)− ct(1− t)

∥∥x− y
xy

∥∥2
−c
∥∥∥∥ tx+ (1− t)y

xy

∥∥∥∥2

= (1− t)f(x) + tf(y)− c
(
t(1− t)

[∥∥ 1

x

∥∥2 − 2

xy
+
∥∥1

y

∥∥2]
+(1− t)2

∥∥ 1

x

∥∥2 +
2t(1− t)

xy
+ t2

∥∥1

y

∥∥2)
= (1− t)f(x) + tf(y)− c(1− t)

∥∥ 1

x

∥∥2 − ct∥∥1

y

∥∥2
= (1− t)g(x) + tg(y)

which gives that g is harmonic convex function.
Conversely, if g is harmonic convex function, then we have

f

(
xy

tx+ (1− t)y

)
= g

(
xy

tx+ (1− t)y

)
+ c

∥∥∥∥ tx+ (1− t)y
xy

∥∥∥∥2
≤ (1− t)g(x) + tg(y) + c

∥∥∥∥ tx+ (1− t)y
xy

∥∥∥∥2
= (1− t)g(x) + tg(y) + c(1− t)2

∥∥ 1

x

∥∥2 +
2ct(1− t)

xy

+ct2
∥∥1

y

∥∥2
= (1− t)[g(x) + c‖ 1

x
‖2] + t[g(y) + c‖1

y
‖2]− ct(1− t)[

∥∥ 1

x

∥∥2
− 2

xy
+
∥∥1

y

∥∥2]

= (1− t)f(x) + tf(y)− ct(1− t)
∥∥x− y
xy

∥∥2

which shows that f is strongly harmonic convex with modulus c.

ii) Let f be strongly harmonic mid-convex with modulus c. Then
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g

(
2xy

x+ y

)
= f

(
2xy

x+ y

)
− c
∥∥∥∥x+ y

2xy

∥∥∥∥2
≤ f(x) + f(y)

2
− c

4

∥∥x− y
xy

∥∥2 − c

4

∥∥∥∥x+ y

xy

∥∥∥∥2
≤ f(x) + f(y)

2
− c

4

[
2
∥∥ 1

x

∥∥2 + 2
∥∥1

y

∥∥2]
=

g(x) + g(y)

2

which gives that g is harmonic mid-convex function.
Conversely, if g is harmonic mid-convex function, then we have

f

(
2xy

x+ y

)
= g

(
2xy

x+ y

)
+ c

∥∥∥∥x+ y

2xy

∥∥∥∥2

≤ g(x) + g(y)

2
+
c

4

∥∥∥∥x+ y

xy

∥∥∥∥2
=

g(x) + g(y)

2
+
c

4

[∥∥ 1

x

∥∥2 +
2

xy
+
∥∥1

y

∥∥2]
=

g(x) + c‖ 1x‖
2

2
+
g(y) + c‖ 1y‖

2

2
− c

4

[∥∥ 1

x

∥∥2 − 2

xy
+
∥∥1

y

∥∥2]
=

f(x) + f(y)

2
− c

4

∥∥x− y
xy

∥∥2,
which shows that the function f is strongly harmonic mid-convex function. �

2. Main results

In this section, we derive Hermite-Hadamard inequalities for strongly harmonic
convex function. First of all we recall the following result, which is due to Noor
[16].

Theorem 2.1. [16]. Let f : I = [a, b] ⊂ R \ {0} −→ R be strongly harmonic convex
function with modulus c > 0. If f ∈ L[a, b], then

f

(
2ab

a+ b

)
+

c

12

∥∥a− b
ab

∥∥2 ≤ ab

b− a

∫ b

a

f(x)

x2
dx

≤ f(a) + f(b)

2
− c

6

∥∥a− b
ab

∥∥2. (2.1)

We also need the following well known result.

Remark 2.1. Let I = [a, b] ⊆ R \ {0} and consider the function g :
[
1
b ,

1
a

]
→ R

defined by g(s) = f
(
1
s

)
. Then f is strongly harmonic convex function on [a, b] with

modulus c > 0, if and only if, g is strongly convex function on
[
1
b ,

1
a

]
with modulus

c > 0.

