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ON (m,p)-(HYPER)EXPANSIVE AND
(m, p)-(HYPER)CONTRACTIVE MAPPINGS ON A METRIC
SPACE

OULD AHMED MAHMOUD SID AHMED

ABSTRACT. The purpose of the present paper is to give some results related to
classes of mappings, known as (m, p)-(hyper)expansive and (m, p)-(hyper)contractive
acting on a metric space X. A mapping T : X — X is (m,p)-expansive (
respectively, (m, p)-contractive) for some metric d, integer m > 1 and p €

(0, 00) if, for any =,y € X;

ST (-t (m)d(T’“a;, TEy)P <0 (respectively, > 0)
0<k<m k

and it is (m, p)-hyperexpansive (respectively, (m,p)-hypercontmctive) if, for

allz,y € X
l
Z (—1)k( )d(Tk:c,Tky)p <0 (respectively, > O), forl € {1,2,...,m}.
0<k<l k

The notions of (m, p)-expansive mapping or of (m, p)-contractive mapping on a
metric space generalize the notion of m-isometry for bounded linear operators
acting on Hilbert or Banach spaces.

1. INTRODUCTION AND NOTATIONS

The introduction of the concept of m-isometric transformation in Hilbert spaces
by Agler and Stankus yielded a flow of papers generalizing this concept both in
Hilbert and Banach spaces. For more details see [4], [5], [6], [7],[10],[15] and the
references therein.

This paper gives several results on (m, p)-(hyper)exzpansive and (m, p)-(hyper)contractive
maps on a metric space. These concepts extend the definitions of m-isometry on

a Hilbert space and also on a Banach space. The results follow the trend of some
recent research by T.Bermudez and others.

As noted in [2], an operator acting on a Hilbert space H is called m-isometries for
some integer m > 1 if

Y (-t <ZL> rm—kpm=k _ (1.1)

0<k<m
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or equivalently

> (-1F (Z) [T *z|?=0 VazeX. (1.2)
0<k<m

The equation (1.2) was used to define m-isometries on a Banach space by Sid
Ahmed [15] and by Botelho [6]. Bayart [4] has replaced the exponent 2 in (1.2)
by an p € [1,00) and was introduced the following definition: a bounded linear
operator T : X — X, on a Banach spaces X is an (m, p)-isometry (m > 1 integer,
p > 1 real) if

> -1k (’Z) | T *z|P=0 VazeX. (1.3)
0<k<m

Hoffman et al. [11] considered the above definition with p > 0 real and studied the
role of the second parameter p and also discussed the case p = oc.

In [5] it was introduced a notion of (m, p)-isometry for maps on a metric space: a
map T : X — X, on a metric space X with distance d, is called an (m, p)-isometry
(m > 1, integer, p > 0 real) if it satisfies

> (1)’“(7:)d(kax,kay)p =0, V x,y€X. (1.4)
0<k<m

The Concept of completely hyperexpansive operators on Hilbert space has attracted
much attention of various authors (see [3] and [19]). For this, it is important to study
m-expansive operators. We refer the reader to [8] and [12] for more information
about m-expansivity. Recently, the concept of (m,p)-expansive,(m, p)-contractive,
(m, p)-hyperezpansive and (m, p)-hypercontractive operators on a Banach space has
introduced and studied in slightly generalised form in [16,17] and C.Gu [9]. We
quote the definition given in [16,17]: Fix a Banach space operator A on a Banach
space X. For a bounded linear operator T" acting on a Banach space X, we denote

/1 A
O (A, T, x) := Z (1)J<,)||ATJSEHP, V oz e X, (1.5)
0<j<m J
where | € Ny is a integer, p € (0,00) and (,lc) denotes the binomial coefficient.
The operator T is said to be A(m,p)-expansive if o (A, T,xz) < 0. When such
a relation is valid for k € {1,2,...,m}, we say that T is A(m,p)-hyperezpansive.
Moreover if OF (A, T,z) > 0, we say that T is A(m,p)-contractive and if T is
A(k,p)-contractive for all positive integer k& < m, the map T is said A(m,p)-

hypercontractive. 1f @,(f{)(A,T, xz) = 0 for all z, the operator T is said to be an
A(m, p)-isometry (concept introduced and studied by B.P.Dugal in [7]).

