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IMPROVEMENT OF SOME CLASSICAL INEQUALITIES

MOHAMMAD MASJED-JAMEI, EDWARD OMEY

Abstract. By using a recent improvement of Cauchy-Schwarz inequality,
some classical inequalities are improved in this paper. Also, the mentioned

inequality is applied to refine inequalities for some special functions such as

gamma, beta and Riemann zeta functions.

1. Introduction

Let a = {ak}nk=1 and b = {bk}nk=1 be two sequences of real numbers. It is well
known that the discrete version of the Cauchy-Schwarz inequality can be stated as

(

n∑
k=1

akbk)2 ≤
n∑
k=1

a2k

n∑
k=1

b2k. (1.1)

The continuous version in the space C([a, b] ,R) is given by

(

∫ b

a

f(x)g(x)w(x)dx)2 ≤
∫ b

a

f2(x)w(x)dx

∫ b

a

g2(x)w(x)dx, (1.2)

where w(x) is a suitable weight function. In the literature, there are a large number
of generalisations and refinements of inequalities (1.1) and (1.2), see e.g. [1, 4, 6,
8, 12].

We can summarize many of these results by using the mean operator, i.e. for a
sequence {vk}nk=1 if we define

v =
1

n

n∑
k=1

vk,

then (1.1) is equivalent to

(ab)2 ≤ a2 b2. (1.3)

In a similar way, (1.2) can be rewriten as

E2(fg) ≤ E(f2)E(g2), (1.4)

where for a function v(x), E(v) is defined by

E(v) =

∫ b
a
v(x)w(x)dx∫ b
a
w(x)dx

.
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It is clear that E(.) is a linear operator with E(1) = 1.
In this paper, we use the following improvement of Cauchy-Schwarz inequality

[11, 13] for several classes of the well known inequalities.

Lemma 1.1. (i) For real numbers {ak}nk=1, {bk}nk=1 we have

(ab)2 ≤ (|a| |b|)2 ≤ min(a2, b2) max(a2, b2) ≤ a2 b2. (1.5)

(ii) For real functions inequality (1.5) changes to

E2(fg) ≤ E(min(f2, g2))E(max(f2, g2)) ≤ E(f2)E(g2).

To see that lemma 1.1 provides an improvement, set

A = a2, B = b2, C = min(a2, b2) and D = max(a2, b2).

Clearly we have A+B = C +D = S and C ≤ A,C ≤ B. It follows that

AB − CD = A(S −A)− C(S − C)

= (A− C)(S −A− C)

= (A− C)(B − C) ≥ 0.

Note that AB − CD = 0 if A = C or B = C.

Remark 1.2. Since max(u, v) = (u + v + |u− v|)/2 and min(u, v) = (u + v −
|u− v|)/2, so

max(a2, b2) =
a2 + b2 + |a2 − b2|

2
, min(a2, b2) =

a2 + b2 − |a2 − b2|
2

,

and whence

min(a2, b2) max(a2, b2) =
1

4
((a2 + b2)2 − (|a2 − b2|)2.

Let us consider an illustrative example. Let a = (1, 1, 1, x, 0, 0), 0 ≤ x ≤ 1 and
b = (0, 0, 0, 1, 1, 1). In this case we have

ab = x/6, a2 = (3 + x2)/6, b2 = 1/2,

max(a2, b2) = 1, min(a2, b2) = x2/6.

The classical inequality (1.3) yields

x2

36
≤ 3 + x2

12
,

while the improved inequality (1.5) gives

x2

36
≤ x2

6
.

If x = 0, (1.5) gives 0 ≤ 0, while (1.3) gives 0 ≤ 3/12. Note that for 0 ≤ x ≤ 1 we
have

3 + x2

12
− x2

6
=

3− x2

12
≥ 0.

