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k-ANALOGUE OF GENERALIZED GAMMA FUNCTION

SHAHID MUBEEN, MUHAMMAD ARSHAD, GAUHAR RAHMAN

ABSTRACT. The main objective of this present paper is to deal with the more
generalized functions involving Gauss hypergeometric k-functions F},(a, b; ¢; z)
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where |argv| < m, Re(u) > 0. When p = 1 and b = ¢, it reduces to gamma
k-function I'p,. In this paper, we obtain several properties for the general-
ized function Dy and its recurrence relations. We also establish some further
properties of the generalized gamma k-functions i.e., I'y, j(u,v).

1. INTRODUCTION

Kobayashi [9] has considered plane wave diffraction theory by a strip using the
Wiener-Hopf techniques and further he has established a complete high frequency
asymptotic solution which is uniformly valid everywhere in space and which has
no limitations on incidence and observation angles. The asymptotic solutions es-
tablished by him can predict a high frequency field behavior everywhere in space.
Whereas dealing with the asymptotic expansion of a class of branch-cut integrals
arises in diffraction theory related to Wiener-Hopf techniques, Kobayashi [10] also
established integrals of the following form

o0
t’u.fl —t
T (u,v) = /ﬁdt, |argv| < m, Re(u) > 0, (1.1)

where m € Z7, the function T',,(u,v) is the generalized gamma function. When
m = 0, (1.1)) reduces to the well known gamma function

D(u) = [ t“te~tdt, Re(u) > 0 (1.2)

and he proved some analytical properties of I';,, (u, v) including regularity, asymp-
totic expansion and analytic continuation.
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In (1998), Al-Musallam and Kalla [3] defined a more general function involving
Gauss hypergeometric function F'(a,b;c; z) which is given by

; t
D ( a,z,f},p ) = v*“/tufle*ptF(a,b; ¢, ——)dt, |argv| < w, Re(u) > 0. (1.3)
) v
0

In the same paper, they investigated several properties for the function D including
analytical continuation, recurrence formulae and computation for special values of
parameters and some new properties of the generalized gamma function I'y, (u, v).
For further detail about the function D, see ([I, 2] @, [6]-[8], 11}, 12, 05]).

Recently, Diaz and Pariguan [5] introduced the generalized k-gamma function as

o nlk™(nk)r !
Ti(z) = nhHH;O ((ac))k

L k>0,z€C\kZ™ (1.4)

and also gave the properties of said function. The I'j is one parameter deformation
of the classical gamma function such that I'y — I' as k — 1. The I'y is based on
the repeated appearance of the expression of the following form

ala+ k)(a + 2k)(a + 3k)...(a + (n — D). (1.5)

The function of the variable « given by the statement 7 denoted by (a)n k, is
called the Pochhammer k-symbol. We obtain the usual Pochhammer symbol («),
by taking k = 1. The definition given in relation , is the generalization of T'(x)
and the integral form of I';, is given by

T'(x) :/ txfle*%dt, Re(z) > 0. (1.6)
0

From relation (|1.6)), we can easily show that
x

Pi(w) = bEIT(]

). (1.7)

Very recently Mubeen et al. [I3] have defined the following contiguous function
relations for hypergeometric k-functions as

(a —b)Fy(a,b;c;z) = aFg(a+ k,b;¢;2) — bFi(a, b+ k; ¢; 2), (1.8)

(a —c+ k)Fy(a,b;¢;2) = aFy(a+ k,b;c;2) — (¢ — k) Fr(a, by c — k; 2). (1.9)

Also the following relations hold for k£ > 0,

b
Fi(a,b;c;2) — Fi(a,byc— ks 2) + ﬁkzﬂc(a thb+ ket kz) =0, (1.10)
Cc(C —

Fy(a,b;c;z) — Fp(a,b+ k;c;2) + %ksz(a +kb+kic+k;z)=0. (1.11)
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2. GENERALIZED GAMMA k-FUNCTION

In this section, we introduce k-analogue of the generalize gamma function and
some of their properties where k > 0.
Definition 2.1. Let a,b,c and p be complex numbers with ¢ = 0 and Re(p) > 0,
then we define

Dk< (as k), (03 k); (c; > %/tu L% By l(as k), (b;k);(c;k),—%}dt,@.l)
0

Uy V

where v € W, = {v € C: |argv| < 7}, u € W, = {u € C : Re(u) > 0}
and Fy[(a; k), (b; k); (¢; k), —1] is the Gauss hypergeometric k-functions. Now we
generalize the gamma k-function I'y,  (u, v).

