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OPERATOR INEQUALITIES IN ALGEBRAS

A K. GAUR

ABSTRACT. Non commutative W*-algebras are characterized in terms of two
orderings. These conditions improve the previous results. Some new operator
inequalities are discussed. In particular, a decomposition of normal operators
in terms of the Moore-Penrose inverse is established which in turn, is applied
to prove a perturbation inequality. We obtain some inequalities for operators

of the form SR%

1. INTRODUCTION

Let H be a Hilbert space and B(H) be the algebra of all bounded linear operators
on H. A subset X of B(H) is a W*-algebra on H if X is a C*-algebra which is
closed in the weak star topology or weak topology, for example see [2]. We note
that a W*-algebra is commutative if and ony if zero is the only nilpotent element
of the algebra. We denote the set of self-adjoint operators in X by Xg4, that is, if
T € Xga then T' = T* where T* is the adjoint of T. Let(Xg4)* be the dual space
of XSA-

We prove the following theorem since it will be used frequently in this paper.

Theorem A. Let X be a C*-algebra. If there are some A, B € X with || A||,||B] <1
such that

(I [A+ B[ >1+|[AB]
then X is noncommutative.

Proof. Suppose X is commutative, so X = Cy(K) with K a locally compact Haus-
dorff space. For any A,B € X with [|A],||B|| < 1 we then have for all z € K
that

|A(z) + B(z)| <1+ |A(z)B(z)|
since |A(x)|, |B(z)| <1 (namely if r,s € Rthenr+s<1+rs<r(l—s) < (1-s))
The proof is complete by taking the sup on the right, and then on the left. O

We define two ordered relations on Xga. The first ordering on Xg4 is defined
as follows. For every U in Xga thereisa Uy >03: Uy —U > 0,U’ > Uy for every
U’ € Xga that satisfies U’ >0, (U' = U) > 0.
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The second ordering on Xg4 is defined as follows. Suppose T7,715,T5 are three
positive operators in Xg4 such that Ty + T35 > T;. Then there exist operators R
and S in Xg4 with

R<T,S<T5,R+ S5 =Ty <Tr + Ts.

2. NON-COMMUTATIVE W*-ALGEBRAS

In this section we present a characterization for non-commutative W*-algebras
in terms of the first and second orderings on Xg4. The proof uses the ideas of
Theorem A and the following Theorem B of this paper. This result is simpler than
the Theorem 1 in [8].

Theorem B. Suppose that X is a W *-algebra. Let \, i, o be the real numbers with
o >0, > 0. Then there are operators Ty, Ty, T3 >: T} +uTs+0T3 > 0 < Ao > p?

A(SS™) w(vS5*)S
(SH)(VSS*)  a(575) >
Here ||S|| = 1. The theorem can be proved by reducing the matrix A into a product
of three matrices. Let L= (5 W), W = u(o) "1 (V/S5%)S(V/S*5S).
2

For D — <(A - %)55* i (g* S)) we have A = L*DL. This is possible by
the Partial Communication relation (v.55*)S = S(v/5*S). Under the assumption
about o and S*S, the Sylvester type test applies. That is, A is a positive semi
definite matrix if and only if o is positive and (A — “72) > 0. O

Proof. By Theorem A we have ATy +pTo+oT3 = A = (H

Theorem 2.1. The W *-algebra X is non-commutative if and only if the real dual
space (Xga)* does not have the first ordering.

Proof. Let T be an operator such that T is non-zero but its square is the zero
operator. Suppose N is the range of T" and M is the orthogonal complement of
N. Clearly, H= N ® M. If the algebra X is not commutative and the dual space
(Xs4)* has the first ordering then an operator D in Xg4 can be defined as a matrix

_ (D1 D2
D= ( o DS) .
A simple calculation shows that D = D*. The positivity of D; and Dy depends on
whether the operator D is positive. Now we construct the first ordering on (Xg4)*.
Suppose u, v, and r are functionals in (Xg4)’. For elements a in N in b in M, let

(v —u)(D) = (Dsb,b). Then (v —u)(D) > 0 because v(D) = (Dsa,a) is positive.
Hence, u < v = us <.