In what follows we give a survey of known inequalities together with our im-
provement, which are based on lemma 1.1.
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2. Improvements of some classical inequalities

2.1. improvement of Cauchy-Schwarz inequality

In a series of papers, Masjed-Jamei et al. generalized (1.1) and (1.2) by consid-
ering linear combinations. From (1.3) we have(

(α1a+ β1b+ γ1a+ δ1b) (α2a+ β2b+ γ2a+ δ2b)
)2

(2.1)

≤ (α1a+ β1b+ γ1a+ δ1b)2 (α2a+ β2b+ γ2a+ δ2b)2.

Working out the left hand side of this equation, we obtain that

(α1a+ β1b+ γ1a+ δ1b) (α2a+ β2b+ γ2a+ δ2b)

= A1a b+A2a b+A3a2 +A4a
2 +A5b2 +A6b

2

where

A1 = α1β2 + β1α2,

A2 = α1δ2 + β1γ2 + γ1β2 + γ1δ2 + δ1α2 + δ1γ2,

A3 = α1α2, A4 = α1γ2 + γ1α2 + γ1γ2,

A5 = β1β2, A6 = β1δ2 + δ1β2 + δ1δ2.

For the right hand side, for i = 1, 2 we find

(αia+ βib+ γia+ δib)2

= Bi,1a b+Bi,2a b+Bi,3a2 +Bi,4a
2 +Bi,5b2 +Bi,6b

2

where

Bi,1 = 2αiβi,

Bi,2 = 2(αiδi + βiγi + γiδi),

Bi,3 = α2
i , Bi,4 = γ2i + 2αiγi,

Bi,5 = β2
i , Bi,6 = δ2i + 2βiδi.

Special cases of inequality (2.1) have been studied in [6, 8]. For example, the
particular inequality

(
(a+ γa) (b+ δb)

)2
≤ (a+ γa) 2 (b+ δb)2,

is studied in [6] and(
(a+ pa+ qb) (b+ ra+ sb)

)2
≤ (a+ pa+ qb)2 (b+ ra+ sb)2,

is studied in [6] and finally the particular case

(
(a− pa) (b− sb)

)2
≤ (a− pa)2 (b− sb)2,

which is equivalent to(
a b− (s+ p− sp)a b

)2 ≤ (a2 + p(p− 2)a2
)(

b2 + s(s− 2)b
2
)

, (2.2)
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and is a generalization of Wagner’s inequality, has been studied in [6]. In this case,
if s+ p = sp then (2.2) is reduced to

(a b)2 ≤
(
a2 + p(p− 2)a2

)(
b2 + s(s− 2)b

2
)
.

In a similar way, one can generalise (1.4) and introduce several free parameters.
For instance, let α, β denote real numbers. From (1.4), it follows that

E2 ( (f − αE(f))(g − βE(g)) ) ≤ E
(

(f − αE(f))2 ) E( (g − βE(g))2
)
, (2.3)

where on the left hand side, we have

E ( (f − αE(f))(g − βE(g)) ) = E(fg)− (α+ β)E(f)E(g) + αβE(f)E(g).

Now choosing β = p and α = p/(p− 1) in (2.3) yields

E2(fg) ≤ E(f − p

p− 1
E(f))2 E(g − pE(g))2.

This inequality was introduced in [10].

Now, it is possible to improve inequality (2.1) by using Lemma 1.1, which even-
tually leads to the following corollary.

Corollary 2.1. (i) We have(
(α1a+ β1b+ γ1a+ δ1b) (α2a+ β2b+ γ2a+ δ2b)

)2
≤M m.

where

M = max((α1a+ β1b+ γ1a+ δ1b)
2, (α2a+ β2b+ γ2a+ δ2b)

2),

and
m = min((α1a+ β1b+ γ1a+ δ1b)

2, (α2a+ β2b+ γ2a+ δ2b)
2).

(ii) (Improvement of Wagner inequality) If s+ p = sp, then

(a b)2 ≤M m,

where M = max((a− pa)2, (b− sb)2) and m = min((a− pa)2, (b− sb)2).

