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GEOMETRIC PROPERTIES OF INTEGRAL OPERATORS
DEFINED BY BESSEL FUNCTIONS

MOHSAN RAZA, SADDAF NOREEN AND SARFRAZ NAWAZ MALIK

ABSTRACT. In this paper, we find some sufficient conditions for integral op-
erators defined by generalized Bessel functions to be starlike and uniformly
convex. Conditions for Bessel, modified Bessel and Spherical Bessel functions
are also a part of our investigations.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions of the form
f(2) :z—i—Zanz", (1.1)
n=2

analytic in the open unit disc £ = {z:|z|] <1} and S denote the class of all
functions in A which are univalent in E. Also let §*, C and UCYV be the subclasses
of § consisting of all functions which are respectively starlike, convex and uniformly
convex functions. These classes are defined as:

ST = {f:fEAandRezf/<Z) >0, zEE}7
f(2)
c = {f:fEAandRe(l—i—Zf (’Z)) >0, zeE},
[ (2)
_ . 2f" (2) 2f" (2)
ucy = {f.fE.AandRe<1+ ) ) > o | ZEE}.
Consider the second order homogeneous differential equation
22w (2) + bzw' (2) + (d2® —v* + (L = b)v) w(2) = 0, (1.2)

where b, d and v are complex numbers. The particular solution of the homogenous
differential equation defined in (|1.2)) is called the generalized Bessel functions of the
first kind of order v. It is defined by

R e
Wy b,d (2) = anp(v +n+(b+1)/2)

n=0

(1.3)
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GENERALIZED BESSEL FUNCTIONS 35

where I' (.) denotes the Gamma function. The function w,, p 4 (z) unifies the Bessel,
modified Bessel and spherical Bessel functions. For more details, one may see [4].
Special cases

(1) For b =d =1, we have the Bessel functions of first kind of order v, defined
by

] _1 n P 2 2n+uv
Jy (2) = ;}M (1.4)

(2) For b =1, d = —1, we obtain the modified Bessel functions of first kind of
order v whose series form is given by

ee] P 2 2n+wv
I,(2) = Zn!r(({]lw. (1.5)

n=0

(3) For b = 2, d = 1, we have the spherical Bessel functions of first kind of

order v, given by
2 2n—+uv
=3 (16)
n'I‘ (v+n+3/2)

For more details about these functions, see [7, [19].
Deniz et al. [I3] studied the function ¢, 4 4 (2) which is defined by

b+1
Pupd(2) =2"T (”U + 2> 21*”/2wv,b,d (21/2) )

where b,d,v € C. Using the well-known Pochhammer symbol, defined by

() F(’y+n){17 nZO,’YEC\{O}7
T =TT () vy +1)...(v+n—1), neN, yeC,

we obtain the series form of the function ¢, 4 4 (z) which is given by

Pu,bd ( _Z+Z4n ) (1.7)

where k =v+ (b+1) /2#0,-1,-2,

For functional inequalities, integral representations, univalency, starlikeness, con-
vexity, close-to-convexity and some other interesting properties of generalized Bessel
functions, we refer [2], [3, 4, 5] [6] [7, [I5] [16]. Recently, Deniz et al. [13] and Deniz
[12] studied the integral operator defined by Generalized Bessel functions of order
v such as:

1/

vibd
Foyvonbdon,man,p (2) = B/tﬂ 1H <¢ ) dt ; (1.8)

1/(nvy+1)

Gv1,.-~vn,b,d,nﬁ (2) = n’y +1 /H ‘Pvz“b d 7 dt ) (1.9)
=1

1/p

Hm,...vn,,b,d,(sl,...tsn,,u (Z / H cpml b, d . dt ) (110)
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/A
Qup,d (2) = A/tA Le(uina(0)” gy : (1.11)

In this article, we study the starhkeness and uniformly convexity of the integral
operators defined by generalized Bessel functions. These operators are defined as

follows:
T oupa (D)
Fvl,.“vn,b,d,al,...an (Z) = /H <w> dt, (112)
i=1

HU, Vn,b,d,01,... /H SD'uz1 bd g dt. (113)
0 = 1

In 2010, Baricz and Frasin [8] introduced some integral operators of the form (1.8
and . These integral operators were defined by using the normalized Bessel
functions of the first kind. Frasin [I4] and Arif and Raza [I] studied the convexity
and strongly convexity of the integral operator of the form ED . For the integral
operator of the form (L)) which involve analytic functions of the form (1)), one
may see the references [9, [I0, [II]. In order to derive our main results, we need the
following lemmas.