We note that our notation @;Cp ) (A, T, x) is slightly different from the one in [9, Definion 1.1]
(when A = Ix) by a factor of (—1)™.

Very recently, in paper [18], the present author introduced and studied a class of
mappings acting on a metric space,called (m, p)-expansive and (m, p)-hyperexpansive.
Given an map T : X — X where (X, d) is a metric space, set

l
O (d, T;z,y) =Y (1) (k)d(Tkm,Tky)p Y,y € X, (1.6)
0<k<l
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where [ € Ny is a integer, p € (0,00). The defining inequality of (m, p)-expansive
(resp.(m,p)—hyperexpansive) mapping is @,(fl))(d, T;2,y) <0 (resp.@ép) (d,T;x,y) <
0 for k € {1,2, ...,m}).

The paper is organized as follows. In the second section,we present some basic defi-
nitions and properties of (m,p)-expansive,(m, p)-hyperexpensive,(m, p)-contractive
and (m, p)-hypercontractive mappings on a metric space. The main results of
this section are Proposition 2.1, where we characterize (m,p)-alternatingly ez-
pansive (resp. (m, p)-alternatingly contmctive) from convex (resp. concave) se-
quences of higher order, and Theorem 2.5, which gives conditions,when any (m, p)-
expansive (resp. (m,p)-contmctive) mapping is (m, p)-hyperezpansive (resp. (m,p)-
hypercontmctz've). In section three, we give a natural extension of the definition of
(m, p)-expansive,(m, p)-contractive , (m, p)-hyperezpansive and (m, p)-hypercontractive
where we now allow the second parameter p to become infinite.

Throughout this paper, R denotes the field of real numbers. The natural numbers
{1,2,3, ...} are denoted by N and the non-negative integers by Nj.

2. (m,p)-(HYPER)EXPANSIVE AND (m,p)-(HYPER)CONTRACTIVE MAPPINGS

Throughout this section, X denotes a metric space and d its distance, T : X — X
a map, m > 1 an integer and p > 0 a real number, unless said otherwise.
Definition 2.1. ([187 Definition 2.1 ]) Let T : X — X is a mapping , m € N and
p > 0. We say that
(1) T is (m, p)-expansive if @g)(d, T; z,y) <0, foralxzyeX.
(2) T is (m,p)-hyperexpansive if

0\(d, T; x,y) <0, forall z,y € Xand k€ {1,2,...,m}.

(8) T is completely p-hyperexpansive if T is (k,p)-expansive for allk € N.
(4) T is (m, p)-contractive if @£,€)(d, T;x,y) >0, foralx,yeX.
(5) T is (m, p)-hypercontractive if
@,(cp)(d, T; z,y) >0, foral z,ye€ X andk € {1,2,...,m}.
(6) T is completely p-hypercontractive if T is (k,p)-contractive for all positive inte-
ger k.

Remark. We make the following remarks

(i) For anyp > 0, (1, p)-expansive coincides with non-contractive(or weakly expan-
sive) mapping ; that is, maps T satisfying

d(Tx,Ty) > d(:c,y), for all z,y e X.

. (ii) For any p > 0,(1, p)-contractive coincides with non-expansive
(or weakly contractive) mapping ; that is, maps T satisfying

d(Tm,Ty) < d(m,y), forall x,y € X.
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For simplicity and for readability, in the sequel, we will often write
o) (z,y) = O (d, T; ,y).
We shall introduce new classes of mappings as follows:

Definition 2.2. Let X be a metric space and T : X — X be an mapping , m > 1
and p > 0.T is sid to be

(1) (m,p)-alternatingly contractive if (—l)m@%’) (x,y) <0, forallz,y e X.

(2) (m,p)-alternatingly expansive if (—1)’”@7(72) (z,y) >0, forallz,ye X.

We note that for odd m, (m,p)-alternatingly expansive and (m,p)- expansive are
the same, and for even m, (m,p)-alternatingly expansive and (m,p)-contractive
are the same.

Example 2.1. Let X = R? be equipped with the metric d given by
d((z,y), (w,v)) =z —ul + ]y —v] ¥ (2,y),(u,v) € X.

Define the map T : X — X by T(x,y) = (2z,2y). A simple computation shows
that

@ﬁ,’;’(d, T; z,y) = (1 — 2”)md((ar;,y)7 (u, U))p, vV (z,y), (u,v) € X.

