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IMPROVEMENT OF SOME CLASSICAL INEQUALITIES

MOHAMMAD MASJED-JAMEI, EDWARD OMEY

ABSTRACT. By using a recent improvement of Cauchy-Schwarz inequality,
some classical inequalities are improved in this paper. Also, the mentioned
inequality is applied to refine inequalities for some special functions such as
gamma, beta and Riemann zeta functions.

1. INTRODUCTION

Let a = {ax},_, and b = {bx},_, be two sequences of real numbers. It is well
known that the discrete version of the Cauchy-Schwarz inequality can be stated as

Zakbk < Zak Zzﬂ (1.1)
k=1

The continuous version in the space C([a,b] ,R) is given by

( / F(@)g(@yw / P / ‘P, (12)

where w(z) is a suitable weight function. In the hterature there are a large number
of generalisations and refinements of inequalities (1.1]) and ({ ., see e.g. [1 [, 6]
8, [12].
We can summarize many of these results by using the mean operator, i.e. for a
sequence {vy}_, if we define
= - Z Uk,

then (1.1)) is equivalent to

(ab)? < a2 b2 (1.3)
In a similar way, (L.2)) can be rewriten as
E*(fg) < E(f*)E(g%), (1.4)
where for a function v(z), E(v) is defined by
E(v) = f; vb(x)w(ar)dx.
[ w(z)dx
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It is clear that E(.) is a linear operator with E(1) = 1.
In this paper, we use the following improvement of Cauchy-Schwarz inequality
[T, 13] for several classes of the well known inequalities.

Lemma 1.1. (i) For real numbers {ax}_,, {br},_, we have
(ab)? < (la|[b))? < min(a2,b?) max(a2,b?) < a2 b2, (1.5)
(ii) For real functions inequality changes to
E*(fg) < E(min(f?, g*)) E(max(f?,¢%)) < E(f*)E(g*).

To see that lemma [I.]] provides an improvement, set

A—@ B, C=min(@t?) and D = max(a®52).
Clearly we have A+ B=C+ D =5 and C < A,C < B. It follows that
AB—-CD = AS-A)-C(S-0C)
= A-O)(S-A-0)
(A-C)YB-C)>0.
Note that AB—CD =0if A=C or B=C.

Remark 1.2. Since max(u,v) = (u+ v+ |u—v|)/2 and min(u,v) = (v + v —
lu—v])/2, so

a? + b2 + |a% — 12|
2

@+ — a2 — 07
2 )

max(a?,b?) = , min(a?,b?) =

and whence

1 — -
min(a?, 5?) max(a, %) = ((a? + 17)* — (] = B2

Let us consider an illustrative example. Let a = (1,1,1,2,0,0), 0 < 2 < 1 and
b=(0,0,0,1,1,1). In this case we have

ab=1x/6, a2 = (3+x%)/6, b2 =1/2,

max(a2,b?) = 1, min(a?,b?) = 22/6.
The classical inequality (1.3) yields
aj < 3+ 332,
36— 12
while the improved inequality ([1.5)) gives

N

o<z

36~ 6

If 2 =0, (1.5)) gives 0 < 0, while ([1.3) gives 0 < 3/12. Note that for 0 <z <1 we
have

3+ 22 x2_3—x2

= > 0.

12 6 12—

In what follows we give a survey of known inequalities together with our im-
provement, which are based on lemma (1.1
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2. IMPROVEMENTS OF SOME CLASSICAL INEQUALITIES

2.1. improvement of Cauchy-Schwarz inequality

In a series of papers, Masjed-Jamei et al. generalized (1.1]) and ([1.2]) by consid-
ering linear combinations. From (|1.3)) we have

— — 2
«ma+&b+ma+&m(wa+@b+w6+®w) (2.1)

< (ora+ Bib+ 1@+ 010)2 (aga + Bab + Yoa@ + 62b)2.
Working out the left hand side of this equation, we obtain that