Using the Remark 2.1 we establish a refinement of the Hermite-Hadamard in-
equality (2.1) for strongly harmonic convex functions.
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Theorem 2.2. Let f : I = [a, b] ⊆ R \ {0} −→ R be a strongly harmonic convex
function with modulus c > 0 on the interval [a, b]. Then

f

(
2ab

a+ b

)
+

c

12

∥∥a− b
ab

∥∥2 ≤ φ(x)

≤ ab

b− a

∫ b

a

f(x)

x2
dx

≤ ψ(x)

≤ f(a) + f(b)

2
− c

6

∥∥a− b
ab

∥∥2. (2.2)

where

φ(x) =
1

2

[
f

(
4ab

a+ 3b

)
+ f

(
4ab

3a+ b

)]
+

c

48

∥∥a− b
ab

∥∥2,
and

ψ(x) =
1

2

[
f

(
2ab

a+ b

)
+
f(a) + f(b)

2

]
− c

24

∥∥a− b
ab

∥∥2.
Proof. By applying (2.1) on each of the interval [a, 2ab

a+b ] and [ 2aba+b , b], we have

f

(
4ab

a+ 3b

)
+

c

48

∥∥a− b
ab

∥∥2 ≤ 2ab

b− a

∫ 2ab
a+b

a

f(x)

x2
dx

≤ 1

2

[
f(a) + f

(
2ab

a+ b

)]
− c

24

∥∥a− b
ab

∥∥2, (2.3)

and

f

(
4ab

3a+ b

)
+

c

48

∥∥a− b
ab

∥∥2 ≤ 2ab

b− a

∫ b

2ab
a+b

f(x)

x2
dx

≤ 1

2

[
f

(
2ab

a+ b

)
+ f(b)

]
− c

24

∥∥a− b
ab

∥∥2. (2.4)

Summing up side by side, we obtain

φ(x) =
1

2

[
f

(
4ab

a+ 3b

)
+ f

(
4ab

3a+ b

)]
+

c

48

∥∥a− b
ab

∥∥2
≤ ab

b− a

∫ b

a

f(x)

x2
dx ≤ 1

2

[
f

(
2ab

a+ b

)
+
f(a) + f(b)

2

]
− c

24

∥∥a− b
ab

∥∥2
≤ 1

2

[
f(a) + f(b)

2
+
f(a) + f(b)

2
− c

4

∥∥a− b
ab

∥∥2]− c

24

∥∥a− b
ab

∥∥2
≤ f(a) + f(b)

2
− c

6

∥∥a− b
ab

∥∥2. (2.5)
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Using Remark 2.1 and the fact that g is strongly convex function on
[
1
b ,

1
a

]
, defined

by g(s) = f
(
1
s

)
, s ∈

[
1
b ,

1
a

]
, we have

f

(
2ab

a+ b

)
+

c

12

∥∥a− b
ab

∥∥2 = g

(
a+ b

2ab

)
+

c

12

∥∥a− b
ab

∥∥2
≤ 1

2

[
g

(
a+ 3b

4ab

)
+ g

(
3a+ b

4ab

)]
− c

4
‖a− b

2ab
‖2 +

c

12

∥∥a− b
ab

∥∥2
=

1

2

[
f

(
4ab

a+ 3b

)
+ f

(
4ab

3a+ b

)]
+

c

48

∥∥a− b
ab

∥∥2
= φ(x). (2.6)

From (2.5) and (2.6), we obtain the required result. �

Theorem 2.3. Let f, g : I ⊂ R \ {0} −→ R be strongly harmonic convex functions
with modulus c > 0. If f, g ∈ L[a, b], then

ab

b− a

∫ b

a

f
(
x
)
g
(

abx
(a+b)x−ab

)
x2

dx ≤ 1

6
M(a, b) +

1

3
N(a, b)− c

12

∥∥a− b
ab

∥∥2S(a, b)

− c
2

30

∥∥a− b
ab

∥∥4,
where

M(a, b) = f(a)g(a) + f(b)g(b) (2.7)

N(a, b) = f(a)g(b) + f(b)g(a) (2.8)

S(a, b) = f(a) + f(b) + g(a) + g(b). (2.9)
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Proof. Let f, g be strongly harmonic convex functions with modulus c > 0. Then

ab

b− a

∫ b

a

f(x)g
(

abx
(a+b)x−ab

)
x2

dx

=

∫ 1

0

f

(
ab

ta+ (1− t)b

)
g

(
ab

(1− t)a+ tb

)
dt

≤
∫ 1

0

[(1− t)f(a) + tf(b)− ct(1− t)
∥∥a− b
ab

∥∥2][tg(a) + (1− t)g(b)

