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GEOMETRIC PROPERTIES OF INTEGRAL OPERATORS

DEFINED BY BESSEL FUNCTIONS

MOHSAN RAZA, SADDAF NOREEN AND SARFRAZ NAWAZ MALIK

Abstract. In this paper, we find some sufficient conditions for integral op-

erators defined by generalized Bessel functions to be starlike and uniformly

convex. Conditions for Bessel, modified Bessel and Spherical Bessel functions
are also a part of our investigations.

1. Introduction and preliminaries

Let A be the class of functions of the form

f(z) = z +

∞∑
n=2

anz
n, (1.1)

analytic in the open unit disc E = {z : |z| < 1} and S denote the class of all
functions in A which are univalent in E. Also let S∗, C and UCV be the subclasses
of S consisting of all functions which are respectively starlike, convex and uniformly
convex functions. These classes are defined as:

S∗ =

{
f : f ∈ A and Re

zf ′ (z)

f (z)
> 0, z ∈ E

}
,

C =

{
f : f ∈ A and Re

(
1 +

zf ′′ (z)

f ′ (z)

)
> 0, z ∈ E

}
,

UCV =

{
f : f ∈ A and Re

(
1 +

zf ′′ (z)

f ′ (z)

)
>

∣∣∣∣zf ′′ (z)f ′ (z)

∣∣∣∣ , z ∈ E} .
Consider the second order homogeneous differential equation

z2w′′ (z) + bzw′ (z) +
(
dz2 − v2 + (1− b) v

)
w (z) = 0, (1.2)

where b, d and v are complex numbers. The particular solution of the homogenous
differential equation defined in (1.2) is called the generalized Bessel functions of the
first kind of order v. It is defined by

wv,b,d (z) =

∞∑
n=0

(−d)
n

(z/2)
2n+v

n!Γ (v + n+ (b+ 1) /2)
, (1.3)
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GENERALIZED BESSEL FUNCTIONS 35

where Γ (.) denotes the Gamma function. The function wv,b,d (z) unifies the Bessel,
modified Bessel and spherical Bessel functions. For more details, one may see [4].

Special cases

(1) For b = d = 1, we have the Bessel functions of first kind of order v, defined
by

Jv (z) =

∞∑
n=0

(−1)
n

(z/2)
2n+v

n!Γ (v + n+ 1)
. (1.4)

(2) For b = 1, d = −1, we obtain the modified Bessel functions of first kind of
order v whose series form is given by

Iv (z) =

∞∑
n=0

(z/2)
2n+v

n!Γ (v + n+ 1)
. (1.5)

(3) For b = 2, d = 1, we have the spherical Bessel functions of first kind of
order v, given by

jv (z) =

√
π

2

∞∑
n=0

(z/2)
2n+v

n!Γ (v + n+ 3/2)
. (1.6)

For more details about these functions, see [7, 19].

Deniz et al. [13] studied the function ϕv,b,d (z) which is defined by

ϕv,b,d (z) = 2vΓ

(
v +

b+ 1

2

)
z1−v/2wv,b,d

(
z1/2

)
,

where b, d, v ∈ C. Using the well-known Pochhammer symbol, defined by

(γ)n =
Γ (γ + n)

Γ (γ)
=

{
1, n = 0, γ ∈ C\ {0} ,
γ (γ + 1) . . . (γ + n− 1) , n ∈ N, γ ∈ C,

we obtain the series form of the function ϕv,b,d (z) which is given by

ϕv,b,d (z) = z +

∞∑
n=1

(−d)
n

4n (k)n n!
zn+1, (1.7)

where k = v + (b+ 1) /2 6= 0,−1,−2, . . . .
For functional inequalities, integral representations, univalency, starlikeness, con-

vexity, close-to-convexity and some other interesting properties of generalized Bessel
functions, we refer [2, 3, 4, 5, 6, 7, 15, 16]. Recently, Deniz et al. [13] and Deniz
[12] studied the integral operator defined by Generalized Bessel functions of order
v such as:

Fv1,...vn,b,d,α1,...αn,β (z) =

β
z∫
0

tβ−1
n∏
i=1

(
ϕvi,b,d (t)

t

) 1
αi

dt


1/β

, (1.8)