(ala —+ 51() + 716 + 515) (0120, —+ 621) —+ ")/QE + 525)
= Alﬂ + Asa b + Agﬁ + A462 + A5b72 + AGEQ

where
A = 1B+ Brag,
Ay = a1d2+ Biye +71P2 + 7102 + d1ae + 172,
Az = ajag, Ay = ary2 + 7102 + 7172,
As = P12, Ag = B102 + 0182 + 6102.
For the right hand side, for ¢ = 1,2 we find
(ia + Bib + i@ + 6;b)?
— Biya b+ Bioa b+ Bisa® + BiaG + Bish® + Bigh
where
Bii = 2a:8;,
Bis = 2(oid; + Bivi +7idi),
Bis = of, Bia=77+ 20y,
Bis = B7, Big =107+ 2B

Special cases of inequality (2.1) have been studied in [6, 8]. For example, the
particular inequality

N —
((a+76) (b+5b)) <(a+~a)2 (b+ 6b)2,
is studied in [6] and

— —\ 2 — —
((a + pa + ¢b) (b+ra+sb)> < (a+pa+qb)? (b+ra+ sb)?,

is studied in [6] and finally the particular case

(@=pm) 0—D) < Ta=p2 (- s,

which is equivalent to

(ab—(s+p—spa 5)2 < (? +p(p — 2)62) (172 +s(s — 2)52) , (2.2)
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and is a generalization of Wagner’s inequality, has been studied in [6]. In this case,
if s+ p = sp then (2.2) is reduced to

(@b)? < (a2 + plp— 2)2%) (B2 + 5(5 - ") .
In a similar way, one can generalise (1.4) and introduce several free parameters.
For instance, let «, 8 denote real numbers. From (1.4)), it follows that

E? ((f —aB(f))(g - BE(9))) < E ((f — aBE(f))*) E((g - BE(9))?) . (2:3)

where on the left hand side, we have
E((f —aE(f))(g—BE(9)) = E(fg) — (a + B)E(f)E(g) + aBE(f)E(g).
Now choosing 8 =p and « = p/(p — 1) in yields

p
E*(fg) < B(f — 2ﬁE(f))z E(g —pE(9))*.
This inequality was introduced in [I0].
Now, it is possible to improve inequality (2.1)) by using Lemma which even-

tually leads to the following corollary.

Corollary 2.1. (i) We have

_ 2
((a1a+ﬁ1b+ma+61b) (a2a+ﬂ2b+725+52b)) < M .

where

M = max((ala + ﬂlb + ’)/16 + 515)2, (012(1 + 62[) + ")/QE + 525)2),
and

m = min((aya + B1b + 71@ + 610)?, (wa + Bob + 2@ + 52b)?).
(ii) (Improvement of Wagner inequality) If s + p = sp, then

(ab)? < M m,
where M = max((a — pa)?, (b — sb)?) and m = min((a — pa)?, (b — sb)?).
It should be pointed out that inequality (2.1)) is a special case of the following

lemma which is introduced in [7].

%
Lemma 2.2. Let (71),(bi) .1 < i < n be real vectors in R™ and R¥ and
F,.(.),Gi(.) real functions of m and k variables. Then

n 2

> min(F (@), GR(5) Y- max(FA(a.), GE(B2)

IN

IN

S R0 ST
=1 =1
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Evidently, integral inequalities of this lemma can be similarly writen [7] .

2.2. Improvement of Callebout inequality
In 1965, Callebout [2] obtained the following inequality
n 2 n n n n
(Z b) SIS TRUAED WD DU CE)
i=1 i=1 i=1 i=1 =1

where (a;) and (b;) are real numbers and 0 < o < 1.
Now using Lemma we can improve (2.4]) in several ways.

