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REMARK ON JACOBI'S THETA FUNCTIONS AND DIRICHLET
SERIES

YUSUKE FUJISAWA, HISANOBU NAKAMURA

ABSTRACT. Dutt[2] proved two identities involving Dirichlet series, in the de-
nominators of whose terms, sum of two, three or four squares appear. His
results were deduced by the application of Mellin transform and the use two
classical identities of Jacobi’s theta functions. The aim of this paper is to for-
mulate Dutt’s work and show several identities that follow from that of theta
functions.

1. INTRODUCTION

Let
o) =2, R
Cla) =2y o2
n=1
D(z) =2 i (*D’Zl*2m7
n=1

‘We will use the notation

Azq)* - x A(zp) * B(yr) * -+ - % B(yg) * C(21) % - - x C(2,) * D(wy) * - - - % D(w,)

to denote

e’} e’}
9p+q+rto § E X
X
ny, o ,mp=0 1, lp=1
my,mg=0 ki, ko=1

where
X ={(n1 +1/2%+ -+ (n, + 1/2)* + (my +1/2)* + -+ - + (my + 1/2)?
G+ R+ R
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and

Y = (1) sin(2ng + 1)aq - - -sin(2n, + 1)x,
x cos(2my + 1)y - - - cos(2mg + 1)y,
X cos2l1z1 -+ -cos 2z,

X (fl)kl“'k“ cos 2kjwy - - - cos 2k, w,.

For example, we write A(z) * A(z) * C(y) instead of

2R o (1) sin(2n + 1)z sin(2m + 1)z cos 2y
8222 (127 + (m+ 122+ 2

m=0 =1

We omit the symbol * when no confusion can arise. In addition, we denote A(x) x
A(z) by A%(z), and so on. Our purpose is to show the following theorems;

Theorem 1.1. The following identities hold.
(1)
2°A(x)A(y) = Clez+y)B(z —y) + Bz —y) — Bz +y)C(z —y) — Bz +y).
(2)
2°A(x)B(y) = A(z+y)D(z —y) + A(x + y) + D(z +y)A(z —y) + Az — y).
(3)
2°B(z)B(y) = B(x + y)C(z —y) + Bz + y) + C(z + y)B(z — y) + B(z — y).
(4)
2{C(z)C(y) + C(z) + C(y)}
=Cx+y)Cx—-y) +Clz+y) +Cx—y)+ Bl +y)Bx —y).
()
2°{C(z)D(y) + C(x) + D(y)}
=D(z+y)D(x—y)+ D@ +y)+ Dz —y) — Az +y) Az — y).
(6)

2°{D(x)D(y) + D(z) + D(y)}
=Cz+y)Clxz—y)+Cz+y)+C(zx—y)— Bz +y)B(x —y).

2. PROOF

The proof is based on the identities of theta functions and the Mellin transform.
Let 7 be a complex number such that S7 > 0 and put ¢ = exp(in7). The four
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Jacobian theta functions are defined as follows;

O1(z,q) =2 (~1)"¢" /D sin(2n + 1)z, (2.1)
n=0
O2(x,q) =2 Z g t1/2)’ cos(2n + 1)z, (2.2)
n=0
e 2
Os3(x,q) =142 Z q" cos2nz, (2.3)
n=1
Os(x,q) =142 Z(fl)”q"2 cos 2nz. (2.4)
n=1

For standard properties of them, we refer the reader to [I, Chapter 4], [5, Chapter
1]. We write 6;(z) instead of 6;(z, q) if ¢ is fixed. In addition, let

oo

$1(z, 1) =2 (—1)" exp{—(n+ 1/2)*nt} sin(2n + 1)z, (2.5)

n=0
oo

$o(z,t) =2 exp{—(n+1/2)*nt} cos(2n + 1)z, (2.6)

n=0

o3z, t) = 2Zexp{—n27rt} cos 2nzx, (2.7)

n=1

pa(x,t) = 22(—1)” exp{—n?nt} cos 2nz. (2.8)

On substituting it into 7 in 61 (z, q), 02(x, q), 03(x,¢) — 1, and O4(x, ¢) — 1, we obtain
(,251(1, Q)a ¢2(z7q)a ¢3($7 Q)7 and ¢4($7Q)

Our important tool is the Mellin transform. Given a function f(¢) on the real
positive axis, its Mellin transform is the function