So we can say that T is (m, p)-expansive map for positive odd integer m and (m, p)-
contractive map for positive even integer m.

Let (an)nen, be a sequence of real numbers. The difference operators V and A
act on a, by the inductive formulas as follows

Van, = an — apt1 and Aay, = apy1 — an, 1> 0.

The powers of the difference operators V* and AF are inductively defined for all
k > 0 through the relations

Voa, = Aa, = an,
VFa, = V(Vkla,), k> 1

AFa, = A(AF1a,), B> 1
Furthermore, we must have for m > 1
V™a, = Z (—1)* (T]Z) antk, n >0 and A™a, = (=1)"V"a,.
0<k<m
For example
Va, = An+t2 — 20p41 + ap.
The following definition is reproduced from [14].

Definition 2.3. Let (a,)n>0 be sequence of real numbers.

(1) (an)nen is called convex of order m (or m-convex) if (—=1)"V™a, >0 for all
n € Ng or equivalently if A™a,, > 0 for alln € Ny.

(2) (an)nen, is called concave of order m (or m-concave) if (—1)"V™a, < 0
for all n € Ngy or equivalently if A™a,, <0 for alln € Ny.
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Note that if (an)nen, S 2-conver sequence i.e. Gpyo—20n41+an >0 VYV n € Ny, the
sequence (an)nen, s called convex and if anta — 2an4+1 + an < 0; we call (an)nen,
being concave.

In the following proposition, we give a characterization of (m,p)-alternatingly ex-
pansive (resp.(m,p)-alternatingly contractive) mappings from convex (resp. con-
cave) sequences of higher order.

Proposition 2.1. Let T : X — X be a map. Set ay(x,y) := d(T"x,T"y)? for
z,y € X and n € Ng. The following statements hold.

(1) T is (m, p)-alternatingly expansive if and only if (an(x,y))n>0 is m-conves.
In particular, T is (2, p)-expansive if and only if (an(z,y))n>0 is conver.

(2) T is (m, p)-alternatingly contractive if and only if (an(x,y))n>0 is m-concave.
In particular, T is (2, p)-contractive if and only if (an(x,y))n>0 is concave.

Proof. (1) It is enough to remark that
T is (m,p) — alternatingly expansive

& (-)meP(r,y)>0 VY ryeX

& (0™ > (—1)’“(7Z>d(Tkx,Tky)p >0 VayeX

0<k<m

s (D™ > (1)’“(:?)d(T"+k:c,T”+ky)p >0 Va,yeX
0<k<m
& (-1)"V™Map(r,y) >0 Vaz,ye X andn € Ny

& (an(x,y))n>0 is m — convex for all z,y € X.
The proof about the statement (2) is similar to the above argument. (]

The following identity was proved in [18, Proposition 2.1 |, which is surprisingly
useful in the sequel:

0P (z,y) = @gﬁ)_l(x, y) — @Eﬁ)_l(Tx,Ty), for all z,y € X and m € Ny.  (2.1)

In the following proposition we invoke the following relations which plays an im-
portant role in the proof of main result. It is inspired from [9, Lemma 2.1].

Proposition 2.2. Let T : X — X be a map. For any integer n > m > 1,real
number p > 0 and z,y € X, then the following identities hold.

e —drme ) - Y Cof (Ve 22)

0<k<m—1

> cor(p)eraery = X (") el e

0<k<m—1

senn( )o@



78 OULD AHMED MAHMOUD SID AHMED

Proof. We will prove (2.2) by mathematical induction on m > 1. One may let
m = 11in (2.2) to see that

7651)) (ZL’, y) = 7d((£, y)p + d(T.T, Ty)pv

which is obviously true. Suppose that the induction hypothesis holds for m. By
the induction hypothesis and (2.1), we obtain

(1)1 (z,y)

_ (e (@53?@, ) - 9&5)(T:c7Ty)>

= - <d(me,Tmy)p — Z (fl)k <m> @,(Cp)(x, y) — d(Terlz:,Terly)p

v (e )

0<k<m-—1

_ d(Terla?,Tm—i_ly)p _ d(Tm.’L',Tmy)p + Z (_1)k <m> (@](cp) (x,y) _ (,_)gcp)(Tx, Ty>

= d(Terl(E,Terly)p—‘r(—1)m+1@$£)($,y)— Z (_1)k(m>@§€p)(x7y)

- Y (")l

1<k<m

= d(Tm+1x,Tm+1y)p+(_1)7n+1@55)(x7y)_ Z (_1)k(<km )4—(?))@1@(%5‘/)

m
—0 (a,y) + <—1>7"+1( )@%’(m)

m—1
— (7™l Al \P _1)k m+1 @(P)
0<k<m

Hence,the desired conclusion follows.

