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DERIVATION OF NEW EFFICIENT QUADRATURE RULES USING
OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR n—TIMES
DIFFERENTIABLE MAPPINGS

A. QAYYUM, A. R. KASHIF, M. SHOAIB, I. FAYE

ABSTRACT. In this paper we derive quadrature rules using Ostrowski type inequalities for
n—times differentiable mappings by using a more generalized kernel. Some well known
inequalities are derived as special cases of the inequalities obtained with the help of the
generalized kernel. As a consequence a number of efficient quadrature rules are derived.
Specific examples are used to show their effectiveness. A parameter called h is used to
control the efficiency of the quadrature rules and the best values of h are identified at
which specific quadrature rules give optimum result. In addition, it is also shown that the
accuracy of each quadrature rule increases with the increasing value of n.

1. INTRODUCTION

In 1938, Ostrowski [1]] obtained a bound for the absolute value of the difference of a
function to its average over a finite interval.

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b),
whose derivative f' : (a,b) — R is bounded on (a,b), i.e. || ', = supea ) |f ()]

00, then
b—a\? a+b\?| M
. < — .
IS (f;a,b)| < ( 5 ) +(9€ 5 ) P (1.1)

forall x € [a,b], where the functional S (f;a,b) represent the deviation of f () from its
integral mean over |a, b],

S(f;avb):f(‘r)_M(f;avb)v (1.2)
and \
M(f;a,b):bia/f(:c)dx (1.3)

is the integral mean.

If we assume that f’ € Lo [a,b] and || f'|| ., = esssup|f’ (t)| then M in (LI) may be

tela,b

replaced by || f'|| . -
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The inequality of Ostrowski type is considered the most useful inequality in mathe-
matical analysis. Some of the classical inequalities for means can be derived from [9]
for particular choices of the function f. The inequality (I.I), have received considerable
attention in the literature, to mention a few, see [[6]]-[8] and [14]]-[16].

Utilizing an integration by parts argument, Dragomir et. al [2]-[3], obtained inequalities
of Ostrowski type for mappings whose second derivatives belong to different Lebesgue
spaces. In [4], Pachpatte established CebySev type inequalities by using Pecari¢’s extension
of the Montgomery identity [S]]. Cerone [[6] established ostrowski type inequality for one
time differentiable mappings. Qayyum et. al in [[15] and [16] improved the Ostrowski
integral type inequalities.

In this current work we will derive Ostrowski’s inequality for n—times differentiable
mappings by using a more generalized kernel. With the help of thsi kerenl , we found new
error bounds for various quadrature rules. The parameter i has main role to to find the
efficiency of various quadrature rules obtained. Efficiency of quadrature rules also depend
upon the increasing of n. At the end, we present some graphs also to see the performance
of quadrature rules in glance.

2. DERIVATION OF OSTROWSKI INEQUALITY FOR AN n—TIMES DIFFERENTIABLE
MAPPINGS

In this section, we will derive the main ostrowski inequality which will be used to derive
quadrature rules which is the main objective of this work.
Define the peano kernel P (z,.) : [a,b] — R,by

IQ

T (t—A)", a<t<u,

P (z,t) = (2.1)
(t—B)", x<t<b,

3

Bile]

where

e

1
¢ = a—i—B(:v—a)’

_ _F 1
b= a+ 3 (b—x)’

forall z € [a + hb’Ta, b— hb’T"] ,h €[0,1] and , 8 € R are non negative and not both
ZEero.

Now we will state and prove the following identity which will be used to prove our main
theorem.
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Lemma 2.1. Let f: [a,b] = R be a mapping such that f*=1)(z) is absolutely contin-
uous on [a, b, then we have the identity:

b

/Pn (, t)f(") (t)dt o
n—1 _q\ntk+1 ) .

- Z((;)Tl)' {C{(x_A)kﬂf( "(z) = (a— AT (a)}
k=0

p{e-By*" 1" )~ @B 1 @)}

T b
-1)" (O/f(t)dt—i—D/f(t)dt),

forall x € [a + hb*Ta, b— h%] and h € [0,1), where n and k are natural numbers,
n>1,k>1.