Mifs) = [ e

for values of s for which the integral converges. Needless to say, the Gamma function
o dt
T(s) = / e Tt —
0 t

¢, We begin with the next lemma.

is the Mellin transform of e~

Lemma 2.1. Let I be a positive integer. The Mellin transforms of ¢1(x,lt),
p2(x.lt), ¢3(x,lt), and ¢pa(x,lt) areT'(s)(Im)~*A(x), T'(s)(Im)*B(z), I'(s)(Ir)~*C(z),
and T'(s)(Im)~*D(x), respectively.
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Proof. Replacing (n + 1/2)2xlt by t, we see

/ o1 (x, lt)t = Z "sin(2n + 1)x / exp{—(n + 1/2)27Tlt}t8%
n=0 0
- > ¢ S dt
=2 (2 -t (___ - ) =
nz;) " sin(2n + m)/o e ((n n 1/2)27rl> :
I'(s)
= A(x).
(ir)s (@)
We see the others in the same manner. O

In general, if g(t) = f(at), then M[g](s) = a=*M[f](s). Using this property and
the transformation formula of 63, theta functions are related to the theory of the
Riemann zeta function ((s). Roughly speaking, the functional equation and the
analytic continuation of ((s) are given by the Mellin transform of ¢3(0,t). See [3]
Chapter 1. 7], [, Chapter 2. 4],[6, Introduction], [7, Chapter 2. 6], and so on.

Next, we will require the following;

Lemma 2.2. Fori=1,--- k, let

Jit) = 3 ain) exp{-bi(n)t}

neA;

where A; are, at most, countable, and a;(n) and b;(n) are some positive sequense.
Assume that the series f;(t) converge for any i and t > 0. If the Mellin transform
of the product f1(t)--- fr(t) exists, that is

ay(ny) - ap(ng)
I'(s) > {br(na) + -+ br(np) )

(nl,m JL)Q)EAlX"'XAk

Proof. Note that

@) fi(t) = > ai(n1) - - ag(ng) exp{—=(br(n) + - - + by (n))t}.

(n1, - np)EAL X+ X Ay,

Considering its Mellin transform and replacing (b1 (n)+- - - +bg(n))t by ¢, we obtain
the desired result. O

Now we shall show Theorem 1. 1. It is well-known that the following identities
[5, p. 8] hold;

01 (2, 9)01(y, q) = O3(x +y,¢*)b2(z — y,¢*) — O2(z +y,¢*)0s(z —y, ¢°)  (2.9)
01(z,9)02(y,q) = 01 (x + v, ¢*)0s(x —y,¢*) + 0s(z + y,¢*)01 (x —y,¢°)  (2.10)
O2(x,q)02(y, q) = O2(z +y,¢*)03(z — y,¢*) + Os(z + y,¢*)b2(z —y, ¢°)  (2.11)
0(x,9)03(y,q) = O3(x + v, ¢*)0s(x — y,¢*) + O2(z + y,¢*)02(z —y,¢°)  (2.12)
03(x,q)04(y, q) = Oa(z +y,¢*)0a(z —y,¢*) — O1(z + y,¢*)01(z —y, ¢°)  (2.13)
04(z,9)04(y,q) = O3(x +y,¢*)0s(x —y,¢*) — Oa(z + y,¢°)02(x —y,¢°)  (2.14)
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By the first identity and the definition of ¢;, we see

o1 (‘T» t)¢1 (y,t) = ¢2(x - Y, 2t)¢3(x + v, 2t> + (b?(x - Y 2t)
— ¢2(x +y,20)p3(x — y, 2t) — d2(x + y, 2t)

By application of the Mellin transform, we obtain

X (1) sin(2n + Dasin(2m + Ly
4> {(n+1/2) + (m+1/2)%}*

B 2. cos(2n + 1)(x — y) cos 2m(z + y) cos(2n + 1)(z — y)
42 Z 25{(n+1/2)2 + m?2}s 22 25(n + 1/2)2‘3

=\ cos(2n + 1)(x + y) cos 2m(z — y) cos(2n + 1)(x + y)
422 25{(n + 1/2) + m?}s _22 2(n+1/2)2

Thus the first assertion of Theorem 1. 1 (1) is proved. The others can be shown
by the similar method.
3. OTHER RESULTS AND EXAMPLES

In the same manner, many other identities of Dirichlet-type series can be de-
duced. For example, we have the following.

