
Journal of Inequalities and Special Functions

ISSN: 2217-4303, URL: http://www.ilirias.com

Volume 7 Issue 3(2016), Pages 26-33.

OPERATOR ϕ-CONVEX FUNCTIONS

HAMID REZA MORADI, MOHSEN ERFANIAN OMIDVAR∗, SAMANEH ATAEE

Abstract. We introduce the concept of operator ϕ-convex and obtain some

Hermite-Hadamard type inequalities for these class of functions for positive
linear maps. As applications, we obtain several singular value inequalities for

operators.

1. Introduction and notations

Many inequalities have been established for convex functions in past few years
but the most famous is the Hermite-Hadamard’s inequality. In a letter sent on
November 22, 1881, to the journal Mathesis (and published there two years later),
Hermite [11] noted that every convex function f : [a, b]→ R satisfies the inequalities

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)

2
. (1.1)

However, this result was nowhere mentioned in the mathematical literature and
was not widely known as Hermite’s result.

Beckenbach, a leading expert on the history and the theory of convex functions,
wrote that this inequality was proven by Hadamard in 1893 [1]. In 1974, Mitri-
nović found Hermite’s note in Mathesis [11]. Since (1.1) was known as Hadamard’s
inequality, the inequality is now commonly referred as the Hermite-Hadamard in-
equality.

The Hermite-Hadamard inequality has evoked the interest of many mathemati-
cians (see [10, 13, 14, 15]). Especially in the last three decades it has been intensively
investigated and generalized in several directions. For instance, a versions of the
upper Hadamard inequality are developed for r-convex and r-concave functions by
Gill in [8]. Likewise Dragomir and Fitzpatrich in [5] proved a generalization of (1.1)
for s-convex functions.

The Hermite-Hadamard inequality was generalized in [9] to ϕ -convex positive
function which is defined on an interval [a, b]. In [9, Theorem 3.6], Gordji proved
the following results connected with the ϕ-convex function: Let f : I → R be a
ϕ-convex function such that ϕ is bounded from above on f (I) × f (I). Then for
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any x, y ∈ I with x < y

2f

(
x+ y

2

)
−Mϕ ≤

1

y − x

∫ y

x

f (a) da ≤ f (y) +
ϕ (f (x) , f (y))

2
(1.2)

where Mϕ is an upper bound of ϕ on f ([x, y]) × f ([x, y]). Note that, a function
f : I → R is called ϕ-convex, if

f (λx+ (1− λ) y) ≤ f (y) + λϕ (f (x) , f (y)) , (1.3)

for all x, y ∈ I and λ ∈ [0, 1]. We remark that if f : I → R is a convex function and
ϕ : I × I → R is an arbitrary bi-function that satisfies

x− y ≤ ϕ (x, y) ,

for all x, y ∈ I, then the inequality (1.3) is expressed as

f (λx+ (1− λ) y) ≤ f (y) + λ [f (x)− f (y)] ≤ f (y) + λϕ (f (x) , f (y)) . (1.4)

If we choose λ = 1
2 in (1.4), we deduce

f

(
x+ y

2

)
≤ f (x) + f (y)

2
≤ f (y) +

ϕ (f (x) , f (y))

2
.

Motivated by the above results we investigate in this paper the operator version
of the Hermite-Hadamard inequality for operator ϕ-convex. Moreover, we establish
a singular value ersion of the inequality (1.2). A generalization of this new singular
value inequality to selfadjoint operators will be also given.

In conventional symbols, let B (H ) denote the C∗-algebra of all bounded linear
operators on a complex seperable Hilbert space H with inner product 〈·, ·〉 and
let K (H ) denote the two-sided ideal of compact operators in B (H ). In the
case when dimH = n, we identify B (H ) with the matrix algebra Mn of all
n × n matrices with entrices in the complex field C. An operator A ∈ B (H )
is called positive if 〈Ax, x〉 ≥ 0 for all x ∈ H and then we write A ≥ 0. For
selfadjoint operators A,B ∈ B (H ), we say B ≥ A if B − A ≥ 0. For a compact
operator A ∈ B (H ), the singular values of A are the eigenvalues of the positive

operator |A| = (A∗A)
1
2 , enumerated as s1 (A) ≥ s2 (A) ≥ . . .. Note that sj (A) =

sj (A∗) = sj (|A|) for j = 1, 2, . . .. Here we use the direct sum notation A ⊕ B for

the block-diagonal operator

(
A 0
0 B

)
defined on H ⊕H . For compact operators

A,B ∈ B (H ), the singular values of A ⊕ B,

(
0 B
A 0

)
are the same, and they

consist of thos of A together with those of B.
One of the important properties of singular values is that

sj (UAV ) = sj (A) ,

for j = 1, 2, . . ., where U, V are any unitary operators in B (H ).
The Gelfand map f (t) 7→ f (A) is an isometrically ∗-isomorphism between the