Proof:
The proof of (2.2)) is established using mathematical induction.
Let n = 1, then

b
LﬂSd@@z/H@ﬁf@ﬁ
After integrating by parts, we get
b
/ (z,t)f
= Cllz—A4)f(x) - (a—A)f( )+ D[(b—B) f(b) - (z = B) f(z)

(/f dt+D/f ) 23)

Equation (2.3), is identical to the R.H.S of 2.2) forn = 1.
To complete the proof by induction, we need to prove (2.2) for n + 1 and assume that it
is true for n. That is, we have to prove the equality

b
/Pn+1 @, t) f D ()dt

n+k+2

k+1

Jﬁ=

(c{@-0"" 1" @) - (-2 (@)}

(k)

D{(b B ()~ @ B Y ()]

T b
1y c/f@ﬁ+D/j@ﬁ . 2.4)
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b
/Pn+1 (‘Tu t)f(n+1) (t)dt

z b
= 7(71_’1_1)' C/(t_A)n-i-l f(nJrl)(t)dt_,’_D/(t_B)n-i-l f(nJrl)(t)dt]
= = @) — - )
o fl)! [(b - B)"" () — (@ — B)" T ) (a:)]
z b
= [ A @ = - A )
S [0 BTS00 — - By )
n—l, Jynthk+l . )
_ {Z ( (;L ol [C{(m C A FY () = (@ — A (a)}
k=0 :

0 =B 1Y 1) - @ - B 1Y @)]}])

+(=1)" (C/f(t)dt—i-D/f(t)dt)

— e [ A @ = - Ay )
gy (0= B SO0 — (e = B @)
n—1 (_1)n+k+2

[c{@- """ @) - (a- " 1 (@]

>

24kt 1))

+0{- B 17 )~ (- B 1Y (@)}]

+ (=)™ (C/f(t)dt+D/f(t)df)
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(—1)rth2

= X [Cle = A @) — (@ - 4 0 @)

k=0
+D{(b— B fM(0) - (= B f¥ (@)}]

x b
1"t (C/f(t)dt+D/f(t)dt>

= R.H.Sof @C34).
This completes the proof of lemma 1.

Theorem 2.2. Let f : [a,b] — R be amapping such that f"=)(z) (n > 1) is absolutely
continuous on [a, ], then the inequality

|7 (x5, B)] (2.5)

C {(:v S L A)”H} 5|
+D [(B i w)n-i-l . (B . b)n-i-l] (n+1)!
f™ € L [a,b],
< Cq |:(I _ A)anrl _ (a _ A)anrl} E ||j(7l)||
- +D1 [(B — ac)"qJrl — (B - b)nqﬂ} nl(ng+1)7
M e Lylab],p> 1,1 + 1 =1,
Cx—-A)"+D(B-2)" 170l
+[C @@= A" =D (B-a)"| [
f™ e Ly[a,b].
where
7 (z; 0, B) (2.6)

n—1 _ yntk+l .
- ;% {2 1" @) - (= 1 (@)
+D{(b= By 17 1) - @ - B Y @)}
+(=1)" [aM (f,a,2) + BM (f,2,b)],
holds for all x € [a + h¥5%,b — h¥5%] and h € [0,1].

(k)

Proof:
From (2.2) and (2.6)), we get

b b b
rwad) = | [ Pulnofod] < [Pl [[00]
b
< row) [ ipora. @)

a
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It can easily be shown that

b
/|Pn(x,t)|dt
1

= oo [0 ((:c A" (a— A)"“)

+D ((B )"t (B - b)"*l)] .

From (2.7) and 2.0), we get the first inequality of 2.3).
Now, using Holder’s integral inequality, from 2.7), we get

|7 (50, B)

IN

p

b a
[1paworra | s

LA P ng ng
- m[o (=" = (@ — )"

Do ((B gyt (B - b)"q“)] T

This completes the proof of the second inequality of (2.3).
Finally, by using the definition of ||.||; — norm, we get

|7 (5 0, B)

sup |Pa(a,0)] |70
t€la,b]

(n)
= L;mul (C(x—A)"+D(z—-B)")

+1C(x—A)" =D (z-B)"[,

IN

1

which is the last inequality of (2.3). This completes the proof of Theorem 2.