To see that uy (T3) =0, let 71 = ( o o

w(Ty) <ug(Th) <v(Ty) = uge(Th) = (Tha,a) Further, uy (Th) < v(Te) = uy(T2) =0

. o o
it T = (o s*s)

NOW7 if T3 = (

55 O) be an operator on X. Then

0 (\/SS*)S> then
S*(v/S57) o)

(v—up)(Ty + T3+ T2) = —ui(T3), (v — uy )(Ty — Ts + 1) = uy (T3).
Hence, u4 (T5) = 0 since (—u4(753)), uy(T3) are positive.
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Next, we define the functional r as r(D) = (D(na + b), (na +b)). To achieve a
contradiction, we need to establish that when n is greater than one, then r is not

greater than or equal to u.
Let us compute (r — u)(D). Since u(D) = v(D) — (D3b,a), it follows that

(r —u)(D)

=v(D) + 2(D3b,b) + 2nRe(D3b, a)
@ =

(D1a,a) + 2(Dsb, b) + 2nRe(D2b, a)
(D(a+nb), (a -+ b))
1.

Clearly,(r — u)(D) = r(D), if n =
T+ 1o+ 15 =W.

Also, from (I) we have r > u. Let

~( Ss* (V8SY)S
Then W= (S*(\/W) 55

following relation is true:

) and because uy (To) = 0 = uy(7T3) the

(r—ug)(¥) =up(Th) + (T2, b) + 2nRe(T3b,a) = ((Th + nT5 + T2)(a +b), (a + b))

Obviously, n =1 = (r —u4)(¥) = (¥(a+0b), (a+0b)). In order to have (r —u,)
not greater than or equal to zero we must have by Theorem B, (1 — n?) also not
greater than or equal to zero. That is, n must be greater than 1. Therefore, we
can choose the values of a,b,andn so that r < w;. This proves that if X is not
commutative then the dual space (Xg4)* does not have the first ordering. O

The other implication is trivial and the proof is omitted.
An application of Theorem B is given below and it provides a necessary and a
sufficient condition for (Xg4)* to possess the second ordering.

Theorem 2.2. The second ordering exists in Xga if and only if X is commutative.

Proof. If X is commutative then the second ordering exists on Xg4. Conversely,
let us assume that X is not commutative but Xg4 has the second ordering. If X is
not commutative then by Theorem A there exists a nonzero operator T' such that
its square is the zero operator. The second ordering allows us to have operators
®, I, Q2 defined in terms of the operators 17,715, T3 as follows:

T3=0-T-69
T, =—-Q+49 + 20
T =29
We note that (I'+ Q — ®) > 0 by Theorem B. Also, the order of these operators
is important. To see this, consider (I' 4+ Q — ®) = 373 + 371 + 275. This order of
operators does not satisfy Theorem B.
Our next goal in this construction is to decompose the operator ® as a sum

® = &) + &y so that &; = 0. We assume that &; < I')dy < Q. Using the
matrix representation of ®; and by the condition that ® > ®;, one can write

0 O
*1=10 o
If a € N,b € M then we obtain the following inequality from theorem B.

(II) [V SS*a + Sb||> = (¥(a+b), (a+b)) > (0a,a)

for some 6.
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We remark that from Theorem B one can also have the following inequality for
)\Tl —+ uTg —+ O'T3 = A That iS,

I(A = e)h]|* = [ AR|* = 2¢(Ah, h) + €[|A]]* > €[A]®

By letting A = 4 = 0 = 1 the relation (II) holds.