To prove (2.3).Let z,y € X, from (2.1) it follows that

> (" )el e

1<k<m
n
= > <—1>’“(k_l) (e,ﬁf’ll(x,y)—9,8’_>1<Tx,Ty))
1<k<m

- = > c(Peren+ X cv(})e ey

0<k<m—1 0<k<m—1
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From which we deduce that

> v(})eny

0<k<m—1

_ -1 k n @(p) -1 k(T @(p)
1<k<m 0<k<m-—1

_ _1\m n (p) _1\k n n (p)
(e S cor((1)+ (1) Jer e

1<k<m—1
+6y” (z,y)
n+1 (p) n

= > cr(")eremncun (" e

0<k<m—1 k m—1
The desired conclusion is now immediate and the proof is so completed. O

Using same arguments as in ([9], Proposition 2.2) we proof the following propo-
sition.

Proposition 2.3. Let T be an mapping from the metric space X. The following
statements hold.

(1) If T is (m,p)-alternatingly expansive mapping, then for n > m we have that
draryrz ¥ 0t} )elen  vepex.
0<k<m-—1
(2) If T is (m,p)-alternatingly contractive mapping,then
(i) Forn >m
d(T"m,T"y)p < Z (—=1)* (Z) @,(cp) (z,y) Va,yeX.
0<k<m—1
(1) T is (m — 1, p)-alternatingly expansive.

Proof. (1) We prove the statement by mathematical indication on n > m. For
n = m,using equation (2.2) and the fact that T is (m,p)-alternatingly expansive
we obtain

m
05 (e =d(rmatmy - Y (-1 el .
0<k<m-—1
Suppose is true for n and let us prove it for n 4+ 1. From (2.3) we obtain

d(Tn+1x T+l )p _ d(TnT.TZ T”Ty)P

> k( ) (T2, Ty)
O<k<m 1
- (") e e (" e
k m—1
0<k<m 1
>

+1
k<nk >®(p) z,9)
0<k<m 1
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The proof of (2) (i) is similar to the proof of (1).
(ii) From part (i),we have that
arery) s Y 0 ())el e +om (" )el )
0<k<m—2
Dividing both sides by n™~1,
P L RPN . n (p).
=d(T"z, T"y)" < T Z (=1 & 0, (z,y)+(-1)™ T — 1 O, 1(,y)

0<k<m—2

nm-

This implies that

7% > (1)k(2’> 0P () < nn}_l(nml(mi 1)@7(5)1(17,@/)

0<k<m—2

Si L (™) Sofor ke {0,1 2} and — " ) = 1,the desired
ince | . or , 1, and —Z—| ,the desire
result follows by taking n — oco. The proof of this proposition is finished. ([

Let n > 1 be an integer, and consider the standard power series
(1-2) Z z¥; x| < 1.
k>0
By differentiating this series (n — 1)—times one sees that
(1—2z)" Zunkz |z < 1,
k>0

where

n—1
1 ) k+n—1
= —— frg > .
e = gy = (177 or ko

The following Lemma is necessary for the proof of our main theorem. Let [r] denote
the greatest integer < r.

Lemma 2.4. ([1], Lemma2.10) Let ji, = [E£2]. then

o Mn41, k

(i) ———
Jk

(i) hm Hn, kt1 1;

k—oo ik

(i4i) lim Hn b+l 1;
k—o00 Hn, k—jk

2
S 7Mn, k+1, fO?” k 2 17

(i) pink — Hn, k=1 = HPn—1, k-

Definition 2.4. ([5], Definition 2.12) A map T on a metric space X is called
power bounded if

sup{ d(T"m,T”y), n=12..}<oo forall z,y € X.

The following example shows that (m, p)-expansive mapping need not be (m —
1, p)-expansive and vice versa.
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Example 2.2. ([18]), Example 2.2) Let X = R be equipped with the Euclidean
metric d(:c,y) = |z —y| for all z,y € X. Define T : X — X by Tz = 1+ 2x.
Then a simple calculation shows that

e T is (1, p)-expansive which is not (2, p)-expansive.
e T is (5,p)-expansive which is not (4,p)-expansive.