Gv1,...vn,b,d,n,γ (z) =

(nγ + 1)

z∫
0

n∏
i=1

(ϕvii,b,d (t))
γ
dt


1/(nγ+1)

, (1.9)

Hv1,...vn,b,d,δ1,...δn,µ (z) =

µ
z∫
0

n

tµ−1
∏
i=1

(
ϕ′vii,b,d (t)

)δj
dt


1/µ

, (1.10)
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Qv,b,d,λ (z) =

λ
z∫
0

n

tλ−1e(ϕvi,b,d(t))
λ

dt


1/λ

. (1.11)

In this article, we study the starlikeness and uniformly convexity of the integral
operators defined by generalized Bessel functions. These operators are defined as
follows:

Fv1,...vn,b,d,α1,...αn (z) =

z∫
0

n∏
i=1

(
ϕvi,b,d (t)

t

)αi
dt, (1.12)

Hv,...vn,b,d,δ1,...δn (z) =

z∫
0

n∏
i=1

(
ϕ′vii,b,d (t)

)δj
dt. (1.13)

In 2010, Baricz and Frasin [8] introduced some integral operators of the form (1.8)
and (1.11) . These integral operators were defined by using the normalized Bessel
functions of the first kind. Frasin [14] and Arif and Raza [1] studied the convexity
and strongly convexity of the integral operator of the form (1.12) . For the integral
operator of the form (1.8) which involve analytic functions of the form (1.1) , one
may see the references [9, 10, 11]. In order to derive our main results, we need the
following lemmas.

Lemma 1.1. [17] If f ∈ A satisfies∣∣∣∣1 +
zf ′′ (z)

f ′ (z)

∣∣∣∣ < 2,

then f ∈ S∗.

Lemma 1.2. [18] If f ∈ A satisfies∣∣∣∣zf ′′ (z)f ′ (z)

∣∣∣∣ < 1

2
,

then f ∈ UCV.

Lemma 1.3. [12] If the parameters v, b ∈ R and d ∈ C are constrained that
k > max {0, (|d| − 2) /4} , then the function ϕv,b,d : E → C defined by (1.7) satisfies
the following inequalities:

(i)
∣∣∣ zϕ′v,b,d(z)ϕv,b,d(z)

− 1
∣∣∣ ≤ 8(k+1)|d|

8k(k+1)−32(2k+1)|d|+|d|2 , z ∈ E,

(ii)
∣∣∣ zϕ′′v,b,d(z)ϕ′v,b,d(z)

∣∣∣ ≤ 4(k+1)|d|+|d|2
8k(k+1)−2(3k+2)|d| , z ∈ E.

2. Main Results

Theorem 2.1. Let v1, , . . . vn, b ∈ R and d ∈ C and ki > (|d| − 2) /4 with
ki = vi + (b+ 1) /2, i = 1, . . . , n. Let ϕvi,b,d : E → C be defined by

ϕvi,b,d (z) = 2viΓ

(
vi +

(b+ 1)

2

)
z1−vi/2ϕvi,b,d

(√
z
)
.

Suppose k = min {k1, k2, . . . kn} and αi, i = 1, . . . , n are positive real numbers and
these numbers satisfy the relation

0 ≤ 8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

n∑
i=1

αi < 1, (2.1)
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then the function Fv1,,...vn,b,d,α1,...αn : E → C defined by (1.12) is starlike.

Proof. From (1.12) , it can easily be follows that

F ′v1,,...vn,b,d,α1,...αn (z) =

n∏
i=1

(
ϕvi,b,d (z)

z

)αi
.

Differentiating logarithmically, we have

zF ′′v1,,...vn,b,d,α1,...αn
(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

=

n∑
i=1

αi

(
zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)
.

This implies that

1 +
zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

=

n∑
i=1

αi

(
zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)
+ 1.

Taking absolute value and using triangle inequality, we have∣∣∣∣∣1 +
zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
n∑
i=1

αi

∣∣∣∣(zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)∣∣∣∣+ 1.

By using Lemma 1.3 (i), it follows that∣∣∣∣∣1 +
zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
n∑
i=1

αi

(
8 (ki + 1) |d|

8ki (ki + 1)− 32 (2ki + 1) |d|+ |d|2

)
+ 1.