Now, for b, € M,(v/SS*a + Sb,) — 0 as n — oo. This means that ®; = 0.
AACCOI‘dngly7 b = (132 and T1 S 2Q) = Tl —8T1 —4T3 —2T2 S 0= 7T1 +4T3 +2T2 Z
0 < (7)(2) — (4)? > 0 (Theorem B) which is false and contrary to our assumption.
Thus, X has to be commutative. ([l

3. SOME NORM INEQUALITIES FOR OPERATORS

This section contains some norm inequalities for operators on a Hilbert space H.
These results were obtained during the course of the current research. For the sake
of completeness we include them here.

Theorem 3.1. Let T and S be the bounded linear operators on H. For a vector h
in H where the norm of h equals the number one and for a positive constant m the
following implication holds: || T—S| < m = ||(T*T)"+(S*S)"|| < 2w((S*T)"™)+m?

Proof. Here, by w(A) we mean the numerical radius of an operator A. For h in H
and || T — S|| < m we have

(((T*T)"+(S*S)”)h, h) = (T"h, T"h)+(S™h, S"h) = |T"R|>+||S"h||? < 2Re(T™h, S"h)+m?,m > 0

() Thatis, (((T"T)" +(SS)")h, h) < 2Re(T"h, S"h) +m?,m >0

The operator ((T*T)" 4 (S*S)™) is self-adjoint and hence its numerical radius
equals its norm. Thus the theorem follows by taking the ’sup’ of both sides of
(I). It is obvious to observe that ||(T*T)™ + (S*S)™|| — 2w((S*T)") < || T™ —
S"|? since [[T"h| + |S™hIP > 2| T h|P|S"AI > 2/(T"h, S"h)|.

Also, if T' is a normal operator and ||T'—T*|| < m then the following inequalities
are true.

|T*T + S5*S|| < 2w(T?) +m?;

1
17T || = 1T T < w(T?) + 5m?
O

The central idea in the proof of Theorem 3.2 is based on the concept of the gen-
eralized Moore-Penrose inverse of an operator on a Hilbert space and the “Moore-
Penrose Equations. We briefly give an account of these facts to make the presen-
tation coherent and smooth. For more details on these topics, we refer the reader
to [6] and [7].

The Moore-Penrose inverse E” of an operator E is defined as the unique linear
extension of E~! to D(E") := R(E) + R(E)* with

(1) N(E") = R(E)*
Here, £ = Elyme N(E)t — R(E). The inverse E" is well defined:
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Since N(E) = {0} and R(E) = R(E), the inverse E~! exists. Let y € D(E").
Then y can be uniquely written as y = y; +ys2 for y; € R(E), yo € R(E)*. Further,
the lineqrity of E” and the existence of condition (1) above imply that

E7ly =By

If P and @ are orthogonal projections onto N(E) and R(FE) respectively then the
“Moore-Penrose equations” hold true.

(2) EE'E=E

(3) E EE" = E"
(4) E'E=I1-P
(5) E"E = Qlp(gn

Also, R(E") = N(E)*.

The proof of these equalities is not difficult. For ally € D(E"), ENy = E7'Qy =
E"y € R(E71) = N(E"). For all z € N(E") : E"Exz = E~'Ex = x. This proves
that R(E") = N(E)* .

Now for any y € D(E") the conditions: R(E") = N(E)* and E~'Qy € (E)*
imply that

EE"y=EE"Qy=EE 'Qy=EE™'Qy = Qy,

Consequently, (5) holds. By the definition of “Moore-Penrose” inverse we have
forallz € X : E"Exz = E"'E(Pxz — (I — P)x) = (I — P)x, thus the relation (2) is
true. Conditions R(E") = N(E)* and (5) together imply (3).

The proof in the next theorem uses the above construction of operators which
are decomposed in terms of the “Moore-Penrose” inverse.

Theorem 3.2. Let Ay,A5,B1,By be commuting operators in (Xga) such that for
all z in X, (||Arz|? + || A2z ||?) < oo, (||B1iz||® + || B2z||?) < 0o. Then the following
inequality holds: ||A1 By + A2 Bs| < ||AB||, where A? = (AjA1 + A3As) and B? =
(BiB1 + B3 Bs).