The following theorem gives a sufficient condition on (m, p)-expansive (resp.(m, p)-
contractive) mapping to be (m, p)-hyperexpansive (resp.(m,p)-hypercontractive)
mapping. Our inspiration came from [1, Lemma 2.11 | and [18, Theorem 2.1 |.

Theorem 2.5. Let T : X — X be a map. The following statements hold.
(1) If T is (m,p)-expansive and power bounded, then T is (m,p)-hyperexpansive.
(2) If T is (m,p)-contractive and power bounded, then T is (m,p)-hypercontractive.

(3) If T is an (m,p)-contractive and satisfies sup d(T"z,T"y) — 0 as n — oo,
(w,y)€X?

then T is an (m,p)-hypercontractive. Furthermore, for each xz,y € X and all 1 <

kE<m

M, n@,(f) (T"z, T"y) = 0 as n — oo. (2.4)
Proof. (1) Using the fact that T is (m, p)-ezpansive and together (2.1), we obtain
C_)(P)

m—1

(,y) < OF (T, Ty) < ... <OF) (T"2, T"y).
Also from the equality (2.1), it follows that
. -2 . . . .
O (Tha, Ty) = % (-1) (m . ) [d(T“ﬂx,T"ﬂy)p—d(T”“ﬂx,T”“ﬂy)” .
0<j<m—2 J
Since T is power bounded, for given z,y € X, the sequence

(d(T”Hx, T"+jy)p - cl(T"+1+j:177 T"+1+jy)p)
neN

is bounded , hence, has a convergent subsequence

<d(T7‘bk+jx7Tnk+jy)p _ d(T"k"Fl'f‘jx’Tnk"rlJrjy)p) )
keN

We conclude that

[d(T"’*‘"‘jx,T"kﬂy)p — d(T"’“HHx,T"kHHy)p} —1 as k — oo.

So we get that
@%ll(T”"‘m,T"’”‘y) — 0 as k — oo.
This shows that @gll(x,y) < 0 and hence, T is (m — 1, p)-expansive.
In a similar way we obtain @,&p) (z,y) <0 for 1 <k <m as required.
(2) Using the fact that T is an (m, p)-contractive and together (2.1), we obtain
0w (z,y) >0V (T, Ty) > ... > 0% (T"x,Ty).

Note that

O (T, T™y) = OF) ,(T"x, T"y) — ¥ ,(d, T; T" 'z, T y),
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so that

o, (et = Y -1

0<j<m—2

e 2) {d(T”ﬂ‘x, T Hy)P —d (T, Ty P
J

Now using the line of argument from the proof of statement (1) one can prove that
@gll(T"kx,T”ky) — 0 as k — oo.

Thus, ©% (z,y) > 0 and hence, T is (m — 1, p)-contractive.

m—1
By repeating this process, we reach the following inequalities 65:’ )(;U,y) > 0 for
k=1,2,..,m form which T is an (m, p)-hypercontractive as desired.

(3) By a similar way as in the proof of (2), we conclude that T is (m, p)-hypercontractive.
We prove (2.4) by induction on k. Note that for n > 1 and k& = 1, the proof is
immediate

p, n@gp)(,T"x,T"y) = d(T”x, T"y)p — d(T""’lx,T"Hy)p =0 (n— o).

Assume now that the desired result in (2.4) is holds for k£ < m, in order to prove
it for k + 1,where k + 1 < m. Now by part (i) of Lemma 2.4 and the equality (2.1)
we have that for n > j,

e O (72, T)

2 N mn mn
T Inlk, n+1@/(£21(T z, T y)

<
-k
2 (p) n n
< %Mk,rﬁl Z @k+1(T z,T y)
1<r<jn
2 n—r n—r
S Eﬂk,n+1 Z @gﬁl(T xaT y)
1<r<jn
2 n—r n—r mn -7 mn -7
= pHkntl Soo(eParra, mry) — o (e, T y))
1<r<jn

2 . )
=tk <@§cp) (T Img, T I y) — @,(f’) (Tnﬂﬁ,T"y))

2 [ fi . | .
) {M(Mk,njn@l(f)(T”_J”%T"_]"'y)) - B (0 (T%,T"y))}
ke U ttn—jn ke, n
From (ii) and (iii) of Lemma 2.4 if follows that

M1, n9,(£21(T”x,T”y) —0 as n — oo.