C∗-algebra C (sp (A)) of continuous functions on the spectrum sp (A) of a selfadjoint
operator A and the C∗-algebra generated by I and A. If f, g ∈ C (sp (A)), then
f (t) ≥ g (t) (t ∈ sp (A)) implies that f (A) ≥ g (A). Let f be a continuous real
valued function on an interval J . The function f is called operator monotone
(operator decreasing, resp.) if A ≤ B implies f (A) ≤ f (B) (f (B) ≤ f (A) , resp.)
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for all selfadjoint operators A,B ∈ B (H ) whose spectra are contained in J (see
[7, p. 3]).

2. Main results

Here, we define operator ϕ-convex function.

Definition 2.1. A real valued continuous function f on an interval I is said to be
operator ϕ-convex if

f (λA+ (1− λ)B) ≤ f (B) + λϕ (f (A) , f (B)) , (2.1)

for all λ ∈ [0, 1] and for every selfadjoint operator A and B on a Hilbert space H
whose spectra are contained in I. The condition (2.1) can be replaced by the more
special condition

f

(
A+B

2

)
≤ f (B) +

ϕ (f (A) , f (B))

2
.

Using this observation from (1.4), we have

f (λA+ (1− λ)B) ≤ f (B) + λ [f (A)− f (B)] ≤ f (B) + λϕ (f (A) , f (B)) .

In the following example, for convex function f we find bi-function ϕ such that
f is operator ϕ-convex.

Example 2.2. Let A,B ∈ B (H ) be selfadjoint operators and f (x) = x2 and let
ϕ (x, y) = 2x+ y, then

f (λA+ (1− λ)B) = (λA+ (1− λ)B)
2

≤ B2 + λA2 + λ (1− λ) (AB +BA)

≤ B2 + λA2 + λ (1− λ)
(
A2 +B2

)
≤ B2 + λ

(
2A2 +B2

)
= f (B) + λϕ (f (A) , f (B)) .

The following example shows that, there is a ϕ-convex function f which is not
operator ϕ-convex.

Example 2.3. Let ϕ (x, y) = x−y and f (x) = x3 on [0,∞), then f is not operator
ϕ-convex thought it is ϕ-convex on [0,∞).

The next lemma gives a useful property of operator ϕ-convex functions.

Lemma 2.4. Let A,B ∈ B (H ) be selfadjoint operators and f be an operator
ϕ-convex. Then Φx,A,B (t) = 〈f (tA+ (1− t)B)x, x〉 for any x ∈H with ‖x‖ = 1,
is an ϕ-convex function on (0, 1).

Proof. Let f be an operator ϕ-convex, then for u, v ∈ [0, 1] we have

Φx,A,B (tu+ (1− t) v) = 〈f [(tu+ (1− t) v)A+ (1− tu+ (1− t) v)B]x, x〉
= 〈f (t [uA+ (1− u)B] + (1− t) [vA+ (1− v)B])x, x〉
≤ 〈f [vA+ (1− v)B]x, x〉

+ tϕ (〈f (uA+ (1− u)B)x, x〉 , 〈f (vA+ (1− v)B)x, x〉)
= Φx,A,B (v) + tϕ (Φx,A,B (u) ,Φx,A,B (v)) .
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So Φx,A,B is an ϕ-convex function on [0, 1]. �

Theorem 2.5. Let A,B ∈ B (H ) be selfadjoint operators and f be an operator
ϕ-convex. Then

2

〈(
f

(
A+B

2

)
−MϕI

)
x, x

〉
≤
〈(∫ 1

0

f (tA+ (1− t)B) dt

)
x, x

〉
≤ 〈f (A)x, x〉+

ϕ (〈f (A)x, x〉+ 〈f (B)x, x〉)
2

,

where Mϕ is upper bound for f on f ([0, 1])× f ([0, 1]) .

Proof. Using the hypothesis of f , by Lemma 2.4 we easily verify that Φx,A,B (t) =
〈f (tA+ (1− t)B)x, x〉 is ϕ-convex function on [0, 1]. So by (1.2) we obtain

2Φx,A,B

(
1

2

)
−Mϕ ≤

∫ 1

0

Φx,A,B (t) dt ≤ Φx,A,B (1) +
ϕ (Φx,A,B (1) ,Φx,A,B (0))

2
.