Theorem 2.1. If k£ > 0, then

v 1 —tF
Ly r(u,v) = /(—|—€k:t)kdt |argv| < m, Re(u) > 0. (2.2)
0

Proof. Consider

Dk( (a;k), (b:); (e: k). p > %/t“ L= Fy[(as k), (b: k) (e ), Z}d.
0

U,V
Now by putting p =1 and b = ¢, we get

Dh( (a; k), (b k); (bs &), ) *T % Fel(as k), (b: b); (b k)r%ldt- (2.3)

U, v

o\

Now since F[(a; k), (b; k); (b; k), —L] = (1 + k)7 . By substituting this result in
(2.3), we have

Do @hLERiGRLY —,¢7ul_1+,€) .
0

U, v

= a :Fa ) .
/ erktE #(w,0)

0

Remark. If a = 0, then (2.2) becomes gamma k-function which is given by

Ty (u) = / e~ dt. (2.4)
0

Similarly if @ = 0 and k& = 1, then (2.2) becomes the classical gamma function
defined by (|1.2).

Proposition 2.1. Let a, b, c and p be complex numbers, then D can be represented
as

o0

Dk< (a: k), (b 1); (e k). p ) — ot / 1P Fil(a, k), (0, R): (e B): 1)1, (2.5)

U, v

0
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where v € W, and u € W,,.
Proof. Assume that v > 0 and by changing the variable of integration s = % in

(2.1), we have

Dk((a;k),(b;k);(c;k),p) -

[(a7 k)a (b7 kl)a (Cv k)a _S]Uds

U,V

('us)

—lg=p

k[(av k)a (b7 k)v (Ca k)a 78]d53

e
Z0/(

which completes the proof.
Theorem 2.2 Let a, b, c and p be complex numbers, then

e = [t ny Bl ), (050 ()~
n v
0

and

U,V

dka — i[(*l)n(a)nyka ( (a+nk;k), (b;k)(c; k), p >]

u™ v

an o [ g t
—Dp=vF / — e P Fy[(a k), (b k); (¢ k), ——]dt. (2.6)
0

Now since d‘f;, tu=t = ¢t“=1(Int)", thus by substituting this result in |i we get
the required result.
(ii). Let us consider the integral representation of hypergeometric k-functions

which is given by

1
t t | -a
Fulfa, ) (0, 8): (e =] = gt chib [eta-gFtar ety a

v
0

where Re(c) > Re(b) > 0, (see [14]). We can write (2.1)) by using the above integral
representation and taking derivative with respect to v as

o} 1
dn v . _ a
—D, = —[vF u=ly=p 1— 14+ k=
Jon Dt dv"[vk DD ch_b /t t~ kdt/ 11 —s)° = 11+ t)kds]
0
d 1 o'}
_ & a1 [ ptert .
= dv”[szk ch_ /s (/t e PFE (v+ kst)® dt)ds].

0 0
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n

Now since - (v + kst)® = & [(=1)"(a)n k(v + kst)* ~"]. Therefore by substi-
tuting this result in above equation, we have

1 00

ar _ Fk(c) Su—l — s C;b—li u—le—p% —1)"(a v s _Tfl—n S
b = krk@rk(c_b)o/ (1-s) kn<0/t (= 1) (@) (0 + kst) T dt)d
= T @ [ EE Fl(a kR, (0 (R~
0
= ljn[(_l)n(a)mka( (aJrnk;k)z;’(Z;k)(C;k),p )}

which is the required result.

3. RELATIONS INVOLVING THE FUNCTION Dy,

In this section, we derive some relations which containing k-analogue of general-
(a;k), (b;k); (s k), p

ized gamma function. The function Dy "

) is not symmetric
with respect to the parameters a and b. In fact,

Dk( (bs k), (ask); (es k), p ) _ D, < (a3 k), (b3 k); (esk), p ) (3.1)

U, v U, v

Theorem 3.1. Let a, b, ¢ and p be complex numbers with ¢ = 0 and Re(p) > 0,
then

ku < (a; k), (bsk); (¢ k), p ) kab ( (a+k;k), (b+ ks k); (c+ k; k), p )
— Dy, =—Dg
D U, v cp u+k,v

+Dk< (a; k), (bsk); (c; k), p ) (3.2)

U, v

Proof. Here, we observe that

. t
lim £~1e= % Fel(a, k), (b, K); (e, k)i =] = 0

t—o0
and
D el k), (0 k): (e k) — 2] = —“C Bl(a+ ki k), (b+ ks k): (e 4+ Ks k), — ]
dt k s v )y \Uy )y (G vy v - ve k s V) y V) s v )y v .
Applying integration by parts to Dy, < (a; k)715b_;~_k]3;; 1(10; k).p >, we have