−ct(1− t)
∥∥a− b
ab

∥∥2]dt

= f(a)g(b)

∫ 1

0

(1− t)2dt+ f(b)g(a)

∫ 1

0

t2dt+ [f(a)g(a) + f(b)g(b)]

∫ 1

0

t(1− t)dt

−c
∥∥a− b
ab

∥∥2[f(a) + g(b)]

∫ 1

0

t(1− t)2dt− c
∥∥a− b
ab

∥∥2[f(b) + g(a)]

∫ 1

0

t2(1− t)dt

−c2
∥∥a− b
ab

∥∥4 ∫ 1

0

t2(1− t)2dt

=
f(a)g(b) + f(b)g(a)

3
+
f(a)g(a) + f(b)g(b)

6

− c

12

∥∥a− b
ab

∥∥2[f(a) + f(b) + g(a) + g(b)]− c2

30

∥∥a− b
ab

∥∥4
=

1

6
M(a, b) +

1

3
N(a, b)− c

12

∥∥a− b
ab

∥∥2S(a, b)− c2

30

∥∥a− b
ab

∥∥4,
which is the required result. �

If f = g in Theorem 2.3, then it reduces to the following result.

Corollary 2.1. Let f : I ⊂ R \ {0} −→ R be strongly harmonic convex functions
with modulus c > 0. If f ∈ L[a, b], then

ab

b− a

∫ b

a

f
(
x
)
f
(

abx
(a+b)x−ab

)
x2

dx ≤ 2[f(a)f(b)]

3
+
f2(a) + f2(b)

6

− c
6

∥∥a− b
ab

∥∥2[f(a) + f(b)]− c2

30

∥∥a− b
ab

∥∥4.
Theorem 2.4. Let f, g : I ⊂ R \ {0} −→ R be strongly harmonic convex functions
with modulus c > 0. If fg ∈ L[a, b], then

ab

b− a

∫ b

a

(
f(x)g(x)

x2

)
dx ≤ 1

3
M(a, b) +

1

6
N(a, b)− c

12

∥∥a− b
ab

∥∥2S(a, b)

− c
2

30

∥∥a− b
ab

∥∥4,
where M(a, b), N(a, b) and S(a, b) are given by (2.7), (2.8) and (2.9) respectively.
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Proof. Let f, g be strongly harmonic convex functions with modulus c > 0. Then

ab

b− a

∫ b

a

f(x)g(x)

x2
dx

=

∫ 1

0

f

(
ab

ta+ (1− t)b

)
g

(
ab

ta+ (1− t)b

)
dt

≤
∫ 1

0

[(1− t)f(a) + tf(b)− ct(1− t)
∥∥a− b
ab

∥∥2][(1− t)g(a) + tg(b)

−ct(1− t)
∥∥a− b
ab

∥∥2]dt

= f(a)g(a)

∫ 1

0

(1− t)2dt+ [f(a)g(b) + f(b)g(a)]

∫ 1

0

t(1− t)dt+ f(b)g(b)

∫ 1

0

t2dt

−c
∥∥a− b
ab

∥∥2[f(a) + g(a)]

∫ 1

0

t(1− t)2dt− c
∥∥a− b
ab

∥∥2[f(b) + g(b)]

∫ 1

0

t2(1− t)dt

−c2
∥∥a− b
ab

∥∥4 ∫ 1

0

t2(1− t)2dt

=
1

3
[f(a)g(a) + f(b)g(b)] +

1

6
[f(a)g(b) + f(b)g(a)]

− c

12

∥∥a− b
ab

∥∥2[f(a) + f(b) + g(a) + g(b)]− c2

30

∥∥a− b
ab

∥∥4
=

1

3
M(a, b) +

1

6
N(a, b)− c

12

∥∥a− b
ab

∥∥2S(a, b)− c2

30

∥∥a− b
ab

∥∥4,
which is the required result. �

If f = g in Theorem 2.4, then it reduces to the following result.

Corollary 2.2. Let f : I ⊂ R \ {0} −→ R be strongly harmonic convex functions
with modulus c > 0. If f ∈ L[a, b], then

ab

b− a

∫ b

a

f2
(
x
)

x2
dx ≤ f2(a) + f2(b) + f(a)f(b)

3
− c

6

∥∥a− b
ab

∥∥2[f(a) + f(b)]

− c
2

30

∥∥a− b
ab

∥∥4.
3. Strongly Harmonic log-Convex Functions

We now obtain the Hermite-Hadamard inequalities for strongly harmonic log-
convex functions.

