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ON SOME INEQUALITIES FOR GAMMA AND BETA
k-FUNCTIONS VIA SOME CLASSICAL INEQUALITIES

SHAHID MUBEEN, SANA IQBAL, MAMMONA NAZ

ABSTRACT. In this paper, We improve several results recently established by
Rehman et al. [14] for the gamma and beta k-functions by using some classical
inequalities like Chebychev, Hélder and Griss inequalities.

1. INTRODUCTION

Diaz and Pariguan [I] have introduced the generalization of the classical gamma
and beta functions in terms of a new parameter £ > 0, called gamma and beta
k-functions respectively. The gamma k-function is defined as follows

. nlk"(nk)* ! _
Ig(z)= lim —————, k >0,z € C\ kZ™, 1.1
K(x) = Tim @ \ (1.1)
where
(@) =z(x+k)(@+2k) - (z+(n—-1k), n=>1,

is called Pochhammer k-symbol, which is the generalization of usual Pochhammer
symbol. The relation between gamma and beta k-functions is given by

Bu(z,y) = W Re(z) > 0, Re(y) >0

and integral representations of gamma and beta k-functions are respectively given
below

oo tk’
Ty(x) :/ t*te~ " dt, Re(z) >0 (1.2)
0

and

1
Br(z,y) = /0 tE=Y(1 —t)kdt,  Re(x) > 0, Re(y) > 0. (1.3)

| =
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Later, the researchers [4, [5] [7, [0l [TT] have worked on the generalized gamma and
beta k-functions and discussed the following properties of these functions for k£ > 0,
a€e€Randn eN:

_ Tw(x +nk)
(T)nk = T(x)’
Ly(k) =1,

B+ k) = Bl ), (14)
By + k) = T Bu(y). (1.5)

From relation (1.2), one can easily calculate the nth-derivative of gamma k-
function as

F]i”)(x) _ /0 ,5’70*16*%(111@"(1157 Re(x) > 0. (1‘6)

Kokologiannaki et al. [6] formed some important results of gamma, beta, zeta
and hypergeometric k-functions. They also gave completely monotonicity proper-
ties and inequalities for functions involving the I'y, functions and their logarithmic
derivatives 1. Krasniqi [8] proved some properties of special k-functions and also
gave a limit for the gamma and beta k-functions. Suryanarayana and Rao [17]
established some properties and inequalities for the generalized special k-functions.
Zhang and Shi [18] proved two double inequalities for gamma and Riemann zeta
k-functions and gave their applications. Secer et al. [16] established the g-extension
of the Griiss type integral inequality related to the integrable functions involving
the Riemann-Liouville fractional g-integral operators.

Mubeen et al. [I2] discussed some properties and inequalities involving gamma,
beta and Psi k-functions and also proved some extended results for the said func-
tions. They also proved an inequality for beta k-function via logarithmic deriva-
tive of the gamma k-function. Rehman and Mubeen [I5] presented some inequal-
ities involving gamma and beta k-functions via some classical inequalities like the
Chebychev inequality for synchronous (asynchronous) mappings, Griiss and the Os-
trowski’s inequality. Also, they proved the log-convexity of the gamma and beta
k-functions by using Holder’s inequality and also they gave applications of beta
k-function in probability distributions.
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2. INEQUALITIES VIA CHEBYCHEV’S INTEGRAL INEQUALITY

In this section, we prove some inequalities involving the derivative of gamma k-
function by using Chebychev’s integral inequality. The following result is the well
known Chebychev’s integral inequality for synchronous (asynchronous) mappings
[13].

Lemma 2.1. Let f, g, h : I CR — R be such that h(z) > 0 for all x € I and

h, hfg, hf and hg are integrable on I. If f, g are synchronous (asynchronous) on
1, that is, if it holds

(f (@) = f(¥)(g(z) —9(y)) = ()0 for allz,y € 1. (2.1)
Then, we have the following inequality

[ #ayis [ has@ats > ) [ @@ [noo@d. e2)

I I

Theorem 2.2. For k > 0, let s, uw and v be real numbers with s,u > 0 and
u>v>—s, if

v(u—s—v) > ()0, (2.3)
then for a mon-negative integer n, we have
T W) (5) > ()T (5 + )T (u — v). (2.4)

Proof. Consider the mappings f, g, h : [0,00) — [0,00) defined as

ft)y=¢7°7" g(t) =1, h(t):ts—le—%(lnt)".