Lemma 1.1. [I7] If f € A satisfies

2f" (z)
NN
then f € S*.
Lemma 1.2. [I8] If f € A satisfies
)| 1
HCRRE)
then f € UCV.

Lemma 1.3. [12] If the parameters v,b € R and d € C are constrained that
k > max {0, (|d| — 2) /4}, then the function gy b4 : E — C defined by (1.7)) satisfies
the following inequalities:

i) [ 8(k+1)d]

(i) %T 1‘ S S —sekrvEnar: 2 €5
" 20y y.4(2) 4(k+1)|d|+|d|?

(if) Wi,,bb,dd(Z) = 8k(k+1)—2(3k+2)[d[’ z€E.

2. MAIN RESULTS
Theorem 2.1. Let vy,,...v,,0b € R and d € C and k; > (|d| —2)/4 with
ki=v,+(b+1)/2, i=1,...,n. Let oy, p.a : £ — C be defined by

v b+1 s
Pv;,b,d (Z) =2%T (Ui + <2)> 2t ‘/QQDUi’b’d (\/2) .

Suppose k = min {ky, ko, ...k} and a;, 1 = 1,...,n are positive real numbers and
these numbers satisfy the relation

8 (k+1)|d|
0< 8k (k+1)—32(2k+1) |d|+|d‘22 (2.1)
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then the function Fy, v, bday,..an : £ — C defined by (L.12)) is starlike.
Proof. From (1.12)) , it can easily be follows that

- (=)™
Fél,,“.vn,b,d,al,...an (Z) = H (W)
i=1
Differentiating logarithmically, we have
ZF:l ..... vn,byd, ot . Z <Z§0'ul b,d (2) B 1>
1/)1,, Un,b,d, 0. ocn = @vl,bd( ) .

This implies that

2F" z " zp! z
|+ /vl,,...vn>b,d,a1,...an( ) _ Zal< Poba () 1) 41

Pu;,b,d (Z)

Taking absolute value and using triangle inequality, we have

- 20, b, (%) )’
< a; || =222 ) 4+ 1.
; ( P, b,d (2)

V1,5e-Un, 0, dyaer e (Z) i=1

"
1 + V1,,.-.Vn,b,d, a1, an
/
V1,5 Un, b d,an .o,

By using Lemma [1.3] (i), it follows that

1+ ZFlcll ..... Up,b,d a1, (Z)
F

; (2)
V1,500 Un,b,dsau i

n

<Y 8 (ki +1)|d| N
S0\ 8k (ki + 1) — 32 (2k; + 1) |d| + |d]

Now as it is shown in [I3] that the function ¢ : ((|d| — 2) /4, 0) — R, defined by
6 (x) = 8(x+1)|d]| N
8x(r+1)—322z+1)|d| +|d|
is decreasing function, therefore,
8 (k; +1)|d| < 8(k+1)|d
8k (ki +1) — 32 (2k; + 1) |d| + |d|” ~ 8k (k+1) —32(2k+ 1) |d| + |d|*’

Hence
k+1)|d -
< Bkt 1)]d ) S at 1
8k(k+1)—32(2k+1)|d| +|d| P

Now using the Lemma [T.T] we see that

ZFtl)ll ..... Vn,b,d,aq,...ap, (Z)

; (2)
V15, Un,b,d, Q1,0

"
Fvluu-vmb,d,al,man (Z)

1+

<2,

; (2)
U1,y Un,bd,an .

if (2.1) is satisfied. Hence Fy, . v, b.da1,...an (2) € S*. O

Theorem 2.2. Let vi,,...v5,0 € R and d € C and k; > (|d] —2)/4 with
ki=v,i+(b+1)/2, i=1,...,n. Let @y, pq: E — C be defined by

. b1\ L,
Pv;,b,d (Z) =2"T (Ui + (2)> Zl 1/2901@,1),(1 (\/2) .

Suppose k = min {k1, ke, ...k} and oy, t = 1,...,n are positive real numbers and
these numbers satisfy the relation
16 (k d

8k (k+1) — 32(2k—|—1 ] + |d|* 4
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then the function Fy, v, bdar,..an : £ — C defined by (L.12)) is in UCV.
Proof. From Theorem we have

1 n
ZF’Ul,,...Un,b,d,al,4..an ZSDUL,bd ) 1
F/ E Q5 ) — .