Now as it is shown in [13] that the function φ : ((|d| − 2) /4,∞)→ R, defined by

φ (x) =
8 (x+ 1) |d|

8x (x+ 1)− 32 (2x+ 1) |d|+ |d|2
,

is decreasing function, therefore,

8 (ki + 1) |d|
8ki (ki + 1)− 32 (2ki + 1) |d|+ |d|2

≤ 8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

.

Hence∣∣∣∣∣1 +
zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
(

8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

)
n∑
i=1

αi + 1.

Now using the Lemma 1.1, we see that∣∣∣∣∣1 +
zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ < 2,

if (2.1) is satisfied. Hence Fv1,,...vn,b,d,α1,...αn (z) ∈ S∗. �

Theorem 2.2. Let v1, , . . . vn, b ∈ R and d ∈ C and ki > (|d| − 2) /4 with
ki = vi + (b+ 1) /2, i = 1, . . . , n. Let ϕvi,b,d : E → C be defined by

ϕvi,b,d (z) = 2viΓ

(
vi +

(b+ 1)

2

)
z1−vi/2ϕvi,b,d

(√
z
)
.

Suppose k = min {k1, k2, . . . kn} and αi, i = 1, . . . , n are positive real numbers and
these numbers satisfy the relation

0 ≤ 16 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

n∑
i=1

αi < 1, (2.2)
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then the function Fv1,,...vn,b,d,α1,...αn : E → C defined by (1.12) is in UCV.

Proof. From Theorem 2.1, we have

zF ′′v1,,...vn,b,d,α1,...αn
(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

=

n∑
i=1

αi

(
zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)
.

Taking absolute value and using triangle inequality, we have∣∣∣∣∣zF ′′v1,,...vn,b,d,α1,...αn
(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
n∑
i=1

αi

∣∣∣∣(zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)∣∣∣∣ .
By using same technique as in Theorem 2.1, it follows that∣∣∣∣∣zF ′′v1,,...vn,b,d,α1,...αn

(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
(

8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

)
n∑
i=1

αi.

Now using the Lemma 1.2, we see that∣∣∣∣∣zF ′′v1,,...vn,b,d,α1,...αn
(z)

F ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ < 1

2
,

if (2.2) is satisfied. Hence Fv1,,...vn,b,d,α1,...αn (z) ∈ UCV. �

Theorem 2.3. Let v1, , . . . vn, b ∈ R and d ∈ C and ki > (|d| − 2) /4 with
ki = vi + (b+ 1) /2, i = 1, . . . , n. Let ϕvi,b,d : E → C be defined by

ϕvi,b,d (z) = 2viΓ

(
vi +

(b+ 1)

2

)
z1−vi/2ϕvi,b,d

(√
z
)
.

Suppose k = min {k1, k2, . . . kn} and δi, i = 1, . . . , n are positive real numbers and
these numbers satisfy the relation

0 ≤ 8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

n∑
i=1

δi < 1, (2.3)

then the function Hv1,,...vn,b,d,δ1,...δn : E → C defined by (1.13) is starlike.

Proof. Since

Hv1,,...vn,b,d,δ1,...δn (z) =

z∫
0

n∏
i=1

(
ϕ′vii,b,d (t)

)δj
dt,

therefore,

H ′v1,,...vn,b,d,δ1,...δn (z) =

n∏
i=1

(
ϕ′vii,b,d (t)

)δj
.

Differentiating logarithmically, we have

zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)
=

n∑
i=1

δi

(
zϕ′′vi,b,d (z)

ϕ′vi,b,d (z)

)
.

Taking absolute value and using triangle inequality, we have∣∣∣∣∣1 +
zH ′′v1,,...vn,b,d,α1,...αn

(z)

H ′v1,,...vn,b,d,α1,...αn
(z)

∣∣∣∣∣ ≤
n∑

i=1

δi

∣∣∣∣∣zϕ′′vi,b,d (z)

ϕ′vi,b,d (z)

∣∣∣∣∣+ 1.



GENERALIZED BESSEL FUNCTIONS 39

Now using Lemma 1.3 (ii), it follows that∣∣∣∣∣1 +
zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ ≤
n∑
i=1

δi
4 (k + 1) |d|+ |d|2

8k (k + 1)− 2 (3k + 2) |d|
+ 1.