Theorem 3.1. The following identities hold.
(1)
A(z +y)Alz — y)B*(0) = A*(2)B*(y) — B*(x)A*(y)
= D*(2)C*(y) +2D(2)C*(y) + C*(y)
( +4D(x)C(y) + 2C(y) + D*(z) + 2D(x)
2 *(y) — D*(y)
D(y) —2D(y) — C*(x) — 2C(x)
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(4)

D(z +y)D(x — y)B*(0) + D(z + y)B*(0) + D(x — y)B*(0) + B*(0)
= D*(z)B*(y) + 2D(2) B*(y) + B*(y)

+ C?(2)A%(y) + 2C(2) A% (y) + A%(y)

= A*(z)C%(y) 4+ 24%(z)C(y) + A% ()
+ B%(z)D*(y) + 2B%*(z)D(y) + B*(x)
(5)

Az + y) Al — y)C2(0) + 2A(z + y) Az — y)C(0) + Al + y) Aw — y)
= A2(2)C2(y) + 24%(@)C(y) + A(x) — C*(2) A%(y) — 2C(2) A2(y) — A (y)
— D*(2)B2(y) + 2D(2) B*(y) + B(y) - B*(¢)D(y) — 2B*(2)D(y) — B(x)

(6)
B(x +y)B(z = y)C(0)* + 2B(z + y)B(x — y)C(0) + B(z + y)B(z — y)

= B*(2)C?(y) + 2B*(2)C(y) + B*(z) — D*(2)A*(y) — 2D(2)A%(y) — D*(y)
= C*(x)B*(y) + 2C(2) B*(y) + C*(y) — A*(2) D*(y) — 24%(2)D(y) — A*(w)

C(x+y)C(z —y)C?(0) + C(z 4 y)C*(0) + C(z — y)C*(0) + C*(0)
+2C(z + y)C(x — y)C(0) + 2C (z + y)C(0) + 2C(z — y)C(0) + 2C(0)
+Cx+y)Cx—y)+Clx+y)+Clx—1y)

= A% (2)A®(y) + C*(2)C?(y) + 2C(2)C*(y) + C*(y)

+ 20 (2)C?(y) + 4C (2)C(y) 4 20 (y) + C*(x) + 2C(x)

= B*(z)B*(y) + D*(x)D*(y) + 2D(z) D*(y) + D*(y)

+2D(x)D*(y) + 4D(x)D(y) + 2D(y) + D*(z) + 2D(x)
(8)

D(z +y)D(z — y)C*(0) + D(z +y)C*(0) + D(z — y)C*(0) + C*(0)
+2D(z +y)D(x — y)C(0) + 2D (z + y)C(0) + 2D(x — y)C(0) + 2C(0)
+D(z +y)D(z —y) + D(z +y) + D(x — y)

= A%(x) B*(y) + C*(2) D*(y) + 2C(x) D*(y) + D*(y)
)D*(y) + 4C(z)D(y) + 2D(y) + C*(x) + 2C(x)
)A?(y) + D*(2)C?(y) + 2D (2)C*(y) + C*(y)
z)C?(y) +4D(2)C(y) + 2C(y) + D?*(z) + 2D(x)
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y)A(x —y)D(0) + Az + y)A(z — y)
2
(

B(z —y)D*(0) + 2B(x + y) B(x — y) D(0) + B(x + y) B(x — y)
B*(y) + 2D(z)B*(y) + B*(y)
*AQ(w)C (y) — 24%(2)C(y) — A%(x)
= B?(z)D*(y) + 2B*(z)D(y) + B*(x)
— C%(2)A%(y) — 20(2) A*(y) — A*(y)

(11)
C(z +y)C(z — y)D*(0) + C(z + y)D*(0) + C(z — y)D*(0) + D*(0)

+2C(x 4+ y)C(x —y)D(0) + 2C(x 4+ y)D(0) + 2C(x — y)D(0) + 2D(0)
+Cx+y)Cx—y)+Cx+y)+Clx—y)

= D*(x)C*(y) + 2D(2)C*(y) + C*(y)
+2D(z)C?(y) + 4D(x)C(y) + 2C(y) + D?*(z) + 2D(x) — A%*(2) B*(y)
= C*(2)D*(y) +2C () D*(y) + D*(y)
+2C(x)D?(y) + 4C(2)D(y) + 2D(y) + C*(z) + 2C(z) — B*(x) A%(y)