U177"'U7L7b7d7a17--'an Pui,b,d

Taking absolute value and using trlangle 1nequahty, we have

V1,yeee wabvdvala-“an Z(thb d )
: < E : —1}].
Fv1 ..... Up,b,d, a1, @Uubd( )

By using same technique as in Theorem [2.1] it follows that

2! (2) 8(k+1)d e
= <8k (k+1) =322k + 1) |d] + Id2> ;a

U1,y Un,byd, a1, can
Now using the Lemma [T.2] we see that

; (2)
V1,y-VUn,b,d Q1,000

ZF:;/l,,...vn,b,d,al,4..an (Z) < 1
Ey o bdionon (Z) 2
if (2.2) is satisfied. Hence Fy, v, b.d.ai,...an (2) € UCV. 0

Theorem 2.3. Let vq,,...v5,0b € R and d € C and k; > (|d| —2)/4 with
ki=v+(b+1)/2, i=1,...,n. Let oy, p.a : E — C be defined by

_ b+1 o
Oy, b,d (2) =2%T (vi + (2)> 2! ”"/Zgav“b@ (\/E) .

Suppose k = min{ky, ks, ... kn} and 6;, i = 1,...,n are positive real numbers and
these numbers satisfy the relation
8(k+1)|d
0< 8(k+1)|d Z (2.3)

8k(k+1)—32(2k+1)|d| +|d\
then the function Hy, . v, b.dsy,..s, - £ — C defined by (1.13)) is starlike.

Proof. Since

therefore,

Differentiating logarithmically, we have

ZHY o b0 () i& #Py;b,d (2)
H) 5, (2) ' . (2)

V1,500V ,b,d, 01,5 i=1

Taking absolute value and using triangle inequality, we have

1"
1 + ZH/"Ul:7--<'Un7badvalv-~-an < Z(s SOUub d ) + 1.
Hul,,...vn,b,d,al,..un i=1 Sovl,bd( )
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Now using Lemma [1.3] (i4), it follows that

H' z u 4(k+1)|d + |d)?

bidin,.., (2) < Z@ (k+1)|d| + |d| 41
2O (k1) — 23k +2)[d

1+
qu)l,,.‘.vn,b,d,él,..‘dn (2)
It is shown in [I3] that the function ¢ : ((|d| — 2) /4, 00) — R, defined by

8(z+1)|d|
8z (z+1)— 322z +1)|d| + |d)*’
8(k+1)|d|
32(2k + 1) |d| + |d|*

¢ () =

is decreasing function. Therefore
8 (ki +1)]|d| <
8k (k+1)—

ki (ki +1) = 32 (2k; + 1) [d] + |d]* ~
8(k+1)|d]| z":&H.
322k +1)|d| +|d? | &

Hence
1
ZHY v bdisysy (2)

1+
Hf;l ..... Vi byd,51,... 00 (2)
Now using the Lemma [I.1] with (2.3) , we see that
Sn (2)

d
A\ 8k(k+1)—

"
V1,;...Un,b,d,61,...0n <9

5n (2)
O

1+ S
V1,500 Un,0,d, 01,5

s, (2) € S™.
Theorem 2.4. Let vi,,...v5,0 € R and d € C and k; > (|d| —2)/4 with
| = n. Let @y, p.q: E — C be defined by

ki=vi+(b+1)/2, i=1,...,
. b+1 s
Pu; p,d (2) = 2T ( + (2)> z' l/Q@vi,b,d (\&)
n are positive real numbers and

Hence Hy, .. .0, .b,d,51,...

kn} and 6;, i =1,

Suppose k = min {kq, k2,
these numbers satisfy the relation
16(k+1)|d
0< (k+1)|d] 22 (2.4)
8k (k+1) —32(2k + 1) |d| + |d|” 4
then the function Hy, . v, bds,...5, : £ — C defined by (1.13)) is in UCV .
Proof. From Theorem [2.3] we have
ZHY v bds... Z(S ( P bd (2) B 1)
y .
D1t Poibd (2)
Taking absolute value and using trlangle 1nequahty7 we have
ZHY v bdii Z(S ( Proivrd (2) _1>‘.
Hoonbidion s Pu;b,d (2)
By using same technique as in Theorem [2.3] it follows that
zHY o bds.s, (7) < 8(k+1)|d| 2":54
o ()| T\ Bk (k+1) =322k + 1) |d| + |4 ) &=

H
UVl yyen- vn,b,d,él,...