It is shown in [13] that the function φ : ((|d| − 2) /4,∞)→ R, defined by

φ (x) =
8 (x+ 1) |d|

8x (x+ 1)− 32 (2x+ 1) |d|+ |d|2
,

is decreasing function. Therefore,

8 (ki + 1) |d|
8ki (ki + 1)− 32 (2ki + 1) |d|+ |d|2

≤ 8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

.

Hence∣∣∣∣∣1 +
zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ ≤
(

8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

)
n∑
i=1

δi + 1.

Now using the Lemma 1.1 with (2.3) , we see that∣∣∣∣∣1 +
zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ < 2.

Hence Hv1,,...vn,b,d,δ1,...δn (z) ∈ S∗. �

Theorem 2.4. Let v1, , . . . vn, b ∈ R and d ∈ C and ki > (|d| − 2) /4 with
ki = vi + (b+ 1) /2, i = 1, . . . , n. Let ϕvi,b,d : E → C be defined by

ϕvi,b,d (z) = 2viΓ

(
vi +

(b+ 1)

2

)
z1−vi/2ϕvi,b,d

(√
z
)
.

Suppose k = min {k1, k2, . . . kn} and δi, i = 1, . . . , n are positive real numbers and
these numbers satisfy the relation

0 ≤ 16 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

n∑
i=1

δi < 1, (2.4)

then the function Hv1,,...vn,b,d,δ1,...δn : E → C defined by (1.13) is in UCV.

Proof. From Theorem 2.3, we have

zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)
=

n∑
i=1

δi

(
zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)
.

Taking absolute value and using triangle inequality, we have∣∣∣∣∣zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ ≤
n∑
i=1

δi

∣∣∣∣(zϕ′vi,b,d (z)

ϕvi,b,d (z)
− 1

)∣∣∣∣ .
By using same technique as in Theorem 2.3, it follows that∣∣∣∣∣zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ ≤
(

8 (k + 1) |d|
8k (k + 1)− 32 (2k + 1) |d|+ |d|2

)
n∑
i=1

δi.

Now using the Lemma 1.2 with (2.4) , we see that∣∣∣∣∣zH ′′v1,,...vn,b,d,δ1,...δn (z)

H ′v1,,...vn,b,d,δ1,...δn (z)

∣∣∣∣∣ < 1

2
.
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Hence Hv1,,...vn,b,d,δ1,...δn (z) ∈ UCV. �

Bessel Functions
Choosing b = 1 and d = 1 in (1.2) and (1.3) , we get the Bessel functions of

first kind of order v, defined by (1.4). Furthermore, for particular order, we have

J3/2 (z) = 3 sin
√
z√

z
− 3 cos

√
z, J1/2 (z) =

√
z sin

√
z and J−1/2 (z) =

√
z cos

√
z.

Corollary 2.5. Consider Jv : E → C be defined by

Jv (z) = 2vΓ (v + 1) z1−v/2Jv
(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn}. Also, let the parame-
ters α1, . . . αn be chosen as in Theorem 2.1 and the following inequality be
satisfied

0 ≤ v + 2

4v2 + 10v + 41/8

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Jvi (t)

t

)αi
dt,

is in class S∗. In particular, if α ≤ 233
28 , then the function F3/2,α : E → C,

defined by

F3/2,α (z) =

z∫
0

(
3 sin

√
t

t
√
t
− 3 cos

√
t

t

)α
dt,

is in class S∗. If α ≤ 89
20 , then the function F1/2,α : E → C, defined by

F1/2,α (z) =

z∫
0

(
sin
√
t√

t

)α
dt,

is in class S∗. If α ≤ 3
4 , then the function F−1/2,α : E → C, defined by

F−1/2,α (z) =

z∫
0

(
cos
√
t
)α

dt,

is in class S∗.
(2) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parameters

δ1, δ2, . . . , δn be chosen as in Theorem 2.3 and the following inequality be
satisfied.

0 ≤ 4v + 9

8v2 + 18v + 6

n∑
i=1

δi < 1.

Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
J ′vi (t)

)δi
dt,
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is in class S∗. In particular, if δ ≤ 17
5 , then the function H3/2,α : E → C,

defined by

H3/2,δ (z) =

z

3

2

∫
0

(
cos
√
t

t
− (1− t) sin

√
t

t
√
t

)δ
dt,

is in class S∗. If δ ≤ 17
11 , then the function H1/2,α : E → C, defined by

H1/2,δ (z) =
1

2

z∫
0

(
sin
√
t√

t
+ cos

√
t

)δ
dt,

is in class S∗.

Corollary 2.6. Consider the function Jv : E → C, defined by

Jv (z) = 2vΓ (v + 1) z1−v/2Jv
(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parame-
ters α1, . . . αn be chosen as in Theorem 2.2 and the following inequality be
satisfied.

0 ≤ 2 (v + 2)

4v2 + 10v + 41/8

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Jvi (t)

t

)αi
dt,

is in class UCV. In particular, if α ≤ 233
56 , then the function F3/2,α : E → C,

defined by

F3/2,α (z) =

z∫
0

(
3 sin

√
t

t
√
t
− 3 cos

√
t

t

)α
dt,

is in class UCV. If α ≤ 89
40 , then the function F1/2,α (z) : E → C defined by

F1/2,α (z) =

z∫
0

(
sin
√
t√

t

)α
dt

is in class UCV. If α ≤ 3
8 , then the function F−1/2,α : E → C, defined by

F−1/2,α (z) =

z∫
0

(
cos
√
t
)α

dt,

is in class UCV.
(2) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parameters

δ1, . . . δn be taken as in Theorem 2.4 and the following inequality be satisfied.

0 ≤ 2 (4v + 9)

8v2 + 18v + 6

n∑
i=1

δi < 1.
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Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
J ′vi (t)

)δi
dt,

is in class UCV. In particular, if δ ≤ 17
10 , then the function H3/2,α : E → C,

defined by

H3/2,δ (z) =

z

3

2

∫
0

(
cos
√
t

t
− (1− t) sin

√
t

t
√
t

)δ
dt,

is in class UCV. If δ ≤ 17
22 , then the function H1/2,α : E → C, defined by

H1/2,δ (z) =
1

2

z∫
0

(
sin
√
t√

t
+ cos

√
t

)δ
dt,

is in class UCV.

Modified Bessel Functions
Choosing b = 1 and d = −1 in (1.2) and (1.3) , we get the Modified Bessel

functions of first kind of order v, defined by (1.5) . Furthermore, for particular

order, we have I3/2 (z) = 3 cosh
√
z − 3 sinh

√
z√

z
, I1/2 (z) =

√
z sinh

√
z and

I−1/2 (z) =
√
z cosh

√
z.

Corollary 2.7. Consider the function Iv : E → C, defined by

Iv (z) = 2vΓ (v + 1) z1−v/2Iv
(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also let the parameters
α1, . . . αn be taken as in Theorem 2.1 and the following inequality be satis-
fied.

0 ≤ v + 2

4v2 + 10v + 41/8

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Ivi (t)

t

)αi
dt,

is in class S∗. In particular, if α ≤ 233
28 , then the function F3/2,α : E → C,

defined by

F3/2,α (z) =

z∫
0

(
3 cosh

√
t− 3 sinh

√
t√

t

)α
dt,

is in class S∗. If α ≤ 89
20 , then the function F1/2,α (z) : E → C, defined by

F1/2,α (z) =

z∫
0

(√
t sinh

√
t
)α

dt,

is in class S∗.
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(2) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parame-
ters δ1, . . . δn be chosen as in Theorem 2.3 and the following inequality be
satisfied.

0 ≤ 4v + 9

8v2 + 18v + 6

n∑
i=1

δi < 1.

Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
I ′vi (t)

)δi
dt,

is in class S∗. In particular, if δ ≤ 17
5 , then the function H3/2,α : E → C,

defined by

H3/2,δ (z) =

z

3

2

∫
0

(
(1 + t) sinh

√
t

t
√
t

− cosh
√
t

t

)δ
dt,

is in class S∗. If δ ≤ 17
11 , then the function H1/2,α : E → C, defined by

H1/2,δ (z) =
1

2

z∫
0

(
sinh
√
t√

t
+ cosh

√
t

)δ
dt,

is in class S∗.