D(z +y)C(x — y)D*(0) + D(z + y) D*(0) + D(x — y)D*(0) + D*(0)
+2D(x 4+ y)D(z — y)D(0) + 2D(x + y)D(0) + 2D(x — y)D(0) + 2D(0)
+D(xz+y)D(x—y)+ D(x+y)+ Dz —y)

= C*(2)C?(y) + 20(x)C*(y) + C*(y)

+20(x)C?%(y) 4+ 4C(z)C(y) + 2C(y) + C*(z) + 2C(z) — B*(2)B*(y)

= D*(x)D*(y) + 2D(2) D*(y) + D*(y)

+2D(z)D?(y) + 4D(z)D(y) + 2D(y) + D*(z) + 2D(x) — A%(z) A%(y)
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The above theorem is proved by using the following identities for theta functions
[B, p. 8-10]. The identities of (1)—(4) follow from

01(z + )01 (z — y)03(0) = 07 (2)03(y) — 03(2)01(y) = 03 (2)03(y) — 95(95)93(3{) :
3.1

O2( + y)0a (2 — y)03(0) = 03(2)03(y) — 0% ()07 (y) = 03(2)05(y) — 03 (x)ﬁi(z& )

O3(x + y)03(x — y)03(0) = 03 ()03 (y) + 03 ()07 (y) = 03(x)05(y) + 9?(96)95(1(% .

0a(x + y)0a(z — y)03(0) = 05 (x)03(y) + 03 ()07 (y) = 0% ()03 (y) + 95(96)93(1(/) :
3.4

and the identities (5)—(8) follow from
01(x + )01 (z — y)03(0) = 07 (2)03(y) — 03(2)07 (y) = 03(2)03(y) — 93(55)95(1(% .

O2(x + y)02(x — y)03(0) = 63 ()03 (y) — 03 ()07 (y) = 03 ()03 () — 9?(93)93(1(/) :
3.6

O3(x + y)0s (2 — y)03(0) = 07 (2)01 (y) + 03 ()05 (y) = 03 ()03 (y) + 0] (x)ﬁi(z(/; .

Oa(x + y)0a(z — y)03(0) = 67 ()03 (y) + 03 ()05 (y) = 03 ()05 () + 03 ()03 (y)

and the identities (9)—(12) follow from

01(z + )01 (x — y)07(0) = 63(x)63 (y) — 63 ()03 (y) = 07 (x)03(y) — 92(96)95(%; 0
02z + )02 (z — y)03 (0) = 03 (2)03 (y) — 07 ()05 (y) = 05(x)03 (y) — 05 (2)07 (y

)
1
O3(x + y)03(x — y)03(0) = 03 ()03 (y) — 0% (2)03(y) = 03(x)03(y) — 03 ()07 (y)
1

(3
0a(x + y)0a(z — y)07(0) = 03 ()03 (y) — 05 ()05 (y) = 0% ()05 (y) — 67 ()67 (1).

For example, we have

D1(z + )1 (z — y)$5(0) = 61 (2)d5(y) — 5 (2) 61 ()
= 3 ()3 (y) + 204(2)d3(y) + $3(1)
+ 03 (x)d3(y) + 4a(x)d3(y) + ¢3(y)
+ ¢a(z)? + 204(2)
— 33(2)3(y) — 203(2) 83 (y) — 03 (y)
— ¢3(2)pa(y) — 4¢3(x)Pa(y) — da(y)
— ¢3(2)* — 2¢3(x)

by (15). The application of the Mellin transform implies Theorem 3.2 (1).
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Theorem 2 in Dutt [2] is the special case of our result. Putting z = y = 0 in
Theorem 3.2 (7), we get

C*(0) 4+ 4C*(0) + 6C2(0) + 4C(0)
= B*(0) + D*(0) + 4D3(0) + 6D?(0) + 4D(0).

This means

1 1
16 32 -
Z {n2+m2+l2+k2}s + Z{n2+m2+l2}s
1 1
24 —F +8 —
+ Z {712 + m2}s + Z n2S
1

=160 (T 127 2P (T U2 (e 2
1)n+m+l+k 1)n+m+l
+16Z{n2+m2+12+k2}5+3 Zm

n+m (71)71
oy GOyl
Dividing by 8, we get Theorem 2 in [2]. Dutt showed this by using the identity

03(0) = 03(0)+67(0), which is the special case of the identities we used. His another
result was proved by the same method and the identity 6(0) = 02(0)603(0)604(0).
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