It is equivalent to

2

〈
f

(
A+B

2

)
x, x

〉
−Mϕ

≤
∫ 1

0

〈f (tA+ (1− t)B)x, x〉dt

≤ 〈f (A)x, x〉+
ϕ (〈f (A)x, x〉+ 〈f (B)x, x〉)

2
,

for any x ∈H with ‖x‖ = 1 and selfadjoint operators A and B with spectra in I.
On the other hand, by the continuity of f we have∫ 1

0

〈f (tA+ (1− t)B)x, x〉 dt =

〈∫ 1

0

f (tA+ (1− t)B) dtx, x

〉
.

Therefore

2

〈(
f

(
A+B

2

)
−MϕI

)
x, x

〉
≤
〈(∫ 1

0

f (tA+ (1− t)B) dt

)
x, x

〉
≤ 〈f (A)x, x〉+

ϕ (〈f (A)x, x〉+ 〈f (B)x, x〉)
2

.

So, the proof is complete. �

Remark. Let ϕ (x, y) = y − x in Theorem 2.5. Then

2f

(
A+B

2

)
− 1 ≤

∫ 1

0

f (tA+ (1− t)B) dt ≤ f (A) + f (B)

2
.

We remark that, Mϕ = 1 is upper bound for y − x on f ([0, 1])× f ([0, 1]).

Let I = [0,∞) in Remark 2. Since φ is positive linear map and spectrum of
positive operator is in [0,∞), we have the following result.
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Corollary 2.6. Let f : [0,∞) → R be an operator ϕ-convex for selfadjoint oper-
ators in B (H ) and φ : B (H ) → B (H ) be a normalized positive linear map.
Then

2f

(
φ

(
A+B

2

))
−Mϕ ≤

∫ 1

0

f (φ (tA+ (1− t)B)) dt

≤ f (φ (A)) + f (φ (B))

2
.

To prove Theorem 2.9, we need the following two lemmas. The first results is
due to Hirzallah and Kittaneh [12, Corollary 2.2], while the second lemma can be
found in [2, p. 75].

Lemma 2.7. Let A,B ∈ K (H ). Then

sj (A+B) ≤ sj (A⊕B) ,

for j = 1, 2, . . ..

Lemma 2.8. Let A,B ∈ B (H ) such that B is compact. Then

sj (AB) ≤ ‖A‖ sj (B) .

Theorem 2.9. Let X be an arbitrary operator in B (H ). Then

sj

(
21−r

∣∣∣(A+B)
1
2X
∣∣∣2r − 1

)
≤ ‖X‖2rsj(A⊕B)

r
,

for j = 1, 2, . . . where r ≥ 1 and positive operators A,B ∈ K (H ).

Proof. Put φ (A) = X∗AX in Remark 2, we get

2f

(
X∗
(
A+B

2

)
X

)
− 1 ≤

∫ 1

0

f (X∗ (tA+ (1− t)X)) dt

≤ f (X∗AX) + f (X∗BX)

2
,

for positive operators A,B ∈ K (H ). It is not hard to see that, f (t) = tr is an
operator ϕ-convex for r ≥ 1, therefore

21−r(X∗ (A+B)X)
r − 1 ≤

∫ 1

0

(X∗ (tA+ (1− t)X))
r
dt

≤ (X∗AX)
r

+ (X∗BX)
r

2
.

(2.2)

Since A and B are positive, we have

(X∗ (A+B)X)
r

=
(
X∗(A+B)

1
2 (A+B)

1
2X
)r

=
∣∣∣(A+B)

1
2X
∣∣∣2r.

On the other hand, similar to above we have

(X∗AX)
r

+ (X∗BX)
r

2
=

∣∣∣A 1
2X
∣∣∣2r +

∣∣∣B 1
2X
∣∣∣2r

2
.
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It follows from (2.2) that

21−r
∣∣∣(A+B)

1
2X
∣∣∣2r − 1 ≤

∫ 1

0

(X∗ (tA+ (1− t)X))
r
dt

≤

∣∣∣A 1
2X
∣∣∣2r +

∣∣∣B 1
2X
∣∣∣2r

2
.