Now using the Lemma [1.2] with (2.4) , we see that
My vibdsys, (2)

5n (2)

<1
5"

!/
V1,500V, 0,d,01 5.
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Hence HU],, WV ,0,d, 01 ... ( ) € ucv |:|

Bessel Functions

Choosing b = 1 and d = 1 in (1.2) and (1.3), we get the Bessel functions of
first kind of order v, defined by (1.4). Furthermore, for particular order, we have

J3)2 (2) = ?’SL\@/E —3cos\/z, Jij2(2) = Vzsiny/z and J_1 5 (2) = y/zcos \/z.
Corollary 2.5. Consider J, : E — C be defined by

Jo(2) =2°T (v+1) 272, (V7)
and the following assertions hold true:

(1) Let v1,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parame-
ters aq,...ay, be chosen as in Theorem 2.1 and the following inequality be
satisfied

v+ 2
0< i < 1.
= 02 1 100 +41/8;O‘

Then, the integral operator, defined by
) d,

z n
T, (t
FUl,-u’“n,,Otl,-nOén (Z) = /H ( . ( )
o =1
is in class S*. In particular, if o < %, then the function F3/5 o E — C,
defined by

y 3sin vVt 3008\/1? “
Fipaz) = [ ( _ ) a,
0

tVt t

is in class S*. If a < gg, then the function Fy 5 o : E — C, defined by

0

s in class S*. If a < %, then the function F_y3 o+ E'— C, defined by

z

F_1)54(2) = / (cos \/1?)Cy dt

0
is in class S*.
(2) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parameters
01,02,...,0, be chosen as in Theorem and the following inequality be

satisfied.

w+9 -
0; < 1.
- 8U2+18U+62

Then, the integral operator, defined by

Zn
Ho oot ()= [T1(T0 @)™ at

0 =1
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is in class S*. In particular, if 6 < %, then the function H3/p o 1 E — C,
defined by

Hjp5(2) = ;z/ (Cosﬁ Gl Sinﬁ)édu
0

t 1t

is in class S*. If § < H, then the function Hy s o : E — C, defined by

z s
1 i t
Hyjo5(2) = 5/ (Sm\[ + cos \/f) dt
0

Vit
is in class S*.
Corollary 2.6. Consider the function J, : E — C, defined by
Ty (2) = 2°T (v +1) 2172, (V7)

and the following assertions hold true:

(1) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parame-
ters aq, ..., be chosen as in Theorem [2.2] and the following inequality be
satisfied.

2(v+2)
< i < 1.
402 1 100 +41/8ZO‘

Then, the integral operator, defined by

Fop,..oman,man (2 /H(j ) dt,

Ozl

is in class UCY. In particular, if o < 25363, then the function F3/ o+ E — C,
defined by

y 3siny/t 3cosv/t “
FS/QQ(Z):/( — ) dt,
’ V't 4
0 Vi

is in class UCV. If a < 8 40, then the function Fy s o (2) : E — C defined by

et = [ (40)
0

s in class UCY. If a < %, then the function F_y,5 o : E — C, defined by

z

F_i/00(2) = / (cos \/E)a dt

0

is in class UCV.
(2) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parameters
81, ... 0y be taken as in Theorem[2.4] and the following inequality be satisfied.

411—1—9
5, <1,
= 8@2+18v+62 <
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Then, the integral operator, defined by

Hy,, w60, /H v1 t

011

is in class UCY. In particular, if § < 1 10, then the function Hg/o o : E — C,
defined by

z 5
3 cosvt (1 —t)siny/t
H3/26(Z):/< - ) dt,
’ 2 t tvit
0 v

is in class UCY. If § < L 22, then the function Hy /s o : E — C, defined by

1 i t
Hyjo5(2) = 5/ (Sm\[ + cos \/E) dt,
0

Vi
1s in class UCV .