Proof. Let C+ denote the orthogonal projection operator on the closure of the
range of an operator C. Suppose that {y,} is a sequence of elements in X and « is
in X such that

(V) lim Ay, = Atz

n—oo

Now the limits as n — oo of A1y, and Aoy, exist and they are independent of the
selected sequence. In other words, if {y.,} is any other sequence of elements of X
then by (V) the following relations hold:

[A1yn—Arym|| < [|Ayn—Aym|| — 0 and || Azyn—Asym || < [[Ayn—Aym| — 0 as n,m — oo
Thus for an arbitrarily chosen sequence {z,} the inequalities
lA1yn—A1zn|| < [|Ayn—Az, || = 0 and || Aoyn—A2zn || < ||Ayn—Azy,|| — 0 are true.

The existence of the above limits helps us to define the limit operators T and S.
We will claim that the operators T and S are commuting contractions such that
TA= A, = AT and SA = Ay = AS with At = T*T + S*S. In fact our goal is to
write T' = cl(A1A") = cl(A"Ay) and S = cl(A2A") = cl(A™MA,). Here, ¢l means
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the closure of a set and A" is the “Moore-Penrose” generalized inverse of A. This
should not be difficult to see and the construction below will help us to achieve the
desired forms of the operators T and S.

Let Tz = lim, o0 A1yn and Sz = lim, o Aoy, if (V) holds. Accordingly,
TAL =T and SA+ = S. Moreover, TA = A; = AT and SA = Ay = AS. We
also note that A+ = T*T 4+ S*S. Since Al is an orthogonal projection. It is
easy to verify that the equality AtA? = A% = T*TA+ + S*SA+ = AL, which
together with the fact that T(I — AL) = 0 = S(I — A1) establishes the “Moore-
Penrose” inverse. As a matter of fact, these operatons are commutative on the
range space as well as on the null space of A%2. This proves our claim. Thus
the operators 7" and S are normal contractions and commute with the operators
Ay and As. The decomposition of A is complete and established. One can also
have a commuting family {7} of contractions which are self adjoint such that
T,A = AT, = A, )., T:T,, = A". Clearly, this family of operators commutes
with the family {A,} and T, = cl(4,A") = cl(A"A,,). On the same lines we can
factor the operator B. The consequent of the theorem follows from Theorem 2.5.1
in [3] and Theorem 1.19 of [9]. O

Theorem 3.3. For opemtors A and B in Xga the following mequalzty is true for

(1+;4*A> (1+;33> < <1+(1;1*A)> <1+(£23B)>

Proof. Let A,B, and I be commuting operators. If p > 2 then the function G(«) =

2, . . i,
a? is a concave mapping. Basically for p > 2, the correspondence o — (aQ) ? is an

operator monotonic mapping. Hence the following inequalities

<1+(A A)a) > <1+A A) and (1+(B B)z) Z(1+§? B) mply

allp > 2 :

2 2 2
1+ (A*A)\* 2 v 1+ (B*B)\? 2 g
<1 and <1.
( 2 1+ @Aaay) |=°* 2 1+ BB)) ||=
The theorem follows by combining the above inequalities. O

Theorem 3.4. For operators T and S in Xga the inequality | T+S|| < 2'-% (T*T )% (S*S)

holds for all real p > 2.

(1 + mP(T*T) )i (1 + mp<5*5)5>

T+S
Proof. From Theorem 3.3 the inequality H % H < % 9 9

Nl

exists for all m > 0. This implies that

’ H <1 (1+mp2(T*T)é>5 <1+mp2<s*5)’5>

Hence an application of the geometric-arithmetic mean inequality yields the follow-
ing inequality

HT+SH L H<1+m1’2(T*T)’2’) N (1+m”2(5*5)5>

2
P

Sl

SN
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The proof is complete since the minimum on the right side of the above inequality
‘ 2
(T*T)% + (S*S)%

p

is attained at m = O

Remark 3.5. By Theorem 3.2 we can have an elementary inequality for normal
operators 7' and S. In other words, ||T' + S|| < H(I—i—T*T)%(I—i-S*S)% By
Theorem 3.4 we have | T + S| < v2|T*T + 5*S||z. The operator (T*T + 5*S) is

self-adjoint so its numerical radius equals its norm and hence, || T+ 5||? < 2w(T*T+

SS).