This completes the proof of the theorem. ([

Corollary 2.6. Let T : X — X be an mapping. The following assertions hold.
(1) If T is a non-expansive mapping,which is (m, p)-expansive,then T is isometric.

(2) If T is a non-expansive mapping, then T is (m,p)-expansive if and only if, T is
non-contractive.

Proof. The proof follows from Theorem 2.5.1, since a non-expansive mapping is
power bounded. (I
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Theorem 2.7. Let T be an (m, p)-hypercontractive mapping on a metric space X,
then we have

Zum_l,kG%’) (Tkx,Tky) = d(x,y)p - d(Tz,Ty)p
k>0

Proof. By (2.1) he have for 1 <n <m
o), (x,y) = 0P (2,y) — OF (T, Ty). (2.5)

Note that klim d(Tkac7 Tky)p exists (since T is non-expansive). Thus implies that
—00

lim ©W) (T*z, TFy) =0, for 1 <n<m.

k—> 00

Substituting 772 and Ty for 2 and y respectively in formula (2.5) we see that
0P (Tix, T'y) = 0P TV, Tiy) — 0P (T7H 2, TI*1y) for j>0.  (2.6)
we deduce that

oo (M, Tiy) = > OP(TVa,Tiy)— Y 0P(T7 e, Tty
0<j<k 0<j<k 0<j<k

= O(z,y) - P (T* a, THy).

Now letting k — oo, we conclude that

+oo
Z@Sﬂl(zj,ij) = 0P (z,y), z,ye X, 1 <n<m.
§=0

Iterating the last equation and using the Stars and Bars method we obtain that

GEP)(x,y) _ Z @g) (Tk1+k2+.<.+km71x,Tk1+k-2+...+km71y)
k1,k2,...;km—12>0

= > pm-14OR (T2, TFy)

k>0
k+m—2
= > ( Ly )@55><Tkx,Tky>.
k>0
The conclusion of the theorem follows. O

Corollary 2.8. Let T be an (m, p)-hypercontractive mapping on a metric space X,
then the following property holds

mek@gﬁ)(Tkx,Tky) + lim d(Tl:c,le)p = d(ac, y)p.
l—o0
k>0
Proof. Substituting 77z and T’y for  and y in the Theorem 2.7, we obtain that
Z :um—Lk@gr}z) (TkJran Tk+jy) = d(Tj,I, ij)p - d(T‘j+1x’ TjJrly)p
k>0
and hence,

S kOB (T, TR y) = d(Tx, Ty)" — d(T'z, T'y)".
0<j<l—1k>0
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Since Z Hm—1k = lm, 1, Dy letting | — oo and noticing that
0<k<I

>l kO (THH e, THIy) = 37 1y, 1,00 (T2, THy)
J,k>0 k>0

we conclude that
Zum,k(aff;) (T*z, T*y) + lim d(le,le)p = d(w,y)p
>0 l—o0
as desired. 0O

The following theorem, is similar to [5, Proposition 2.18].

Theorem 2.9. Fori=1,2,....n, let (X;,d;) be a metric space and let T; : X; — X;
be a map, m; > 1 integer and p > 0 be a real. Denote by X = X; x Xo x ... x X,
the product space endowed with the product distance

A((@1, T2, oo T3, (Y1, Y21 s Yn)) ;—( > di(xi,yi)p>;.

1<i<n
Let T:=Ty x Ty x ... x Ty, : X — X defined by
T(x1, .y Tp) := (Tha1, Toxa, ooy Tny).
The following statements hold.

(1) If T; is (my, p)-hyperezpansive for i = 1,2, ...,n, then T is (m,p)-expansive,
where m = min(my, ..., my,).

(2) If T; is (my, p)-hypercontractive for i = 1,2,....n, then T is (m, p)-contractive,
where m = min(my, ..., my,).

(3) If T; is completely p-hyperexpansive for i = 1,2, ....n, then so that T.
(4) If T; is completely p-hypercontractive i = 1,2, ...,n, then so that T.