Remark. If we substitute n = 1, in (2.3), we get the result of Qayyum et al [13].
Remark. By substituting h = 0 andn = 1, in (2.3), we get Cerone’s result given in [6].
Remark. Forn = 2, (2.3) confirms the result of Qayyum et al given in [16]].

Remark. Similarly, h = 0 and n = 2, confirms the result given by Qayyum et al in [12].

3. NEW INEQUALITIES VIA CEBYSEV FUNCTIONAL

In this section, we will establish some new results by using Griiss inequality and the
Cebysev functional.
In 1882, Cebysev [4] gave the following inequality.

1
T (£:9)] < 35 (0= a)* 1f'lloo 19'l]so 3.1
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where f,g: [a,b] — R are absolutely continuous functions, have bounded first derivative,
and
b b

b
(1) ¢ =g [ o [ @ e [o@

= M(fg;aub)_M(f;aub)M(g;aub)' (32)
In 1935, Griiss [[13]] proved the following inequality'
b
1
/g (x) dz (3.3)
—a

b—a/f dw——/f dx
<

< 3 ~ (@ — ) (T =),
such that f and g are two integrable functions on [a, b] and
< f(z) <P andy < g(z) <T, forall z € [a,b]. 3.4)

The constant i is best possible.

Theorem 3.1. Let f : [a,b] — R be a mapping such that {1 (x) is absolutely
continuous on [a, b], and «, 8 are non-negative real numbers. Then

’7’ (z;, 8) — [C’ {(x — A)nJrl —(a— A)"Jrl} 3.5)
+D{(b—B)"" ~ (@~ B)""'}] " f o ‘

IN

9 1
2
|F 2
2

- N @) |2

I—vy
< -0 2@y,
where T (z; @, B) is as given by (2.6) and

fmDb) = f 7 D(a)
b—a ’

R =

(3.6)

N2 (x) 3.7)

= (b—a) (254_ 1) (m)Q {CQ ((a: — A)2n+1 —(a— A)2n+1)

+D2 ((b B (o — B)Qnﬂﬂ

_(@tzﬁﬁiﬁﬂcax—M“1—W—AW“)
+D{o-By* — =By Y]),

® = sup P,(x,t)
te(a,b]
1 n—1 n—1
¢ = inf P, (z,t) =0,

te(a,b]
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ifn is even, and

1 n—1
® = sup P(x,t)= ——a(x—a ,
tefa,b] (1) (a+ B)n! ( )
and
) _ﬁ (b_x)nfl
= f P,(x,t) = ————
A A P P
if n is odd.
Proof:

Griiss type results involving the Ceby@ev functional is

T(f,9) =M (fg;a,b) — M (f;a,b) M (g;a,b),

where M is the integral mean defined in (L.3)).
Associating f () with P, (x,t) and g (t) with f(") (t), we obtain

T (Pn (), f™();a, b)
- M (Pn (,.) f<”>(.);a,b) M (P, (2,.);a,b) M (f<">(.);a,b) .

Using identity (2.2)),we obtain
(b—a)T (Pn (z,.), f™():a, b) =7 (z;0,8) — (b—a) M (P, (z,.):a,b) &, (3.8)

From (2.2)) and (3.2),

(b—a)M (P, (z,.);a,b) (3.9
b

= /Pn(a:,t)dt

- <n+1 D! [C(@=a"" = (@@= a*)

+D ((b — B~ (z - B)"“)] .

Now to find (38.3), we will Combine (3.9) with (3.7), the left hand side of (3.3) will be
obtained.
Let f,g: [a,b] = Rand fg: [a,b] — R be integrable on [a, b], then [6]

IT(f.9)] < T(f./)T%(9,9) (f.g€ La[a,b]) (3.10)
< (F;”T% (f.f)  (1<g(@) <T, telab)
< J@-9)T=7) (p<f@ < elat).
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Also, note that

0 < T (f<">(.),f<">(.)) G.11)
= M (00 a) - 22 (10 rat)]
i , 2 4
! £ (¢ dt
= bia/}f("’“)r‘“— B
- [l
< (_1“—7)
< =2

where v < f”(t) < T,t € [a,b]. Now, for the bounds on (3.8), we have to determine
Tz (P, (x,.),Pn(x,.)), ¢ and ® such that ¢ < P, (z,.) < ®.
From the definition of P, (z, t), we have