Corollary 2.3. (i) Taking M; = max(a;,b;) and m; = min(a,, b;) we obtain

(ab)? < max(u2,v?) min(u2,v?),
where e o)
i m;
u; = (Mym;)'/? <W> and v; = (Mym;)'/? <M> .
(i) Taking
@ a/2 b, a/2
U; = (aibi)l/Q (lj) and v = (aibi)l/Z ((;) y

gives

ab = wv < max(u?,v?) min(u?,v?)

— maX(al-l-abl—a’ al—abl-}-a) min(al-i-abl—a’ al—abl-{-a)‘

2.3. Improvement of Milne inequality

The following inequality is known in the literature as Milne’s inequality [4,p. 39]

2
(;CMIH) < Za;Jr 72 Z(a?—&-bf) < Zafzbg

i=1 tog=1 i=1 i=1

By using lemma and taking u; = a;b;/v;, v; = \/a? + b?, we obtain

ab=uv < max(u2,v?) min(u2,v?).
2.4. Improvement of inequalities for some special functions

For some special functions, we can use lemma to improve the corresponding
inequalities. As an example, applying lemma[I.1]for the continuous case of Cauchy-
Schwarz inequality gives

E?(fg) < E (max(f?,¢%) E (min(f?,¢%) < E(f*)E(¢%). (2.5)
Note that for a,b € R, since

FOg(t) = FIFO2(0)g U2 (1) Um0 (1) g 002 (1) = u(t)u(2),
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the usual Cauchy-Schwarz inequality can be written as [7]
E*(fg) < E(u®)E(v?). (2.6)
Corollary 2.4. By referring to relation (@, we have
E?(fg) < E (min(v?,v?)) E (max(u?,v?)) < E(u?) E(v?). (2.7)

Moreover, since

u? W) aa
ﬁ fl a(t) ( ) f (t)g (t)a
by defining A = {t: f2*(t)g**(t) < 1}, inequality (2.7) can be changed to

E2(fg) < (BE(u?Ia) + E(v*I4c)) (E(UQIA) + E(ul4c)) .

2.4.1. Modified inequalities for Beta function. When z, y > 0, the beta function is
defined by

1
B(a.y) :/ =11 — £yt
0

Let g(t) = t*~! and h(t) = (1 — )Y~ where z > 0,y > 0and 0 < t < 1.
Replacing the above assumptions in (2.6 (with w(z) = 1) yield

1 1
B(z,y) < / (10 a=1) (1 _ t)<1+b><y—1>dt/ (-0 a=1)(1 _ )a-b)w=D) gy
0 0
which is equivalent to
B*(z,y) < B((1+a)x —a,(1+b)y —b) B((1 —a)(z — 1) +a,(1 —b)(y — 1) +b).
On the other side, replacing in (2.5)) yields

(z,9) /max ), h2(t) dt/ min(g R2(t))dt.

Note that for 0 < ¢t < 1, the equality g(¢) = h(t) holds if and only if (z — 1) logt =
(y —1)log(1—1¢).

Ify<landz>1orifz<1andy > 1, then the equation g(¢t) = h(t) has no
solution in 0 < ¢t < 1.

If x > 1 and y > 1, then g(¢t) = h(t) has one solution which we denote by w. For
t < u we have g(t) < h(t) and for t > u we have g(t) > h(t). Therefore

lmaX 2 2 _ Yoo '
/o (g°(t), h=(¢))dt /o h (t)dt—i—/u g~ (t)dt

u 1 2y—1 2z—1
_ _ 1—(1—wu)®¥ 1—u
- 1— )% 24t / 12224t = )
/0( ) + “ 2y -1 + 2z -1

Since the equality g(u) = h(u) leads to (1 —u)?¥~2 = u?*~2 the above integral
changes to
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1—(1— 2r—2 1— 2z—1
/Imx 00t Gt ) Ui S
2y -1 20 —1
1 1 1—u u
- —g(w)h :
oy 1 tor 1 WG 5+ 57