Theorem 3.1. Let f : I ⊂ R \ {0} −→ R be strongly harmonic log-convex function
with modulus c > 0. If f ∈ L[a, b], then

ab

b− a

∫ b

a

f(x)

x2
dx ≤ f(a) + f(b)

2
− c

6

∥∥a− b
ab

∥∥2. (3.1)



108 M. A. NOOR, K. I. NOOR, S. IFTIKHAR

Proof. Let f be strongly harmonic log-convex function with modulus c > 0. Then

ab

b− a

∫ b

a

f(x)

x2
dx =

∫ 1

0

f

(
ab

ta+ (1− t)b

)
dt

≤
∫ 1

0

[(
f(a)

)1−t(
f(b)

)t − ct(1− t)∥∥a− b
ab

∥∥2]dt
= f(a)

∫ 1

0

(
f(b)

f(a)

)t

dt−
∫ 1

0

ct(1− t)
∥∥a− b
ab

∥∥2dt

=
f(b)− f(a)

ln f(b)− ln f(a)
− c

6

∥∥a− b
ab

∥∥2
= L(f(a), f(b))− c

6

∥∥a− b
ab

∥∥2
≤ f(a) + f(b)

2
− c

6

∥∥a− b
ab

∥∥2.

�

Theorem 3.2. Let f, g : I ⊂ R\{0} −→ R be strongly harmonic log-convex functions
with modulus c > 0. If f, g ∈ L[a, b], then

ab

b− a

∫ b

a

(
f(x)g

(
abx

(a+b)x−ab

)
x2

)
dx

≤ α
f(a) + f(b)

2

[
L( 1

α−1)(f(b), f(a))

] α
1−α

+ β
g(a) + g(b)

2

[
L( 1

β−1)(g(b), g(a))

] β
1−β

−
2c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
−

2c
∥∥a−b

ab

∥∥2
[ln(g(b))− ln(g(a))]2

[
A(g(a), g(b))− L(g(a), g(b))

]
+
c2
∥∥a−b

ab

∥∥4
30

.
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Proof. Let f, g be strongly harmonic log-convex functions with modulus c > 0.
Then

ab

b− a

∫ b

a

(
f(x)g

(
abx

(a+b)x−ab

)
x2

)
dx

=

∫ 1

0

f

(
ab

ta+ (1− t)b

)
g

(
ab

(1− t)a+ tb

)
dt

≤
∫ 1

0

[(
f(a)

)1−t(
f(b)

)t − ct(1− t)∥∥a− b
ab

∥∥2][(
g(a)

)t(
g(b)

)1−t − ct(1− t)
∥∥a− b
ab

∥∥2]dt
=

∫ 1

0

(
f(a)

)1−t(
f(b)

)t(
g(a)

)t(
g(b)

)1−t
dt− c

∥∥a− b
ab

∥∥2f(a)

∫ 1

0

t(1− t)
(
f(b)

f(a)

)t

dt

−c
∥∥a− b
ab

∥∥2g(b)

∫ 1

0

t(1− t)
(
g(a)

g(b)

)t

dt+ c2
∥∥a− b
ab

∥∥4 ∫ 1

0

t2(1− t)2dt

≤
∫ 1

0

α
[(
f(a)

)1−t(
f(b)

)t] 1
α + β

[(
g(a)

)t(
g(b)

)1−t] 1
β dt

−
c
∥∥a−b

ab

∥∥2f(a)

ln[ f(b)f(a) ]

∫ 1

0

(2t− 1)

(
f(b)

f(a)

)t

dt−
c
∥∥a−b

ab

∥∥2g(b)

ln[ g(a)g(b) ]

∫ 1

0

(2t− 1)

(
g(a)

g(b)

)t

dt

+
c2
∥∥a−b

ab

∥∥4
30

= α2
(
f(a)

) 1
α

∫ 1
α

0

(
f(b)

f(a)

)w

dw + β2
(
g(b)

) 1
β

∫ 1
β

0

(
g(a)

g(b)

)w

dw

−
c
∥∥a−b

ab

∥∥2f(a)

ln[ f(b)f(a) ]

[
f(a) + f(b)

f(a) ln[ f(b)f(a) ]
− 2

∫ 1

0

( f(b)
f(a)