T (P, (z,.), Py (z,.)) = M (P?(z,.);a,b) — M* (P, (z,.);a,b). (3.12)

n

From (3.9) we obtain
M (P, (x,.);a,b)
1 n+1 n+1
ol ET— [o((x_A) 1 (a— A" )
+D ((b B (2 - B)”“”

and

(b—a) M (P2 (z,.);a,b)

- (1')2 Cz/w(t—A)Q"dt—f—Dz/b(t—B)%dt
- [ (A )

+D? ((b -~ B)2n+1 Az B)2n+l)} '
Thus, substituting the above results into (3.12) gives
0< N(z):=T2 (P, (z,.), P (2,.)
which is given explicitly by (3.7). Combining (3.8), (3.11) and (3.12) gives from the first

inequality in (3.10), the first inequality in (3.3). Utilizing the inequality in (311 produces
the second result in (3.3). Further, it may be noticed from the definition of P, (x,t) in @)
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that for o, 5 > 0

® = sup P, (z,t)
t€la,b]
- [a (z—a)" '+ B0b—z)""
(a+ B)n!
= inf P, (z,t) =0,
o ok (z,1)
if n is even and
1 n—1
® = sup P(z,t) = ——a(z—a
tefa,b] (1) (a+ B)n! ( )
. —Bb—a)""
= f Py (2,t) = —————~—,
v telﬁz,b] (z,) (a+ B)n!

if n is odd.

4. NEW OSTROWSKI TYPE INEQUALITIES FORa = —a AND S =b—=

Theorem 4.1. Let f : [a,b] — R be a mapping such that f "~ (z) is absolutely contin-
uous on [a,b], andy < f M (t) <T,Vt € [a,b], then forall z € [a+ h®5%,b— h%52],
we have

R ey e LGkl @.1)
and
M
IL| < m(r_s)a (4.2)
if n is even and if n is odd,
0]
e ey e GO (43)
0]
e ey ey AUREIR (44)

(=" = B)) 17 @)

(k) (k)

+ =B ) - (0 - A Y (@)
1

n+1 n+1
oGy (e D)

F(n5) s (—1)")1 < [100) - 10 (@)

" |
T / 7 (@),

+



+(n+1)

0 i = (o= (a+r52)) i+ 1-26 -0 +h-a))
et ()
—i—(n—i-l)K:v— (w#’%))”‘.

Proo:

Substituting « = z — a and 3 = b — z, in (2.I) and using

b

g SOTV0) = f D (a)
b_a/f (t)dt = 1= ,

(4.5)

(4.8)
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Now
] b ] b b
L 1) ) _ x () .
= R (b—a)2a/Pn( ,t)dta/f (it 49)
— nflﬂ Y 2= BTy 5 GO
= Yoo (e @) @
+(b— B)k+1 f(k) (b) — (a_A)kJrl f(k) (a)}
1 n+1 n+1
ROl S
—a n+1
+(hb2 ) (1+(—1)”)]
x (D) - (),
Let

b b

b
(2, ) F O (4t — — - (n)
/ 1) £ (t)dt o /Pn( ,t)dt/f (t)dt.  (4.10)

a

If C' € R is an arbitrary constant, then we have

R, () @.11)
b

/ xsds] dt

P, (

Furthermore, it is a straightforward exercise to show that

| R ()] (4.12)
b

b
< ! max | P ( / (x,s)ds /‘f(")(t)—C‘dt.

b — atela,b]
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Consider n to be an even integer, then

b
P, (x,t) — bia /P(”)(x,s)ds (4.13)
B 1
T (b—a)(n+1)

o[ (o (w125 )) Dot aalz)
(- (r37)) 2 (50)

(o= (0-054)) {n+ll+x_b+hbgi]

Al (e t5) 20559

1
2(b—a)(n+1)!

x Ka:— (a—i—hb_Ta))n[n—i-l—2(x—a)+h(b—a)]

+(:v— (b—hb;a)>n m+1-2(0b—1)+h(b—a)

+(n+1)H<x— <a+hb;“)>”_ (I_ (b_hb;a»n}

+

|
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Now consider n to be an odd integer, then

ia /b P (x, 5)ds @14
imax[n(ﬂ (M_l)) frerssannty]
febty e

(= (=15) " - (= ( >)"+I |
(o= (0-r55)) = (= (eent5®)) 2 (55) ™

1
(b a) (n+1)!