Corollary 2.8. Consider the function Iv : E → C, defined by

Iv (z) = 2vΓ (v + 1) z1−v/2Iv
(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parame-
ters α1, . . . αn be chosen as in Theorem 2.2 and the following inequality be
satisfied.

0 ≤ 2 (v + 2)

4v2 + 10v + 41/8

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Ivi (t)

t

)αi
dt,

is in class UCV. In particular, if α ≤ 233
56 , then the function F3/2,α : E → C,

defined by

F3/2,α (z) =

z∫
0

(
3 cosh

√
t− 3 sinh

√
t√

t

)α
dt,

is in class UCV. If α ≤ 89
40 , then the function F1/2,α (z) : E → C, defined by

F1/2,α (z) =

z∫
0

(√
t sinh

√
t
)α

dt,

is in class UCV.
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(2) Let v1, . . . , vn > −1.25 and v = min {v1, . . . , vn} . Also, let the parameters
δ1, . . . δn be taken as in Theorem 2.4 and the following inequality be satisfied.

0 ≤ 2 (4v + 9)

8v2 + 18v + 6

n∑
i=1

δi < 1.

Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
I ′vi (t)

)δi
dt,

is in class UCV. In particular, if δ ≤ 17
10 , then the function H3/2,α : E → C,

defined by

H3/2,δ (z) =

z

3

2

∫
0

(
(1 + t) sinh

√
t

t
√
t

− cosh
√
t

t

)δ
dt,

is in class UCV. If δ ≤ 17
22 , then the function H1/2,α : E → C, defined by

H1/2,δ (z) =
1

2

z∫
0

(
sinh
√
t√

t
+ cosh

√
t

)δ
dt,

is in class UCV.

Spherical Bessel Functions
Choosing b = 2 and d = 1 in (1.2) and (1.3) , we get the function

√
2jv (z) /

√
π,

where jv is the Spherical Bessel functions of first kind of order v, defined by (1.6) .

Corollary 2.9. Consider the function Kv : E → C, defined by

Kv (z) = π
−1
2 2vΓ (v + 3/2) z1−v/2jv

(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −2.25 and v = min {v1, . . . , vn} . Also, let the parame-
ters α1, . . . αn be taken as in Theorem 2.1 and the following inequality be
satisfied.

0 ≤ 2v + 5

8v2 + 28v + 89/4

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Kvi (t)

t

)αi
dt,

is in class S∗.
(2) Let v1, . . . , vn > −2.25 and v = min {v1, . . . , vn} . Also, let the parame-

ters δ1, . . . δn be chosen as in Theorem 2.3 and the following inequality be
satisfied.

0 ≤ 4v + 11

8v2 + 26v + 17

n∑
i=1

δi < 1.
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Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
K′vi (t)

)δi
dt,

is in class S∗.

Corollary 2.10. Consider the function Kv : E → C, defined by

Kv (z) = π
−1
2 2vΓ (v + 3/2) z1−v/2jv

(√
z
)

and the following assertions hold true:

(1) Let v1, . . . , vn > −2.25 and v = min {v1, . . . , vn} . Also, let the parame-
ters α1, . . . αn be taken as in Theorem 2.2 and the following inequality be
satisfied.

0 ≤ 2 (2v + 5)

8v2 + 28v + 89/4

n∑
i=1

αi < 1.

Then, the integral operator, defined by

Fv1,...vn,α1,...αn (z) =

z∫
0

n∏
i=1

(
Kvi (t)

t

)αi
dt,

is in class UCV.
(2) Let v1, . . . , vn > −2.25 and v = min {v1, . . . , vn} . Also, let the parame-

ters δ1, . . . δn be chosen as in Theorem 2.4 and the following inequality be
satisfied.

0 ≤ 2 (4v + 11)

8v2 + 26v + 17

n∑
i=1

δi < 1.

Then, the integral operator, defined by

Hv1,...vn,δ1,...δn (z) =

z∫
0

n∏
i=1

(
K′vi (t)

)δi
dt,

is in class UCV.