)t
ln[ f(b)f(a) ]

dt

]

−
c
∥∥a−b

ab

∥∥2g(b)

ln[ g(a)g(b) ]

[
g(a) + g(b)

g(b) ln[ g(a)g(b) ]
− 2

∫ 1

0

( g(a)
g(b)

)t
ln[ g(a)g(b) ]

dt

]
+
c2
∥∥a−b

ab

∥∥4
30

= α2 (f(b))
1
α − (f(a))

1
α

ln(f(b))− ln(f(a))
+ β2 (g(b))

1
β − (g(a))

1
β

ln(g(b))− ln(g(a))

−c
∥∥a− b
ab

∥∥2[ f(a) + f(b)

[ln(f(b))− ln(f(a))]2
− 2f(b)− 2f(a)

[ln(f(b))− ln(f(a))]3

+
g(a) + g(b)

[ln(g(a))− ln(g(b))]2
− 2g(a)− 2g(b)

[ln(g(a))− ln(g(b))]3

]
+
c2
∥∥a−b

ab

∥∥4
30

= α2 (f(b))
1
α − (f(a))

1
α

f(b)− f(a)
L(f(b), f(a)) + β2 (g(b))

1
β − (g(a))

1
β

g(b)− g(a)
L(g(b), g(a))

−
2c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
−

2c
∥∥a−b

ab

∥∥2
[ln(g(b))− ln(g(a))]2

[
A(g(a), g(b))− L(g(a), g(b))

]
+
c2
∥∥a−b

ab

∥∥4
30
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= α

[
L( 1

α−1)(f(b), f(a))

] α
1−α

L(f(b), f(a)) + β

[
L( 1

β−1)(g(a), g(b))

] β
1−β

L(g(b), g(a))

−
2c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
−

2c
∥∥a−b

ab

∥∥2
[ln(g(b))− ln(g(a))]2

[
A(g(a), g(b))− L(g(a), g(b))

]
+
c2
∥∥a−b

ab

∥∥4
30

≤ α
f(a) + f(b)

2

[
L( 1

α−1)(f(b), f(a))

] α
1−α

+ β
g(a) + g(b)

2

[
L( 1

β−1)(g(b), g(a))

] β
1−β

−
2c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
−

2c
∥∥a−b

ab

∥∥2
[ln(g(b))− ln(g(a))]2

[
A(g(a), g(b))− L(g(a), g(b))

]
+
c2
∥∥a−b

ab

∥∥4
30

,

which is the required result. �

Theorem 3.3. Let f : I ⊂ R \ {0} −→ R be strongly harmonic log-convex functions
with modulus c > 0. If f ∈ L[a, b], then

ab

b− a

∫ b

a

(
f(x)f

(
abx

(a+b)x−ab

)
x2

)
dx

≤ f(a)f(b)−
4c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
+
c2
∥∥a−b

ab

∥∥4
30

.

Proof. Let f be strongly harmonic log-convex functions with modulus c > 0. Then

ab

b− a

∫ b

a

(
f(x)f

(
abx

(a+b)x−ab

)
x2

)
dx

=

∫ 1

0

f

(
ab

ta+ (1− t)b

)
f

(
ab

(1− t)a+ tb

)
dt

≤
∫ 1

0

[(
f(a)

)1−t(
f(b)

)t − ct(1− t)∥∥a− b
ab

∥∥2][(
f(a)

)t(
f(b)

)1−t − ct(1− t)
∥∥a− b
ab

∥∥2]dt
=

∫ 1

0

f(a)f(b)dt− c
∥∥a− b
ab

∥∥2f(a)

∫ 1

0

t(1− t)
(
f(b)

f(a)

)t

dt

−c
∥∥a− b
ab

∥∥2f(b)

∫ 1

0

t(1− t)
(
f(a)

f(b)

)t

dt+2
∥∥a− b
ab

∥∥4 ∫ 1

0

t2(1− t)2dt
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= f(a)f(b)−
c
∥∥a−b

ab

∥∥2f(a)

ln[ f(b)f(a) ]

∫ 1

0

(2t− 1)

(
f(b)

f(a)

)t

dt

−
c
∥∥a−b

ab

∥∥2f(b)

ln[ f(a)f(b) ]

∫ 1

0

(2t− 1)

(
f(a)

f(b)

)t

dt+
c2
∥∥a−b

ab

∥∥4
30

= f(a)f(b)−
c
∥∥a−b

ab

∥∥2f(a)

ln[ f(b)f(a) ]