If the condition given in (2.3)) is true, then the functions f and g are synchronous
(asynchronous) on [0, 00). So, by Chebychev’s inequality for I = [0, 00), we have

P - 1t
/ t° eff(lnt)"dt/ VT T e E (Int)dt
0 0

oo ok o0 +k
> (g)/ t"*”*StS*le*T(lnt)”dt/ 't e F (Int)"dt.
0 0
This implies that

o k o ok
/ t*~le” % (In t)"dt/ e % (Int)"dt
0 0

o0 tk oo tk
> (<) / t“*”*le*T(lnt)”dt/ t5t=te™ & (Int)"dt. (2.5)
0 0
Hence from relation (1.6)), we get the required inequality (2.4). O

Corollary 2.3. For k > 0, let v > 0 and r € R be such that |r| < u, then for a
non-negative integer n, we have

Y PR LT ()
0w <T7(w—n))" (u+r). (2.6)
Proof. The inequality (2.6)) can be obtained by using s = w and v = r in theorem
2.2 O
Remark. For s=2, u=p+q and v =q — 1, the condition becomes
(p—1)(¢—1) = ()0, (2.7)

that is the positive real numbers p and q are said to be similarly (oppositely) unitary.
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Theorem 2.4. For k > 0, if p,q > 0 are similarly (oppositely) unitary, then
T (p+q+k— DI (k+1) > (T 0+ k)T (g + k). (2.8)
Proof. For k > 0, consider the mappings f, g, h : [0,00) — [0,00) defined as
ik
f) =t gty =t"",  h(t) =tte” F (Int)"

If the condition given in (2.7)) is true, then the functions f and g are synchronous
(asynchronous) on [0, 00). So, by Chebychev’s inequality for the functions f, g and
h defined above, we have

T - ke~
/ t e*?(lnt)"dt/ P10 1R e=F (Int)"dt
0 0

oo tk’ o0 tk

> (S)/ tpflt’“e*T(lnt)”dt/ t17 1k e=F (Int)"dt.
0 0

This implies taht

% ko1t oo k—1 e
/ thti= e*T(lnt)”dt/ Ptk =1=1o =% (Int)"dt
0 0

> (<) /Oo tp+k*167%(lnt)"dt/oo 1R =1~ % g (2.9)
0 0
Hence from relation , we get the required inequality . (I
Theorem 2.5. For k >0, if p,q > 0 are similarly (oppositely) unitary, then
T )T (0 + g+ k) = (0 (0 + KT (g + k). (2.10)

Proof. For k > 0, consider the mappings f, g, h : [0,00) — [0,00) defined as
k

fO)y =17, g(t) =19, h(t) =t""te"® (Int)".

If the conditions of previous theorem hold, then the functions f and g are synchro-
nous (asynchronous) on [0,00). So, by following the steps of previous theorem for
the functions f, g and h defined above, we have the required inequality (2.10). O

Theorem 2.6. Fork > 0, a given real s > 0 and a non-negative integer n, consider
the mapping

F,(fn) (x+s)

L) = T (s) (2.11)
Show that the mapping &s .k (.) is supermultiplicative on [0,00), in the sense
Eon k(@ + 1) 2 & o (2)Es,n 0 (Y)- (2.12)
Proof. Put u =1z 4y + s and v = y, then condition becomes
xy >0, (2.13)
and the inequality takes the form
P @y + ) 2 T @+ )0 (y +9), (2.14)

which is equivalent to (2.12]). O
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3. AN INEQUALITY VIA HOLDER’S INEQUALITY

In this section, we prove an inequality involving the derivative of gamma k-
function, which shows the logarithmic convexity of I‘Eﬁn). The well known Holder’s
inequality is defined as follows.

Let p and ¢ be two positive real numbers such that % + % =1,and let f,g: 1 C
R — R satisfying

/I F@P, / l9(t)|7d < oo, (3.1)

al< ([ |f<t>Pdt)’1’ (/ |g<t>th)é. (32)

Theorem 3.1. For k > 0, let a,b > 0 with a+b = 1. Also let x,y > 0 be real
numbers, then for a non-negative integer n, we have

a b
I (az+by) < 1V @)] [0 @)] - (3.3)
Proof. Use the followin mappings
t a . b
£(t) = 2@ (e’%(lnt)”) gt = @D (e’Tk(lnt)") . te(0,00)

in inequality 1) (for I = (0,00),p = % and g = %)7 we get the required inequality
B3). 0

4. INEQUALITIES VIA GR1SS INEQUALITY.

then

In this section, we prove the Griiss type inequalities [2] involving beta and gamma
k-functions. The Griiss inequality was given by Griiss in [3]. This inequality actu-
ally connects the integral of the product of two functions with the product of their
integrals. The following interpolation of Griiss inequality is well known (see [10]).