Using the inequalities (k)n > k (k + α0)
n−1

, n! > (1 + α0)
n−1

for k > 0, n > 3,
where α0 ' 1.302775637 is the greatest root of the equation α2 + α− 3 = 0, these
results are proved by Barciz and Ponnusamy in [7]. By using these inequalities
Deniz et al. [13] proved the following result.

Lemma 2.11. If v, b ∈ R and d ∈ C are such that

k = vi + (b+ 1) /2 > max {0, |d| /4 (1 + α0)− α0} ,
then the function ϕv,b,d : E → C, defined by (1.7) , satisfies the following inequali-
ties: ∣∣∣∣zϕ′v,b,d (z)

ϕv,b,d (z)
− 1

∣∣∣∣ < |d| (1 + Φ (k + 1))

4k (1 + Φ (k))
, z ∈ E

and ∣∣∣∣∣zϕ′′v,b,d (z)

ϕ′v,b,d (z)

∣∣∣∣∣ ≤ (|d| /2k) {|d| /8 (k + 1) [1 + Φ (k + 2)] + 1 + Φ (k + 1)}
(|d| /4k) [1− Φ (k + 1)] + 1− Φ (k)

,
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where

Φ (k) = − |d|2

16 (1 + α0) k (k + α0)
+

|d|2

32k (k + 1)
+
|d|
k

(
(1 + α0) (k + α0)

4 (1 + α0) (k + α0) + |d|

)
.

(2.5)

Theorem 2.12. Let v, b ∈ R and d ∈ C are such that

k = v + (b+ 1) /2 > |d| /4 (1 + α0)− α0,

and satisfy the relation

0 ≤ α |d| (1 + Φ (k + 1))

4k (1 + Φ (k))
< 1.

Then, the function Fv,b,d,α : E → C, defined by

Fv,b,d,α (z) =

z∫
0

(
ϕv,b,d (t)

t

)α
dt,

is in S∗.

Theorem 2.13. Let v, b ∈ R and d ∈ C are such that

k = v + (b+ 1) /2 > |d| /4 (1 + α0)− α0,

and satisfy the relation

0 ≤ 2α |d| (1 + Φ (k + 1))

4k (1 + Φ (k))
< 1.

Then, the function Fv,b,d,α : E → C, defined by

Fv,b,d,α (z) =

z∫
0

(
ϕv,b,d (t)

t

)α
dt,

is in UCV.

Theorem 2.14. Let v, b ∈ R and d ∈ C are such that

k = v + (b+ 1) /2 > |d| /4 (1 + α0)− α0.

Consider the function ϕv,b,d : E → C, defined by (1.7) . Let δ be positive real number
and these numbers satisfy the relation

0 ≤ (|d| /2k) {|d| /8 (k + 1) [1 + Φ (k + 2)] + 1 + Φ (k + 1)} δ
(|d| /4k) [1− Φ (k + 1)] + 1− Φ (k)

< 1,

where the function Φ is defined by (2.5) . Then the function Hv,b,d,α : E → C,
defined by

Hv,...vn,b,d,δ1,...δn (z) =

z∫
0

(
ϕ′vi,b,d (t)

)δ
dt,

is in S∗.
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Theorem 2.15. Let v, b ∈ R and d ∈ C are such that

k = v + (b+ 1) /2 > |d| /4 (1 + α0)− α0.

Consider the function ϕv,b,d : E → C, defined by (1.7) . Let δ be positive real number
and these numbers satisfy the relation

0 ≤ 2 (|d| /2k) {|d| /8 (k + 1) [1 + Φ (k + 2)] + 1 + Φ (k + 1)} δ
(|d| /4k) [1− Φ (k + 1)] + 1− Φ (k)

< 1,

where the function Φ is defined by (2.5) . Then the function Hv,b,d,α : E → C,
defined by

Hv,...vn,b,d,δ1,...δn (z) =

z∫
0

(
ϕ′vi,b,d (t)

)δ
dt,

is in UCV.

Remark. Special cases of the above results are obtained when we take b = d = 1
for Bessel functions, b = 1, d = −1 for Modified Bessel functions and Spherical
Bessel functions for b = 2, d = 1.
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[4] Á. Baricz, Generalized Bessel Functions of the First Kind, Lecture Notes in MathematicsVol.

1994, Springer-Verlag, Berlin, 2010.
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