[
f(a) + f(b)

f(a) ln[ f(b)f(a) ]
− 2

∫ 1

0

( f(b)
f(a)

)t
ln[ f(b)f(a) ]

dt

]

−
c
∥∥a−b

ab

∥∥2f(b)

ln[ f(a)f(b) ]

[
f(a) + f(b)

f(b) ln[ f(a)f(b) ]
− 2

∫ 1

0

( f(a)
f(b)

)t
ln[ f(a)f(b) ]

dt

]
+
c2
∥∥a−b

ab

∥∥4
30

= f(a)f(b)− c
∥∥a− b
ab

∥∥2[ f(a) + f(b)

[ln(f(b))− ln(f(a))]2
− 2f(b)− 2f(a)

[ln(f(b))− ln(f(a))]3

+
f(a) + f(b)

[ln(f(a))− ln(f(b))]2
− 2f(a)− 2f(b)

[ln(f(a))− ln(f(b))]3

]
+
c2
∥∥a−b

ab

∥∥4
30

= f(a)f(b)−
4c
∥∥a−b

ab

∥∥2
[ln(f(b))− ln(f(a))]2

[
A(f(a), f(b))− L(f(a), f(b))

]
+
c2
∥∥a−b

ab

∥∥4
30

,

which is the required result. �

4. Convex harmonic Functions

In this section, we introduce a new class of convex functions, which is called the
convex harmonic functions.

Definition 4.1. A function f : I ⊆ R \ {0} → R is said to be convex harmonic
functions if

f((1− t)x+ ty) ≤ f(x)f(y)

(1− t)f(x) + tf(y)
,∀x, y ∈ I, t ∈ [0, 1]. (4.1)

For the integral inequalities for the convex harmonic functions, see Noor[16].

For t = 1
2 , the convex harmonic functions reduce to:

f(
x+ y

2
) ≤ 2f(x)f(y)

f(x) + f(y)
, ∀x, y ∈ I,

which are called Jeans convex harmonic functions.
In particular, we consider a special case of the Jeans convex harmonic functions,
which are called the Jeans harmonic functional equations of the type; .

f(
x+ y

2
) =

2f(x)f(y)

f(x) + f(y)
, ∀x, y ∈ I. (4.2)

Jung[10] showed that f(x) = c
x (x > 0) is the solution of the harmonic functional

equation

f(x+ y) =
f(x)f(y)

f(x) + f(y)
, ∀x, y ∈ I. (4.3)
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and investigated the stability criteria using the fixed point approach. For the sta-
bility analysis of the Jeans-Cauchy functional equations, see [21, 22, 28, 10] and the
references therein.

Here we show that the f(x) = 1
cx is the solution of the harmonic functional

equations (4.2) using the technique of Samll [27]. We can rewrite the equations
(4.2) in the following form

1

f(x+y
2 )

=
1

2
[

1

f(x)
+

1

f(y)
]. (4.4)

Taking y = 0 and f(0) =∞ in (4.4), we have

f(
x

2
) =

2
1

f(x)

. (4.5)

From (4.4) and (4.5), one can easily have

1

f(x+ y)
=
f(x) + f(y)

f(x)f(y)
=

1

f(x)
+

1

f(y)
.

Let

A(x) =
1

f(x)
.

Then

A(x+ y) =
1

f(x)
+

1

f(y)
= A(x) +A(y),

which shows that A(x) is an additive functions. Consequently, A(x) = cx, x > 0.
Thus, one can easily show that f(x) = 1

cx is the solution of the harmonic functional

equation. (4.1). In a similar way, one can easily deduce that f(x) = 1
cx is the

solution of the harmonic functional equation (4.3), which is the correct solution
of (4.3). One can study the stability of the equations(4.2) using the technique of
Jung[10].

Remarks. We have derived some new Hermite-Hadamard type inequalities for
strongly harmonic convex functions. We have also discussed several special cases,
which have important applications in various fields of pure and applied sciences.
Section 4 is devoted an other important topics in functional equations, which haves
close relationships with convex functions and convex harmonic functions. The field
of harmonic functional equations is new one. One can study the stability critiera of
these harmonic functional equations in the sense of Hyers-Ulam-Rassias using the
direct and fixed point theory approaches. These topics will be considered in future.

Acknowledgments. The authors would like to thank Dr. S. M. Junaid Zaidi,
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