The above inequality can be compared with Theorem 3.1. Lastly, if T" and S are
self-adjoint and idempotent operators then | T+ S| < |||+ T||I + S|

The next theorem proves a pertubation inequaliy for self-adjoint operators on X.
The theorem is useful in comparing a class of derivations on X which are induced
by a pair of self-adjoint operators.

Theorem 3.6. For T and S in Xga and for all 6 € (0,1) we have

[T = (s75)%| <2207 - 5)°

Proof. If T and S belong to X g4 then for unitary operators U and V these operators
can be written as : T = U(T*T)%,S = (5*S)z. In this case,

8
2

H(T*T) —(5*9)?

“TYS U (T*T)* V (S*S)% + U (T"T)% V (5*5) % —

ISES

:HUTT)

Let [U (T*T)% — V(S*S)%] — R. Then H(T*T) —(579)%
Since T and S are self-adjoint and R is any operator on X the followmg inequality
is justified from Theorem 3.4. That is,

0
26
-3

l,g

1—6
2]
-8

(VD [l - (st

(T T) Yy R(S*S)7™

For 6 € (0,1), the following inequalities are also true.

—6 1—6
||R||<21_EIIT si8, |RIE <207 -5 H( )

6

and H(T* (S*S) < 2||T — S||. The inequality in (VI) now yields
the theorem. O

Remark 3.7. The conclusion of Theorem 3.6 can also be written in the following
form. For self-adjoint operators A and B if ||A — B|| < m, m > 0 and § € (0,1)
then there exists a positive constant M so that ||[A|® — |B|?|| < M. Also, if B =1
(Identity operator) then [[|A|® — I?|| < M.

The above remark has some value. As a matter of fact Theorem 3.1 and Remark
3.7 produce the following bound for |[|A]? + |B|?||. In paticular, we present the
following theorem.

T)% R+ RV (S*S)1

(vam)i-v (S*S)%) + (U (1) =V (591 v (578)"

Bl
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Theorem 3.8. If form > 0,]|A — B|| < m then
11417 + [BI?|| < 6w (IBI?) w (|A)°) +m?, V6 € (0,1)
The positive valuation of § depends on whether the operators are commutative.

Proof. Recall the operators A and B as in Remark 3.7. Since (|A|9)* (141°) +
(\B|9)* (IB|?) = (|A[” 4 |B|?) for all 6 € (0,1), by Theorem 3.1 we have |||A|? + |B|?|| <
2w (|B|°|A]?) + m?>.

We consider two cases. First, if the operators are not commutative then by [4,
page 37| the inequality w(T'S) < 4w(T)w(S) implies that § = 8. Second, if the
operators are commutative we have § = 4 because w(7T'S) < 2w(T)w(S) by [4, page
37]. We further remark that the self-adjoint property of the operator (|4|% + |B|?)
gives the following inequality:

w (|A|9 +1B|%) = H|A|9 + |B|9H < w (|A]?) w (|1B|?) + m?,¥0 € (0,1),m >0
O

Notation. Let S™! be the inverse of the operator S such that ||S71|| = 5 #0. We
write |T|| = a, w(T?) = ag, A = w(S*T), and z = w(T).

With these notations we present some applications of previous results of the
current paper, especially Theorem 3.1.

Theorem3.9. Let T and S be bounded linear operators on H. For m > 0, we have
1T -S| <m=af™! <A+271m2.