Dy < (a;k)715b—;i—k13:i§)c; k),p >

a

_E,

%(t”Fk[(a; k) (b k) (c; k), —%])e_%dt

|

—a
—— VK

(™ Fil(a k) (0 ) e ), —

SRS

0\8 0\8

ptk

b ¢
— DrBatkik), (b+ ki k); (c+ ks k), ——])e” i
ve v
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_ _707/ e Bl (s ) (0 R) s ), —
0

oo

- @v*_l/ e Fk[(a-i-k k), (b+k;k);(c+k;k),—£]dt
cp v
0
_ _’LUD (@i k), (s k)i (i k)p | _ kab o [ (a+kik), (b+ ki k); (c+ ki k), p
- D u,v cp k u+k,v ’

Remark. If we put p=1and b=cin , then we get
kul gk (u,v) = algqp k(w4 k,v) + To i (u+ k,v).
Similarly if we put p =k =1 and b = ¢ in (3.2)), then we get
ulg(u,v) = al'gy1(u+ 1,v) + Ty (u+ 1,v).
Proposition 3.2. The following relations hold for k& > 0;

@_@m(<wW@WMamp>+wm(<mwmmmmwmm»

u,v U, v

ka< (as k), (b+ ks k); (s k), p > _0, (33)

Uy V

(c—a—k)Dy ( (a; k)v(bfui)); (c;k),p ) + avDy, ( (a+k;k),15€);1)k);(c; k),p )
(a;k), (b+ ks k); (c; k), p

— (¢ — k)Dy, ( o ) =0, (34)

3

Dk( (a; k), (b k); (c; k), p > Dk( (a;k),(b,k, —kik),p )

u, v
kab (a+ k; k), (b+k k) (c+k;k),p
7D )
+c(c—k) < u+k,v (3.5)
Dy ( (a; k), (b k); (5 k), p ) _p, ( (as k), (b+k k): (c; k), p
U, v
o ( (0t K (04 R+ R |
+ Dk( wt kv =0. (3.6)
Proof. To prove the relation ((3.3] , we use by taking Fy[a, b; ¢, z] = Fg[(a; k), (b; k); (¢; k), 2]

(b—a)Fil(as k), (b;k); (c; k), 2] + aFy[(a + k; k), (b; k); (¢; k), 2]
—bFy[(as k), (b+k; k); (c; k), 2] =

By putting z = =* in above relation, we have

(b—a)Dy, ( (a; k), (b;k); (c; k), p ) o 7t“_1eitk
0

U, V

X[*(J,Fk[(a + ka k)? (ba k)a (Cv k)a *%} + ka[(G’?k)ﬂ (b+ ka k), (07 k)v *5”(#
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U,V

(b—a)Dk< (a§k)’(b§k);(c§k)’p > — —aU[UﬁTﬂil/tuile%thk[(a—Fk;k),(b; k);(c; k),—%“dt

0
—a —ptk t
. / 151678 Fy[(as k), (b + ks k): (c; k), — 2]dt
v
0

a; k), (bsk); (c; k), p ) _ _Cka< (a+k;k), (bsk); (c; k), p )

U,V U,V

(b —a)Dy ( (

+ ka< (a;k)v(b+ulf;k);(c;k),p )

which is the required relation. On the similar way we can prove relation (3.4). To
prove relation (3.5)), we use (1.10]) as;
Fk[(a'a kj)? (b? k)7 (C, k)7 Z] - Fk[(aa k)v (ba kj)v (C - k7 k)a Z]
ab

oy k@ k), (bR K): (e kR 2] =0,

with z = —%. Now, we have

U, v u,

Dy ( (a; k), (bs k); (¢ k), p >_Dk( (as k), (b & ;E) — k;k),p ) e ”tu_le,,;:k
0

x [Fl(as B), (5 R); (k). =) = Fil(as ), (6 R)s (¢ — ks ), —— )t

v

Dy ( (a;k), (b k); (c; k), p > _D, ( (a: k), (b: k ;E} ki k), p )

u,v u,
kab =2-1 r u =pt* t
= , — . A A
T /t e Byl(at k), (04 s ) (e K ), —Jdt,
0

u,v )

Dy ( (a; k), (b k); (5 k), p ) _D, ( (a: k), (b: k) (c — ks k), p )

___kab [ (a+tkik) (b+kik) (c+ ki k). p
 cle—k) u+k,v ’

which completes the proof. On the similar method we can prove relation (3.6]).
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