Modified Bessel Functions
Choosing b = 1 and d = —1 in (1.2) and (1.3)), we get the Modified Bessel
1.5).

functions of first kind of order v, defined by | Furthermore, for particular
order, we have T3/5(2) = 3coshyz — Ssmh‘f, T2 (2) = y/zsinhy/z and
T_1/2(2) = \/zcosh/z.
Corollary 2.7. Consider the function T, : E — C, defined by

Zo (2) = 2°T (v + 1) 21721, (V/2)

and the following assertions hold true:

(1) Let vy,...,v, > —1.25 and v = min{v1,...,v,}. Also let the parameters
ai,...an be taken as in Theorem [2.] and the following inequality be satis-
fied.

v+ 2
i < 1.
= 102 1 10v + 41/8 ;O‘
Then, the integral operator, defined by

Z n I,Ui (t) @
F’ul,.,.vn,al,man (2) — /H (t) dt,
i=1

is in class 8*. In particular, if a < 223837 then the function F3/5 o E — C,
defined by

y 3sinh 2\ "
F3/2a(z):/<3cosh\/{f—) dt,
’ t
0 \[

is in class S*. If a < 8 20, then the function Fy /s o (2) : E — C, defined by

z

Fi/2.a (2) = / (\/fsinh \/E)a dt
0
18 in class S*.
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(2) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parame-
ters 01,...0, be chosen as in Theorem [2.3] and the following inequality be
satisfied.

dv+9 -
0; < 1.
- 8v2+18v+62

Then, the integral operator, defined by

z n
H i
V1,00 VUny01 50

0 z=1

is in class 8*. In particular, if § < %, then the function Hy/p o 1 E — C,
defined by

z 5
3 1+t)sinhvt cosh+/t
H3/275 (Z) = 5/ <( t)\/g - n ) dta

0
is in class S*. If § < & 11, then the function Hy o o : E — C, defined by

Hyjos(2) = 2/ (Slnh\[+cosh\/>6
0

Vit
is in class S*.
Corollary 2.8. Consider the function Z, : E — C, defined by
I, (2) = 2T (v + 1) 21721, (V2)
and the following assertions hold true:

(1) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parame-
ters aq, ...y, be chosen as in Theorem [2.2] and the following inequality be
satisfied.

(v+2)
< L< 1.
0= 4v2+10v+41/82a <

Then, the integral operator, defined by

Pty omyas e (2 /H( B ) L,

O’Ll

is in class UCV. In particular, if a < %, then the function F3/p o+ E — C,
defined by

y 3sinh v\ "
F3/2a(z)/<3cosh\/{f) dt,
’ t
0 Vi

is in class UCY. If o < & 40, then the function Fy s o (2) : E — C, defined by

z

Fijoa(2) = / (\/isinh ﬁ)a dt

0
18 1n class UCYV .
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(2) Let vy,...,v, > —1.25 and v = min{vy,...,v,}. Also, let the parameters
81,...0, be taken as in Theorem[2.4) and the following inequality be satisfied.

2(4v+9) <
—— ) 5 < 1
~ 8v?+18v + 6;
Then, the integral operator, defined by
z n
Hvla V01, /H Z

0 =1

s in class UCV. In particular, if § < }g, then the function Hg/o o @ E — C,
defined by

z 5
3 1+t)sinhvt cosh+/t
Hjaa(2) = 5/ <( t)ﬁ T ) "

0
then the function Hy s o : E — C, defined by

is in class UCV. If 6 < L

22’

Hy s (2) = 2/ (Smh\[ +coshf>
0

6

Vit
is in class UCV.
Spherical Bessel Functions

Choosing b =2 and d = 1 in (1.2)) and (T.3]), we get the function /2, (2) /+/,
where j, is the Spherical Bessel functions of first kind of order v, defined by (|1.6]) .

Corollary 2.9. Consider the function IC, : E — C, defined by
Ky (2) = 72 2°T (v +3/2) 21 /%, (vZ)

and the following assertions hold true:

(1) Let v1,...,vy, > —2.25 and v = min{vy,...,v,}. Also, let the parame-
ters aq,. ..y be taken as in Theorem [2.1] and the following inequality be
satisfied.

2045 "
0 i < 1.
= 8v2+281)+89/4;a

Then, the integral operator, deﬁned by

(o7
F Ko, (t) dt
v1,...vn,a1’...an )

011

is in class S*.