For the other integral, assuming that 2x > 1,2y > 1, we similarly find

/Olmin(gz(t)th(t))dh/OUQQ(t)dH/: hz(t)dt=AthI—th+Al(1—t)2y‘2dt

w2l (1 — )2yt u 1—u
= = h .
w1t o1 Wk 5,

Hence, combining the two latter results yield

1 1 1—wu U u 1—u
32 < _ o 2z—2
(x,y)_g(u)h(u)( + u (gy_1+2x—1)) (2m—1+2y—1)

20—1 2zx-—1
) = g°(w)h®(u)( )

U +17u
20 —1  2y—1

u +17u)( 1 n 1
20 —1 2y—1""2y—1 2x-—1

= g(w)h(u)(

Note in the above relation that we have the equality u?*=2 = u? lu*! =

g(u)h(u). Now, there are some particular cases respectively as follows:

e If x =y, then u = 1/2 and we find

1 ey 1
(20 —1)2 (1/2) 42gc—1'

o Ify=(x+1)/2, then u?> + u — 1 =0 and u = (v/5 — 1)/2. Therefore

227 B2 (2, 1) <

r+1 U 1—u 1 1

) < gh() (g + ) + o — g(u)h(w).

2.4.2. Modified inequalities for Gamma function. For x > 0, the gamma function
is defined as

B*(x,

I‘(;v):/ t*te~tat.
0

For a real number a # 0 we can write the gamma function as

F(.T) — /OO t(x_1)(1+a)/2€_t/2t(x_1)(1_a)/2€_t/2dt.
0

Hence, applying the usual inequality of Cauchy- Schwarz gives

/OO t(wfl)(lJra) e tdt /OC t(wfl)(lfa)eftdt
0 0

= T'(1+a)z—a)((1—a)x+a).
On the other hand, Lemma gives

/ max (g2 (t), h*(t _tdt/ min(g R2(t))e tdt,

I?(x)

IN
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in which
g2(t) — t(m—l)(1+a)7 and h2<t) — a=1)(1-a)

Let us define 7(t) = g2(t)/h?(t) = t*=D2¢ and consider the two following cases:

If (1 —1)a>0,thenr(t) <lfort<1landr(t)>1ift>1.
If (—1)a<0,thenr(t)>1fort<1landr(t)<1lift>1.

For the first case we find

1

/OO max(g2(t), h2(t))e tdt = R2(t)e tdt + /Oo g*(t)e tdt
0 0 1

= Al(z—-1)(1-a)+1)+B((z—1)(1+a)+1)
= A((1—-a)x+a)+ B(z(l+a)—a),

where

1 0o
A(z) = / t*"te7tdt and B(z) = / t*lemtdt.
0 1

These integrals converge if z > 0. Note that A(z) + B(z) =T'(2).
In a similar way, we have

/O min(g2(8), h2(8))etdt = /O (e dt+/ B2 (t)etdt

A((1+a)x —a)+ B(z(l —a) + a).

In conclusion

I?(x) < (A((1 — a)z +a) + B(z(1+a) — a)) (A((1 +a)z — a) + B(xz(1 — a) + a)).
For example, if a = 1/2 then
I%(z) < (A(z/2+1/2) + B(3z/2 — 1/2)) (A(32/2 —1/2) 4+ B(x/2 + 1/2)).
And if a = 1, then
I'?(x) < (A(1) + B(2z — 1)) (A(2z — 1) + B(1)).
By noting that A(1) =1—e~ !, B(1) =e !t and B2z —1) =T (2x — 1) — A(2x — 1),
the latter inequality is simplified as

MPr)<(l—e*+T2x—1)— AQ2r —1)) (A(2z — 1) +e1).