It should be pointed out that inequality (2.1) is a special case of the following
lemma which is introduced in [7].

Lemma 2.2. Let (−→a i), (
−→
b i) , 1 ≤ i ≤ n be real vectors in Rm and Rk and

Fm(.), Gk(.) real functions of m and k variables. Then(
n∑
i=1

Fm(−→a i)Gk(
−→
b i)

)2

≤
n∑
i=1

min(F 2
m(−→a i), G2

k(
−→
b i))

n∑
i=1

max(F 2
m(−→a i), G2

k(
−→
b i))

≤
n∑
i=1

F 2
m(−→a i)

n∑
i=1

G2
k(
−→
b i)
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Evidently, integral inequalities of this lemma can be similarly writen [7] .

2.2. Improvement of Callebout inequality

In 1965, Callebout [2] obtained the following inequality(
n∑
i=1

aibi

)2

≤
n∑
i=1

a1+αi b1−αi

n∑
i=1

a1−αi b1+αi ≤
n∑
i=1

a2i

n∑
i=1

b2i , (2.4)

where (ai) and (bi) are real numbers and 0 ≤ α ≤ 1.
Now using Lemma 1.1, we can improve (2.4) in several ways.

Corollary 2.3. (i) Taking Mi = max(ai, bi) and mi = min(ai, bi) we obtain

(a b)2 ≤ max(u2, v2) min(u2, v2),

where

ui = (Mimi)
1/2

(
Mi

mi

)α/2
and vi = (Mimi)

1/2

(
mi

Mi

)α/2
.

(ii) Taking

ui = (aibi)
1/2

(
ai
bi

)α/2
and vi = (aibi)

1/2

(
bi
ai

)α/2
,

gives

a b = u v ≤ max(u2, v2) min(u2, v2)

= max(a1+αb1−α, a1−αb1+α) min(a1+αb1−α, a1−αb1+α).

2.3. Improvement of Milne inequality

The following inequality is known in the literature as Milne’s inequality [4,p. 39](
n∑
i=1

aibi

)2

≤
n∑
i=1

a2i b
2
i

a2i + b2i

n∑
i=1

(a2i + b2i ) ≤
n∑
i=1

a2i

n∑
i=1

b2i .

By using lemma 1.1 and taking ui = aibi/vi, vi =
√
a2i + b2i , we obtain

a b = u v ≤ max(u2, v2) min(u2, v2).

2.4. Improvement of inequalities for some special functions

For some special functions, we can use lemma 1.1 to improve the corresponding
inequalities. As an example, applying lemma 1.1 for the continuous case of Cauchy-
Schwarz inequality gives

E2(fg) ≤ E
(
max(f2, g2)

)
E
(
min(f2, g2)

)
≤ E(f2)E(g2). (2.5)

Note that for a, b ∈ R, since

f(t)g(t) = f (1+a)/2(t)g(1+b)/2(t)f (1−a)/2(t)g(1−b)/2(t) = u(t)v(t),
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the usual Cauchy-Schwarz inequality can be written as [7]

E2(fg) ≤ E(u2)E(v2). (2.6)

Corollary 2.4. By referring to relation (2.6), we have

E2 (f g) ≤ E
(
min(u2, v2)

)
E
(
max(u2, v2)

)
≤ E(u2)E(v2). (2.7)

Moreover, since

u2

v2
=
f1+a(t)g1+b(t)

f1−a(t)g1−b(t)
= f2a(t)g2b(t),

by defining A =
{
t : f2a(t)g2b(t) ≤ 1

}
, inequality (2.7) can be changed to

E2(f g) ≤
(
E(u2IA) + E(v2IAc)

) (
E(v2IA) + E(u2IAc)

)
.

2.4.1. Modified inequalities for Beta function. When x, y > 0, the beta function is
defined by

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt.