Lemma 4.1. Let f, g and h be integrable functions defined on [a,b] and @, ¢, 1
and VU are given constants such that

p<ft)<¢, ¢Y<g(t) <V, Vtelab],

then
2

(6— @)(T — ) V <>dt] ()

D(f,g:h / t)dt / t)dt — / bh(t) F(t)dt / bh(t)g(t)dt. (4.2)

Theorem 4.2. For k > 0, let p,q,c,d > 0, then we have
Br(c,d)Br(c+p,d+q) — Br(c+p,d)Br(c,d + q)
< [Bules d)Bec + 2p,d) = (Bule+ p, )]
x [Br(c, d)Br(c,d+2q) — (Br(c,d + q)?)]
< Brle, (4.3)

»M»—*

ID(f,9;h)| < [D(f, f;h)]2[D(g, g; h)]? <

where

=
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Proof. Set the following mappings
JO) =5, g(t) =10, ht)=tF 1-p)F,
a=0,b=1,0=19=0and ¢ =¥ =1 in lemma [£.I] we get the desired double

inequality (4.3]). O
Corollary 4.3. For ¢ =d =k, the inequality of previous theorem reduces to
k

Br(p+k,q+k) = ——5——~
( IRy
< Pq
P+ R)@+R)VE2p+E)(2q+F)
1
< —. 4.4
=1 (44)
Proof. Tt can be proved by using
1 1 1
Br(k, k) o Br(, k) ot Br(k,y) J

and relations and in previous theorem. O
Theorem 4.4. For k > 0, let m,n,p,q,c,d > 0. Then we have
Br(e,d)Br(c+m+p,d+n+q) = Brlc+m,d+n)B(c+p,d+q)
< [Br(c, d)Br(c + 2m, d + 2n) — (Be(c+m,d +n))?] 2
% [Bu(c, d)Brlc + 2p,d +24) — (Bu(c+ p,d + 0)%]

it — %q - c,d 2, 4.5
T g ke d) (45)

B

1 m¥%nk
< p

Proof. Set

fFO) =t -0k, g@) =tk -tk ht)
a =0 and b =1 in relation , we have
D(f,9:h) = k¥ [Br(c, d)Br(c +m+p,d +n+q) = fu(c+m,d +n)r(c+p,d +q)],

D(f, f;h) = K [Br(c,d)Bi(c + 2m, d + 2n) — (By(c +m,d +n))*],

D(g,g:h) = k* [Br(c,d)Be(c+ 2p,d + 2q) — (B(c+p,d+q))*] .

Now for the application of Griiss inequality, we have to find ¢ and ¥, the maximum
of f and g respectively.

tEL(1 - ) F

Let
Lyn(t) =t%(1—1t)%,
and
ya a
I q(t) = tE (1 —t)k
Then

dIm’n(t) o ]. m_] n_1
o —ktk (I=8)% " [m(1—1t) —nt].

From here, we observe that the unique solution of I, ,(t) = 0 in (0,1) is
m

to =

m-—+n
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Also since Iy, ,(t) > 0 on (0,%9) and I, ,(t) < 0 on (tg,1), therefore ¢ is its

maximum point in (0, 1).

Consequently,
= inf I,,(t)=0
v= G Im, (t)
and
m mFEnk
¢ = sup Imn(t) =Inn = min
telo,1] ®) (m+n) (m +n) +

ptq *

(p+aq)F

So by using all values in inequality (4.1), we get the required double inequality

[3). O

Theorem 4.5. For k >0, let p,q,r,u,v,w > 0, then we have

Ce(p+q+nr)Ti(c)  Twlp+nrIilg+r)
ptgtr +r q+r

(w+v+w) " wk (utw)F (vFw)

_ | Te@p+0Tu(r)  (Trlp+ 1))’
T (Qu+w) 2w F (u+ w) 2

Ti(2q+7)Tk(r)  (Tr(g+7))?
X 2q+7r - 2(g+7)

(2v—|—w) ljwf (u_|_w) A
1/pN\k/qg\* (I‘k(r))2
< (E)F (L)l 4.
4 (ue) (ve) wrE (4.6)
Proof. Consider the mapping
ok
fou(t) =tPe™™F (4.7
on (0,00). Then
k

Fpoalt) = 77 ™ (p — ut¥). (4.8)

=

It shows that f,, is increasing on (0,(Z)*) and decreasing on ((%)%,oo). So

maximal value of f,, is
re((2)) = () (49)

Similarly, we can find the maximal value of f;,. Now set

f(t> = fp,u(t), g(t) = qu(t)v h(t) = frfl,w(t)v (4'10)

a=0,b— 00, ¢= (%)% and ¥ = (Uie)% in inequality 1D we get the required
double inequality (|4.6)). ]
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Corollary 4.6. Using u = v = w = k in inequality @), we get

T'v(p+q+r)Tk(r) B Tr(p+r)Tk(g+7r)

3p+g+rkp+qk+2r (2](3) p+qk+2r
1
Pe(2p+r)Le(r)  Tu(p+ )|
32Pk+r ké (2]{5) 2(1)];”)
| De@a+r)0k(r)  (Dk(g + r))?
32q):r7~k2(<1;rr) (2]6) 2(4;%)
1p\E g\t (Tk(r)’
<2 (= — —, 4.11
— 4 (ue) (ve) EF ( )
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