2.4.3. Modified inequalities for Riemann zeta function. For x > 1, the Riemann
zeta function can be representated as

1 oo ta:—l
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Using the identity z —1 = (x —1)(14+a)/2+ (x —1)(1 —a)/2, a > 0, we obtain that

PQI( )/00 tl 1max(t(mfl)(1+a),t(zfl)(lfa))dt
z) Jo et—

X /oo et ; 1 min (D) gle=l0=a)) gy
. e

¢*(x)

Now since t(@=D0+a) < pla=1)1=a) fop ¢(z—1)2a < 1 which yield ¢ < 1, it follows
that

1 Lo Sl |
2 < e-1)(1-a)) g / (e=1)(1+a) gy
Cle) =< I2(x) (/0 et —1 )t + , et—1 )

1 oo
X(/ %t(mxua)dw/ _ L jena-a gy,
0o € — 1 1 1

et —

Further simplification gives

) € gyl [ gV =D+ T a(1 +0) = ) (a(1 +0) —a)

x(/ol L(t@—l)(lw — tE=DA=N gt L T((1 — a)z + a)C((1 — a)z + a)).

et — 1

2.4.4. Modified inequaliyies for gemerating functions. For a real density function
f(z) on the positive halfline, the generating function is defined as

Mx (z) = E(e") = /OO e f(t)dt.

0
Now we write

etmf(t) _ 675a7(1+a)/2f1/2(t)et:c(lfa)/Qfl/Q(t)7 a>0,
to find

M3%(z) < / max e+ etr(1=a)) £(¢)dt x / min(e!*(1F9) et2(1=a)y £ (¢t
0 0
Clearly et*(1=a) < ete(1+a) an( therefore

M5 (z) < Mx (2(1+ a))Mx (2(1 - a)).
For a density on the real line, we have
o)

My (2) = E(e!X) = / et F(t)dt

— 00

which yields

M2 (z) < / max(et*(1Fa) etr(=a)y ¢ (4)qy / min(et*(1+0) t2(1=a)) £(4)dt,

Clearly et*(1=a) < etz(1+a) if and only if at > 0. We take a > 0 to obtain

o] 0 00
/ max(et*(1+0) etr(=a)) r()gr = / et (=) (1) dt + / et (+a) £(1)dt

—o00 0

= M_(z(1-a))+ My(z(1+a)),
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and
0o 0 00
/ min(et*(1+0) etr(=a)) r()dt = / et (1) (1) dt + / et (1Fa) £ (1)dt

0
= M_(z(l1—-a))+ Mi(z(1+a)).
Here M, (z) and M_(z) are the generating functions of f; (z) and f_(z) where

fr(x) = f(x), >0 and fi(x)=0, <0
f-(x) = f(x), <0 and f_(x)=0, z>0.

2.4.5. Modified inequalities for the Chebyshev functional. In approximation theory,
the Chebyshev functional is defined by

where as before
f:v(x)w(x)dx

E(v) =
) fjw(m)dm

for a suitable weight function w(z). It is clear that

T(f.9) = E((f — E(f)(g— E(9)))-
The usual inequality of Cauchy-Schwarz shows that

T%(f,9) < E((f — E(f))?) ((9 - E(9))%) -

Inequalities of this type were studied by several authors e.g. [3, [5]. Now using
Lemma we can improve this inequality to obtain that

T%(f,9) < E (max((f — BE(f))* (9 — E(9))*)) E (min((f — E(f))* (9 - E(9))%)) -
Concluding remarks

1) We improved some classical inequalities by using an improvement of the Cauchy
Schwarz inequality. In this paper, althuogh we restricted to real functions and real
numbers, we plan to study improvements of classical inequalities in more general
spaces of functions and numbers.

2) The Cauchy Schwarz inequality is applied very much in probability theory field.
We plan to study how we can improve the existing inequalities in this field.

3) The classical inequality of Cauchy-Schwarz-Engel states that

E*(f) < E(g~'f*)E(9),

where f is a real and g is a positive function. By writing f = g~ % fg%, we have
the following improvement

E*(f) < E(max(g~“f?,¢%) E(min(g~*f%,¢%)) < E(g~" f*)E(g).
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