Let g(t) = tx−1 and h(t) = (1 − t)y−1 where x > 0, y > 0 and 0 < t < 1.
Replacing the above assumptions in (2.6) (with w(x) = 1) yield

B2(x, y) ≤
∫ 1

0

t(1+a)(x−1)(1− t)(1+b)(y−1)dt
∫ 1

0

t(1−a)(x−1)(1− t)(1−b)(y−1)dt,

which is equivalent to

B2(x, y) ≤ B((1 + a)x− a, (1 + b)y − b) B((1− a)(x− 1) + a, (1− b)(y − 1) + b).

On the other side, replacing in (2.5) yields

B2(x, y) ≤
∫ 1

0

max(g2(t), h2(t))dt

∫ 1

0

min(g2(t), h2(t))dt.

Note that for 0 < t < 1, the equality g(t) = h(t) holds if and only if (x− 1) log t =
(y − 1) log(1− t).

If y < 1 and x > 1 or if x < 1 and y > 1, then the equation g(t) = h(t) has no
solution in 0 < t < 1.

If x > 1 and y > 1, then g(t) = h(t) has one solution which we denote by u. For
t < u we have g(t) < h(t) and for t > u we have g(t) > h(t). Therefore

∫ 1

0

max(g2(t), h2(t))dt =

∫ u

0

h2(t)dt+

∫ 1

u

g2(t)dt

=

∫ u

0

(1− t)2y−2dt+

∫ 1

u

t2x−2dt =
1− (1− u)2y−1

2y − 1
+

1− u2x−1

2x− 1
.

Since the equality g(u) = h(u) leads to (1− u)2y−2 = u2x−2, the above integral
changes to
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∫ 1

0

max(g2(t), h2(t))dt =
1− (1− u)u2x−2

2y − 1
+

1− u2x−1

2x− 1

=
1

2y − 1
+

1

2x− 1
− g(u)h(u)(

1− u
2y − 1

+
u

2x− 1
).

For the other integral, assuming that 2x > 1, 2y > 1, we similarly find∫ 1

0

min(g2(t), h2(t))dt =

∫ u

0

g2(t)dt+

∫ 1

u

h2(t)dt =

∫ u

0

t2x−2dt+

∫ 1

u

(1− t)2y−2dt

=
u2x−1

2x− 1
+

(1− u)2y−1

2y − 1
= g(u)h(u)(

u

2x− 1
+

1− u
2y − 1

).

Hence, combining the two latter results yield

B2(x, y) ≤ g(u)h(u)

(
1

2y − 1
+

1

2x− 1
− u2x−2(

1− u
2y − 1

+
u

2x− 1
)

)
(

u

2x− 1
+

1− u
2y − 1

)

= g(u)h(u)(
u

2x− 1
+

1− u
2y − 1

)(
1

2y − 1
+

1

2x− 1
)− g2(u)h2(u)(

u

2x− 1
+

1− u
2y − 1

)

Note in the above relation that we have the equality u2x−2 = ux−1ux−1 =
g(u)h(u). Now, there are some particular cases respectively as follows:

• If x = y, then u = 1/2 and we find

22xB2(x, x) ≤ 1

(2x− 1)2
− (1/2)2x−4

1

2x− 1
.

• If y = (x+ 1)/2, then u2 + u− 1 = 0 and u = (
√

5− 1)/2. Therefore

B2(x,
x+ 1

2
) ≤ g(u)h(u)(

u

2x− 1
+

1− u
x

)(
1

x
+

1

2x− 1
− g(u)h(u)).

2.4.2. Modified inequalities for Gamma function. For x > 0, the gamma function
is defined as

Γ(x) =

∫ ∞
0

tx−1e−tdt.

For a real number a 6= 0 we can write the gamma function as

Γ(x) =

∫ ∞
0

t(x−1)(1+a)/2e−t/2t(x−1)(1−a)/2e−t/2dt.