X [<x— <a+hb_Ta>)n{[n+1—2(x—a)+h(b—a)]}
+2 (w— (b—hb;a>)n+l —4(hb;“>n+l
(a:— (a+h.b;“>> ]

P, (z,t) —

+(n+1)

We also have

/}f“”(t)—w}dt: (S=7)(b-a). (4.15)

/b‘f(")(t)—I“dt_ (C—8)(b—a). 4.16)

Therefore, we can obtain (@.1)) and (.4) by using (£.3) to (4.16) taking C = yand C =T
in @I12).

5. DERIVATION OF NUMERICAL QUADRATURE RULES

We propose some new quadrature rules involving higher order derivatives of the func-
tion f. In fact, the following new quadrature rules can be obtained while investigating error
bounds using theorem 5:
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We will discuss the efficiency of these rules in light of n and the parameter h.

Q

b
Qua(f) : = / £ (t)dt
1

1

Q

2 (4 1)!

0
N (hb;a>k+1 ((—Uk f(k) (0) +f(k) (a))l

o ey (1)

H(n59) as <—1>">] < [£0=00) — 0D @),

Qn,3 (f) L=

Q

(b ;ki)lkﬂ ((h B 1)k+1 ((_1)k+1 _ 1)) f(k) (a +b

2

)
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To investigate the efficiency of these quadrature rules we integrate various types of

functions including Polynomial, Exponential and Logarithmic. The results of the numeri-

cal integrations are given in tables 1, 2 and 3, with absolute error and the value of n used
to obtain the mentioned accuracy.

5.1. Case. 1: When h =1, we get

b

@mG%=/f@ﬁ

> <b;a)k+1 ((—Uk foc) (b)+f(k) (a))]

n—

%

|
|
< (k+1)!

+

b

@mwwz/fww

: (b;a)k-i—l ((—1)k f(k) (b)—i-f(k) (“))1
k=0

+mi4ﬁ(b;“Y”71+«4f>U@%«m—fWAn@y

1

X
g
=+

n—1 1
:;:@+n!

=0

(bga>k+1 ((—1)k f(k) ) —|—f(k) (a))]

+ﬁ (l)_Ta)nH (1+(=1)") [f(n—l)(b) _ f(n—l)(a)} )

5.2. Case2: Whenh =1, we get

b

@mﬁ%:/f@ﬁ

a

n—1 —a k+1 X X
~ EZ“jgﬂ®4ml (@ 1" @+ (-0 1" o)
k=0
—a n+1
o S () [0 - 7
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%

(b—a)™ & (3a+b
2k+1 f 4

2
M1
=
+ [
=

1
(n+1)!

_an-l-l —a n+1
= () <1+<—1>">]

< [£0=0 ) - £V (@) -

5.3. Case.3: Whenh = 3, we get

b
Qua (/) = / £ (t)dt

%

n—1 _a k+1 . . .
S (k)+ o [ =) 1 @

k=0

3 (0 o+ 1 @)

—a n+1
Sy [+ 1] [0 - 1)
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b
@wﬁ%=/f@ﬁ
a

n—1 k41
Z% [(1+(_1)k) e <a—2i-b)

k=0

%

3 (0 o)+ 1 @)
(b— a)n+1 n n+1 (n—1) (n—1)
m(l‘i‘(—l) )(1+(3) ) [f ) - f ((I)],
Qn3 (f)
=1 (b—a)t? 1\ . [3a+b
- k; ED [(_H 3)) 1 ( 1 >
+3 (0 o)+ 1 @)]
—a n+1
+ (ni ol U 8n+)1 [—1 +2(3)" 4+ (3)" (—1)"}

X [F @) = fr D @)