Proof. From Theorem 3.1 the inequality a? + 872 < 2X\ + m? is valid. Thus the
proof follows from the fact that a? + 872 < 2a87 1. O

Corollary 3.10. For 0 < m < 1 the inequality o — o < (2 —v1- m2) z holds.
Proof. If S = I then ||T—1I|| < m. Now the corollary follows from Theorem 3.9. O

Corollary 3.11. Let T and S be bounded and linear operators on H such that S—!
exists. The inequality o® < A2 + 2\ {1 -8t (\/1 - 62)} holds for 27 < B < 1
and | T — S| < 1.

Proof. If h belongs to H and ||h|| = 1 then by Theorem 3.9 we have

(VII) |Th||?> + 872 < 2|(Th, Sh)| +1

By the hypothesis |(Th, Sh)| > 0 and if v = |(Th, Sh)| then (VII) reduces to the
following inequality

(VIII) VT2 =y < (2= )+~ (1 - B2 <2 (1 — g /1- 52)

Note that the factor (1 - B71/1 - BQ) > 0 and by taking the ’sup’ of both sides
in (VIII) over h we have the corollary. Observe that sup(y) = A. O

Remark 3.12. In Corollary 3.10 if S = T™ and the inverse of the operator T exists

then
a? < a2 + 2a9 (1 — /1 - 52)
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Theorem 3.13. If T is a normal operator with ||(T — T*)h|| < 1 < ||T*h]|,h €
H, ||h|| =1 then ||T||* < [T + (w(T?))?.

Proof. By the Schwarz inequality we obtain || T'h||?||T*h||*> < ||T*h||?+|(Th, T*h)|?.
That is, ||Th||* < [|T*h||? + |(Th,T*h)|? because T is normal. Now the theorem
follows by taking the ’sup’ of both sides over h O

4. SPECTRAL RADIUS INEQUALITIES FOR OPERATORS OF THE FORM T = SR

Let H be a Hilbert space with a bounded inner-product (z,y) where the norm
of a vector z is defined by ||z|lg = /(x,x),Yx € H. Since the inner-product is
bounded it is a known fact that there exists a positive operator R on H such that
(z,y) = (Rz,y),V,y € H. We also note that ||z| = HR%xH , Vo € H. For more on

H
these operators we refer the reader to [1]. A general formula for spectral radius is
given in [5] and we state the formula here. We will prove some results for the sum
and the difference of these operators.

Formula A. If A and B belong to B(H) then

r(a+5) < 3 (I41+ 131+ /(141 = 181+ tin(la5], |54

In fact, one can have the following inequality. For A,B,C, and D in B(H)

r(AB+CD) < 5 (IBA| +|DC|| + TTBAT ~ [DCI + ATBCTIDAT))

We present the following inequality for operators of the form 7' = SRz,

Theorem 4.1. Let A,B,S, and T be operators in B(H) such that A = SRz,
B=TR}. Then r(A+B) <} (1] + 1T + /ST = [TI? + AISTITT) ).

Proof. From Formula A:

1 1 1 1 1 1 1 1 1
r(A+B) =r (SR} + TRY) < | (sm I+ IR+ /(USRS - TR + 4QIS R TR |)>

We note the following observation. For any operator G in B(H)
|GR2|? = (GRYz,GRYe) = (v,2) = ||o|2 = |GRY | = |G

Hence, r(A+ B) < 5 (IISII T+ /ST = 1T + 4(||S||HTH)) O

We omit the proofs of corollaries 4.2 and 4.3 as they are straightforward. We
denote the spectrum of an operator P by o(P).

Corollary 4.2. Let r(R2) = 1. Then
r(A+B) <r(S+T) <5 (ISII+ 171+ VST - 1T1)? +4(||5||||TH))

1
2

N —

Corollary 4.3. Ifc(A+ B) C o(S+T) then the conclusion of Corollary 4.2 holds.