By Weyl’s monotonicity principle, we obtain

sj

(
21−r

∣∣∣(A+B)
1
2X
∣∣∣2r − 1

)
≤ sj

(∫ 1

0

(X∗ (tA+ (1− t)X))
r
dt

)

≤
sj

(∣∣∣A 1
2X
∣∣∣2r +

∣∣∣B 1
2X
∣∣∣2r)

2
,

for j = 1, 2, . . .. By above inequalities we can write

sj

(
21−r

∣∣∣(A+B)
1
2X
∣∣∣2r − 1

)
≤ sj

(∫ 1

0

(X∗ (tA+ (1− t)B)X)
r
dt

)
≤ sj

(∣∣∣A 1
2X
∣∣∣2r ⊕ ∣∣∣B 1

2X
∣∣∣2r) (by Lemma 2.7)

= sj

((
A

1
2 0

0 B
1
2

)(
X 0
0 X

))2r

≤ ‖X ⊕X‖2rsj
(
A

1
2 ⊕B 1

2

)2r
(by Lemma 2.8)

= ‖X‖2rsj(A⊕B)
r
, (since ‖A⊕B‖ = max {‖A‖ , ‖B‖})

for j = 1, 2, . . . and r ≥ 1 and positive operators A,B ∈ K (H ). �

Remark. Since every unitarily invariant norm is a monotone function of the sin-
gular values of an operator, from Theorem 2.9 we can write

|||21−r
∣∣∣(A+B)

1
2X
∣∣∣2r − 1||| ≤ ‖X‖2r|||(A⊕B)

r|||. (2.3)

If we put X = I and r = 1 in (2.3), we deduce

|||A+B − 1||| ≤ |||A⊕B|||.

Now we cite the following lemma due to Bhatia and Kittaneh [3], which will be
needed in the sequel.

Lemma 2.10. Let A,B ∈ K (H ). Then

2sj (AB∗) ≤ sj (A∗A+B∗B) ,

for j = 1, 2, . . . . From AGMI inequality, we can write above inequality as follows
for n ∈ N

2nsnj (AB∗) ≤ sj(A∗A+B∗B)
n
, (2.4)

for j = 1, 2, . . . (see [4]).
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We state following result, in which we utilize the technique of [16].

Theorem 2.11. Let A,B ∈ K (H ). Then

4snj (AB∗) ≤ 2sj

(∫ 1

0

(tA∗A+ (1− t)B∗B)
n
dt+ 1

)
≤ sj ((A∗A)

n
+ (B∗B)

n
+ 2I) ,

(2.5)

for n ∈ N,j = 1, 2, . . . and r ≥ 1.

Proof. Put φ (A) = A and f (t) = tr, where r ≥ 1 in Remark 2, then

2

(
A+B

2

)r

− 1 ≤
∫ 1

0

(tA+ (1− t)B)
r
dt ≤ Ar +Br

2
.

By Weyl’s monotonicity principle, we have

sj(A+B)
r ≤ 2r−1sj

(∫ 1

0

(tA+ (1− t)B)
r
dt+ 1

)
≤ 2r−2sj (Ar +Br + 2I)

(2.6)

for j = 1, 2, . . .,r ≥ 1 and positive operators A,B ∈ K (H ). On the other hand for
each arbitrary operator A,B ∈ K (H ), by making use of (2.4) and (2.6), we can
write

4snj (AB∗) ≤ 2sj

(∫ 1

0

(tA∗A+ (1− t)B∗B)
n
dt+ 1

)
≤ sj ((A∗A)

n
+ (B∗B)

n
+ 2I)

for n ∈ N,j = 1, 2, . . . and A,B ∈ K (H ). �

Remark. Let A,B ∈ K (H ) be positive operators. Then we can write inequality
(2.5) in the form

4snj (AB) ≤ 2sj

(∫ 1

0

(
tA2 + (1− t)B2

)n
dt+ 1

)
≤ sj

(
A2n +B2n + 2I

)
. (2.7)

Choose n = 1 in the inequality (2.7), we deduce

4sj (AB) ≤ 2sj

(∫ 1

0

(
tA2 + (1− t)B2

)
dt+ 1

)
≤ sj

(
A2 +B2 + 2I

)
, (2.8)

for j = 1, 2, . . . and positive operators A,B ∈ K (H ).

Remark. The case A = B in (2.8), provides the following inequality

sj
(
A2
)
≤ 1

2
sj
(
A2 + 1

)
.

Remark. Since every unitarily invariant norm is a monotone function of the sin-
gular values of an operator, we can write inequality (2.8) in the form

4|||AB||| ≤ 2|||
∫ 1

0

(
tA2 + (1− t)B2

)
dt+ 1||| ≤ |||A2 +B2 + 2|||.
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