To investigate the efficiency of these quadrature rules we integrate various types of
functions including Polynomial, Exponential, Logarithmic. The results of the numerical
integrations are given in table.1 with absolute error and the value of n used to obtain the
mentioned accuracy

5.4. Performance of the proposed quadrature rules. In this section we discuss the per-
formance of the proposed quadrature rules using numerous examples and for all values of
the parameter h. The functions used for the analysis are listed below.

filx) = 2+ x+2, fa(x) = xsinz, 5.1
f3(x) = e€“sinz, fa(z) = 2% + sinz,

fs(z) = e, fo(x) = e cos (e” — 2x),

fr(x) = x+cosz,  fs(z) =log (z° + 2)sin [log (z° +2)].

From the above tables, we observe that all three quadrature rules show exact value of the
integral of f; forn = 2 for all three casesi.e h =1, h = % and h = %. The polynomial of
degree k, n = k + 1 will give exact value of the integral f; for all three cases. Acceptable
error estimates can be obtained for smaller values of n to save computational time. In case
of h = %, for integral of fs , Qn 2 (f) (for h = %) gives an error of the order of 107 for
n = 6 while Q1 (f) and @y, 3 (f) give a similar error forn = 10 and n = 11 (forh =1
and h = % respectively).

Similarly for all other functions @, 2 (f) (for h = %) report errors of the order of 107>
or 1076 for relatively smaller values of n as compared to the other two quadrature rules.
Specifically, Q2 (f) (for h = %) give an excellent estimate for the integrals of fg and fg
atn = 6 and n = 4 respectively. In general Q2 (f) (for h = %) give better results as
compared to the rest of the quadrature rules for much smaller values of n. Therefore we can
surmise that Qy, 2 (f) (for h = %) is computationally more efficient both in terms of error
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approximation, simplicity, and time, see figure (2). As a rough estimate we integrated
log (:1:2 + 2) sin [log (3:2 + 2)] using the builtin algorithms of Mathematica 10.0 which
took 26.30 seconds to give its approximate answer. To obtain similar approximation for
the integral of fs, Qn 2 (f) (for h = %) took less than a second.

In order to complete the analysis of the proposed quadrature rules, we fix n at 7 and plot
their error versus h € [0, 1] . We see from figure. 1, which is for Q,, 1 (f), (for h = 1) that
the minimum error occurs (for all the test functions), when h is close to 1. The minimum
eror in this case is of order 107°. In case of Q2 (f), (for h = %) the minimum error is
of the order 10~® and occurs when A is close to 0.5, see figure (2). Coincidently this rule
is of the midpoint type rule. Similarly the minimum error for @, 3 (f) (for h = 2) occurs
when £ is between 0.6 and 0.8. The order of the minimum error is 10~ (see figure 3).

Based on this analysis, we can conjecture that Q,, 2 (f) is the most efficient quadrature
rule, Q,, 3 (f) comes second in terms of performance. It should be noted that if desired the
value of n can be adjusted to improve the error bounds or decrease computational time.

Error bound
0.00007 -

0.00006 |
0.00005 |
0.00004 |
0.00003 |
0.00002 |

0.00001 [

0.6 0.8

FIGURE 1. Error Analysis of Q,, 1(f) for all values of i
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Error bound
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FIGURE 2. Error Analysis of @, 2(f) for all values of h

Error bound
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FIGURE 3. Error Analysis of Q,, 3(f) for all values of h
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TABLE 1. Performance of the proposed quadrature rules when h = 1

[ Sr.No. || Method | n: Qu1(f) | n:

Qn,Q(f) | n:

Qn,3 (f) [ Exact Value |

1. },fl(x)dx 2: 2.83333 2: 2.83333 2: 2.83333 2.83333
) Error: 0 0 0

2. }fg(l‘)dl’ 6: 0.30117 6: 030117 6: 0.30117 0.301169
) Error: 1.1381x107% | 1.1381x107% | 1.1381x10~°

3. }f3(x)dx 6: 0909328 | 6: 0909328 | 6: 0.909328 | 0.909331
: Error: 2.33999x107° | 2.33999x10-° | 2.33999x 10~