Proof. (1) Let m = min(my,ms,...,m,) and consider for z,y € X

P = 3 U} AT ) T )

0<k<m
= ¥ () X aatnrtay
0<k<m 1<i<n

- Y X v} Jata iy

1<i<n 0<k<m
= E 955) (ffmyz)
1<i<n

Since T; is (my, p)-hyperexpansive for i = 1,2,...,n, it follows that T; is (m,p)-
expansive for i =1,2,....,n i.e.,

> 0 () )t T <o
0<k<m

The conclusion of (1) follows by summing.
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(2) The statement in (2) follows from (1) by reversing the inequality above.

(3) Suppose that each T; is completely p-hyperexpansive for i = 1,2, ...,n, hence
each T; is (k,p)-expansive for any k € N. As

Gl(gp)(x>y) = Z el(cp)(xhyi)a
1<i<n
it follows that
0 (z,y) <0 V keN.
From which the assertion in (3) follows. The statement in (4) follows from (3) by
reversing the inequality above. (|
Theorem 2.10. ([18], Theorem 2.3 ) Let T : X — X be an (2, p)-expansive map.

Then for any positive integer n , T™ is (2, p)-expansive map.

Theorem 2.11. ([18], Theorem 2.4) Any positive integral power of a completely
p-hyperexpansive mapping is completely p-hyperexpansive.

Proposition 2.12. Let T : X — X be the map given in Theorem 2.3. The
following properties hold.

(1) If we assume that each T; is (m;,p)-hyperexpansive with m; > 2 for i =
1,2,...,n,then T' is (2, p)-expansive.

(2) If each T; is completely p-hyperexpansive mapping ,then T' is completely p-
hyperexpansive mapping.

Proof. Let x,y € X and if we consider the map 7" we have

oWV(wy) = Y <—1>j(’“.) S d(TV,, Ty,)?

0<i<k I/ 1 Sizn
k y Iy
= 2 ¥ v ()aain iy
1<i<n 0<j<k J

So, (1) follows from Theorem 2.10 (for k = 2) and (2) follows from Theorem 2.11
for ( k € N). O

3. (m,0)-(HYPER)EXPANSIVE AND (m, 00)-(HYPER)CONTRACTIVE MAPPINGS

The following definition is attempt to extend the definition of (m, p)-ezpansive,(m, p)-
hyperexpansive),(m, p)-contractive and (m, p)-hypercontractive mappings to the case
p = 00.

Definition 3.1. Let m > 1, A mapping T : X — X is called
(1) (m,o0)-isometry if for all x,y € X
max d(Tkm,Tky) = max d(Tkx,Tky)
ke{0,1,..,m} ke{0,1,..,m}
k even k odd
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(2) (m,o0)-expansive if for all v,y € X

max d(Tkx,Tky) < max d(Tkx,Tky)
ke {0,1,...,m} ke {0,1,..,m}
k even k odd

(3) (m, 00)-hyperexpansive if T is (k,c0)-expansive for k =1,2,..,m.
(4) completely co-hyperexpansive if and only if T is (k, 0o)-expansive for all k € N.
(5) (m,o0)-contractive if, and only if, for all z,y € X

max d(Tkx,Tky) > max d(Tk:E,Tky).
ke {0,1,...,m} ke {0,1,..,m}
k even k odd

(8) (m,o0)-hypercontractive if, and only if T is (k, 0o0)-contractive for k = 1,2, .., m.

(4) completely co-hypercontractive if and only if T is (k,o0)-contractive for all
keN.

Example 3.1. Let X =R be equipped with the Euclidean metric
d(x,y) = |z —y| for all z,y € X. Define T : X — X by Tx = 2x.A simple
computation shows that T is (2,00)-contractive and (3,00)-expansive.

Proposition 3.1. Let T : X — X be a map,the following properties hold
(1) T is (m,c0)-isometric if and only if

max d(Tkx,Tky) = max d(Tkx,Tky), vV [ € Np.
kEe{l,..,l+m} Eedl,....,l+m}
k even k odd

(2) T is (m,00)-expansive if and only if
max d(T 2, Try) < max d(T*z, T*y), V 1€N,.
ke{l,...,l+m} ke{l,...,l+m}
k even k odd
(8) T is (m,o0)-contractive if, and only if
max d(Tkx,Tky) > max d(Tkx,Tky), vV | € Np.
kEe{l,..,l4+m} Eed{l,....,l+m}
k even k odd

Proof. For j € N, substituting 77z and T7y for = and y in (1) , (2) and (5) of
Definition 3.1 ,we obtained the desired characterizations. [l
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