(2) Let vy,...,v, > —2.25 and v = min{vy,...,v,}. Also, let the parame-
ters 01,...0, be chosen as in Theorem [2.3] and the following inequality be
satisfied.

n

4v + 11
0< 5 <1,
= 8v2+26u+17Z <
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Then, the integral operator, defined by

th R /H (ICZM (t))‘s'i dt

is in class S*.
Corollary 2.10. Consider the function K, : E — C, defined by
Ky (2) = 77 2T (v +3/2) 21725, (V=)
and the following assertions hold true:

(1) Let v1,...,vp > —2.25 and v = min{vy,...,v,}. Also, let the parame-
ters aq,...an be taken as in Theorem and the following inequality be
satisfied.

n

(2v+5)
i<l
= 8v2+28v+89/42a <

Then, the integral operator, defined by

Qg
E;l,...vﬂ,,al,.. /H < Ut > tv

021

is in class UCV.

(2) Let vy,...,v, > —2.25 and v = min{vy,...,v,}. Also, let the parame-
ters 61,...6, be chosen as in Theorem and the following inequality be
satisfied.

n

4v+11
5 < 1.
= 8v2+26v+17z <

Then, the integral operator, defined by

z n
H, o
V1,0V, 01,

0 1:1

18 in class UCY .

Using the inequalities (k), > k (k+ao)" ", n! > (14 ag)" " for k > 0, n > 3,

where o ~ 1.302775637 is the greatest root of the equation a? + o — 3 = 0, these
results are proved by Barciz and Ponnusamy in [7]. By using these inequalities
Deniz et al. [I3] proved the following result.

Lemma 2.11. Ifv,b € R and d € C are such that
k=wvi+ (b+1) /2> max{0,[d] /4(1+ ag) — a0},

then the function ¢, pq: E — C, defined by , satisfies the following inequali-
ties:

2Py (2) _1‘ _ldatektn) o

Puv,b,d (Z) 4k (1 +o (k)) ’

and
Z@Z,b,d (2)
<P;J7b,d (2)

< (Id) /2k){|d] /8(k+1)[1+®(k+2)]+1+P(k+ 1)}
- (Id| /4k)[1 =@ (k+ 1) +1— @ (k) ’
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where

2 2
B d bt M (dreEray ),

16(1+ao)k(k+ao)  32k(k+1)  k 1+a0)(k+a0)+|d(| |
2.5

Theorem 2.12. Let v,b € R and d € C are such that
E=v+(b+1)/2>|d/4(1+ ap) — ap,

and satisfy the relation

ald| (14 ® (k+1))
O =i +om)

Then, the function Fy,p 40 1 E — C, defined by

<1

z

wibd )\
Fybda (Z):/(W) dt,
0

Theorem 2.13. Let v,b € R and d € C are such that

is in S*.

E=v+(b+1)/2>|d/4(1+ ap) — ay,
and satisfy the relation

20 |d| (1 + @ (k + 1))
0 =k +o®)

Then, the function Fy,p 4.0 E — C, defined by

<1

z

wibd )\
Fybda (z):/<‘/’7b;fl()) dt,
0

Theorem 2.14. Let v,b € R and d € C are such that

is in UCY.

E=v+(b+1)/2>|d|/4(1+ ap) — ag-
Consider the function gy p.q : E — C, defined by (L.7) . Let § be positive real number

and these numbers satisfy the relation
(I /2k){|d] /8 (k+ 1) [1+ P (k+2)]+1+P(k+1)}d <1
(Jd| J4k)[1 =@ (E+ 1))+ 1 — P (k) ’

where the function ® is defined by (2.5). Then the function Hyp a0 @ E — C,
defined by

0<

z

5
Hy. v, bds,,..0, (2) = / (P p.a ()" dt,
0
is in S*.
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Theorem 2.15. Let v,b € R and d € C are such that
k=v+(b+1)/2>|d|/4(1+ ap) — ap.

Consider the function oy p.q : E — C, defined by (L.7) . Let § be positive real number
and these numbers satisfy the relation

0 < 2(|d| /2k){|d] /8(k+1)[1+®(k+2)]+1+D(k+1)}0 <1

- (Id| J4k)[1 =@ (k+ 1)+ 1— D (k) ’

where the function ® is defined by (2.5). Then the function Hypqa @ E — C,
defined by

z

5
Hy.. v, b.d,6,..5, (2) :/(Qoi;i,b,d ()" dt,

0
is in UCYV.

Remark. Special cases of the above results are obtained when we take b =d =1
for Bessel functions, b = 1,d = —1 for Modified Bessel functions and Spherical
Bessel functions for b= 2,d = 1.
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