4. jl'f4(x)d:c 5: 0.793022 | 5: 0.793022 | 5: 0.793022 0.793031
: Error: 8.63182x107° | 8.63182x107° | 8.63182x10~°

5. jl'f5(x)d:c 11: 1.46266 | 11: 1.46266 | 11: 1.46266 1.46265
) Error: 5.8789x107° | 5.8789x10~° | 5.8789x10~°

6. }fg(x)dx 11: 1.31384 | 11: 1.31384 | 11: 1.31384 1.31383
) Error 7.37624x107° | 7.37624x107° | 7.37624x10~°

7. }f7(x)dx 6: 1.34147 6: 1.34147 6: 1.34147 1.34147
: Error: 1.4808x10~7 | 1.4808x10~7 | 1.4808x10~7

8. jl'fg(x)d:c 9: 0.62977 9:0.62977 9: 0.62977 0.629769

0 | - Error: | 1.18074x107° | 1.18074x10~° | 1.18074x10~° | |
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[ St.No. || Method | n: Qui(f) | n: Qu2(f) | n: Quns(f) | Exact Value ||

1. }fl(x)dx 2: 2.83333 2: 2.83333 2:  2.83333 2.83333
) Error: 0 0 0

2. jlfg(x)dx 7: 0301161 | 4: 0.301167 | 6: 0.301167 0.301169
) Error: 7.29406x 1075 | 1.85379x107° | 1.31344x10~©

3. jlfg(x)dx 8: 0.909333 | 4: 0.909335 | 6: 0.90933 0.909331
. Error: 2.72597x1076 | 4302881076 | 9.99927x10~"

4, jl fa(z)dx | 6: 0.793021 | 4:  0.793031 | 5: 0.793029 0.793031
- Error: 9.70313x107% | 1.7914x10~" | 2.4354x10~°

5. }f5 (x)dz | 14: 146266 | 7: 1.46266 | 10: 1.46266 1.46265
) Error: 4999421075 | 5.7003x10~5 | 4.80974x10~C

6. }fg(l‘)dl‘ 16: 1.31382 | 6: 1.31383 11:  1.31383 1.31383
) Error 6.96805x1075 | 6.61067x107° | 2.58963x10~°

7. jlf7(x)dx 6: 1.34147 4: 1.34147 5:  1.34147 1.34147
) Error: 3.98943x107% | 3.27914x 10~ " | 3.40064x10~°

8. gl fe(x)dx | 13: 0.629771 | 4: 0.629765 | 6: 0.629768 0.629769

Error:

[2.05259x10 © [ 3.76193x10 ©

[2.17411x10 7 |
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3

4

[ St.No. || Method | n: Qui(f) | n: Qu2(f) | n: Quns(f) | Exact Value ||

1. }fl(x)dx 2:; 2.83333 2: 2.83333 2: 2.83333 2.83333
) Error: 0 0 0

2. jlfg(x)dx 6: 0.30116 6: 0.301169 4: 0.301174 0.301169
) Error: 8.51239x107% | 1.68896x 10" | 5.73257x10~°

3. jlfg(x)dx 7: 0.909333 6: 0.90933 6: 0.90933 0.909331
. Error: 2.49554% 107 | 3.48606x10~" | 5.00862x10~"7

4, jlhf4(x)dx 6: 0.793028 | 4: 0.793034 5: 0.793029 0.793031
- Error: 2.74945x107° | 3.20833x107° | 2.02841x10~°

5. }f5(1‘)d1‘ 12: 1.46266 9: 1.46266 9: 1.46266 1.46265
) Error: 4.78583x 1075 | 5.84777x107° | 6.98186x10~C

6. }fg(l‘)dl‘ 12: 1.31384 10: 1.31383 10: 1.31383 1.31383
) Error 3.66334x107% | 1.45706x107° | 9.09394x10~"7

7. jlf7(x)dx 6:; 1.34147 4:; 1.34148 5:; 1.34147 1.34147
) Error: 1.07741x1075 | 5.87281x107° | 3.54508x10°

8. gl fs(x)dx | 9: 0.629775 7: 0.629767 7: 0.629765 0.629769

| Error:

[6.22791x10 0 [ 1.77057x10 ° | 3.90261x 10 ° |
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