Corollary 4.4. (Invariance Inequality):
r(REA+BRY) < 1 (|14 + |1B] + /TAT = [BI)? + Min([AB], [ BA])
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Proof. By Formula A we have the following inequality:

o/ (|ra] - |5r

1 1 1 1 1 2
r(RbA+BRY) < 3 (HRQAH +|[BR} ) +4(||AB||RII))

By [1] it follows that ||R|| = 1. Hence,

r(REA+ BRY) < £ (1] + 1] + VTAT ~ B2 + (1 BRAT))

Also, by symmetry r (BRY + R¥A) < & (18] + || 4]l + /TBI = T4 + A ARE]))
Since || BRA| = | B Al |ARB]| = | A]| B, therefore,

1 1 1 -
r(R3A+BRY) < 5 (1141 + |1B]l + VAT = [BI)? + 40Min([AB[, [BA]))
The following result extends Corollary 4 of [5]. O

Theorem 4.5. If A and U belong to B(H) such that A = SRz and U is a unitary
1
operator, then r(AU£UA) < ||S||g+|S?||3. This conclusion also holds if A= SR.

Proof. The proof follows from above results and definitions involved. |

Lemma 4.6. Let A = BR where B* = B. Then for such an operator A,(Aa,b) =
(a, Ab), a,b € A.

Proof. Since the corresponding inner-product is bounded and R is a positive op-
erator, we have for all a,b € H,(Ra,b) = (a,Rb). Utilizing this, one can get
(Aa,b) = (bRa,b) = (R(BRa),b) = ((RB)Ra,b) = (Ra,B*Rb) = (Ra, BRb) =
(a, BRb) = (a, Ab) O

The next result is a special case of Corollary 4 of [5].

O B

Theorem 4.7. Let A,B,C,D € B(H). If T = [C’ 0

is unitary then r(TU —UT) < |T|lg + VIT?||u

1
0]

] ,B=AR,C = DR, andU

Proof. Let U = [

_OI} be a unitary operatoron HGH. ThenTU = [ o _AR]

DR O

and UT = {gR AOR]. We note that TU + UT = 0 and hence the Corollary 4
. . e . O —2AR

in [5] is a triviality in this case. Moreover, TU — UT = [2 DR o } and the
proof is complete by Theorem 4.5. (Il

The spectral mapping theorem asserts that for every positive integer n, (r(A4))™ =

2
n O B _ 2 O B
r(A™). Suppose that r <[C’ O}) = ro. Then r2 = (r [C O])

Lemma 4.8. Let the operator T be as in Theorem 4.7. Then r(BC) = rd.
Proof. Tt is known that for operators P,Q € B(H),r(PQ) = r(QP) if the oper-

2
: BC O O B
ators are commutative. Hence, r(BC) = r ({ 0 C’B]) =r ([C O} ) =

(o ) - :
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DR O
R = I, the identity operator in B(H), then Lemma 4.8 is a special case of this
remark. Theorem 4.7 and Lemma 4.8 produce a special case of Theorem 2 in [5].
In fact, we have the following inequality.

Remark 4.9. If B = AR and C = DR then ([ 0 AR}) = /r(ARDR). It

Theorem 4.10. Using the conditions of Theorem 4.7, we have

2y/r(ARDR) < ||T|a + VT
Proof. From Theorem 4.7 and Remark 4.9, we have

2 'r(ARDR)Zr([DOR AORquQgR ‘2§RDT(TUUT)S||T||H+\/||Tﬂ

and this completes the proof. (I
Remark 4.11. Last but not least we remark that the above results present some

o o . BR: O ,
pinch inequalities in form of matricies. Let v = 1|. Then v* = v where
O CR2
BR: B

vt is the transpose matrix of v. Note that if v =
P C  CR}

} then v # v.

With these notations the pinch inequalities can be written in the form given
below. [[v!|g = |[v|lg < ||v|]lg. Further, if tg and to denote the even and odd
transposes respectively then ||v!||y < ||v||g and ||v||g < ||[v*] g but ||v||x is not
less than or equal to ||v%| 4.

We also remark that the above inequalities are true for bounded extensions of
(In the sense of [1]) operators. According to [1], if T = SRz where S in B(H),
then T has an extension T € B(H). Here, H denotes the completion of H. For
details on these operators, see [1].
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