Hence, applying the usual inequality of Cauchy- Schwarz gives

Γ2(x) ≤
∫ ∞
0

t(x−1)(1+a)e−tdt

∫ ∞
0

t(x−1)(1−a)e−tdt

= Γ((1 + a)x− a)Γ((1− a)x+ a).

On the other hand, Lemma 1.1 gives

Γ2(x) ≤
∫ ∞
0

max(g2(t), h2(t))e−tdt

∫ ∞
0

min(g2(t), h2(t))e−tdt,
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in which

g2(t) = t(x−1)(1+a), and h2(t) = t(x−1)(1−a).

Let us define r(t) = g2(t)/h2(t) = t(x−1)2a and consider the two following cases:

If (x− 1)a > 0, then r(t) ≤ 1 for t ≤ 1 and r(t) ≥ 1 if t ≥ 1.
If (x− 1)a < 0, then r(t) ≥ 1 for t ≤ 1 and r(t) ≤ 1 if t ≥ 1.

For the first case we find

∫ ∞
0

max(g2(t), h2(t))e−tdt =

∫ 1

0

h2(t)e−tdt+

∫ ∞
1

g2(t)e−tdt

= A((x− 1)(1− a) + 1) +B((x− 1)(1 + a) + 1)

= A((1− a)x+ a) +B(x(1 + a)− a),

where

A(z) =

∫ 1

0

tz−1e−tdt and B(z) =

∫ ∞
1

tz−1e−tdt.

These integrals converge if z > 0. Note that A(z) +B(z) = Γ(z).
In a similar way, we have

∫ ∞
0

min(g2(t), h2(t))e−tdt =

∫ 1

0

g2(t)e−tdt+

∫ ∞
1

h2(t)e−tdt

= A((1 + a)x− a) +B(x(1− a) + a).

In conclusion

Γ2(x) ≤ (A((1− a)x+ a) +B(x(1 + a)− a)) (A((1 + a)x− a) +B(x(1− a) + a)).

For example, if a = 1/2 then

Γ2(x) ≤ (A(x/2 + 1/2) +B(3x/2− 1/2)) (A(3x/2− 1/2) +B(x/2 + 1/2)).

And if a = 1, then

Γ2(x) ≤ (A(1) +B(2x− 1)) (A(2x− 1) +B(1)).

By noting that A(1) = 1− e−1, B(1) = e−1 and B(2x−1) = Γ(2x−1)−A(2x−1),
the latter inequality is simplified as

Γ2(x) ≤ (1− e−1 + Γ(2x− 1)−A(2x− 1)) (A(2x− 1) + e−1).

2.4.3. Modified inequalities for Riemann zeta function. For x > 1, the Riemann
zeta function can be representated as

ζ(x) =
1

Γ(x)

∫ ∞
0

tx−1

et − 1
dt.
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Using the identity x−1 = (x−1)(1 +a)/2 +(x−1)(1−a)/2, a > 0, we obtain that

ζ2(x) ≤ 1

Γ2(x)

∫ ∞
0

1

et − 1
max(t(x−1)(1+a), t(x−1)(1−a))dt

×
∫ ∞
0

1

et − 1
min(t(x−1)(1+a), t(x−1)(1−a))dt.

Now since t(x−1)(1+a) ≤ t(x−1)(1−a) for t(x−1)2a ≤ 1 which yield t ≤ 1, it follows
that

ζ2(x) ≤ 1

Γ2(x)
(

∫ 1

0

1

et − 1
t(x−1)(1−a))dt+

∫ ∞
1

1

et − 1
t(x−1)(1+a)dt)

×(

∫ 1

0

1

et − 1
t(x−1)(1+a)dt+

∫ ∞
1

1

et − 1
t(x−1)(1−a)dt).

Further simplification gives

ζ2(x) ≤ 1

Γ2(x)
(

∫ 1

0

1

et − 1
(t(x−1)(1−a) − t(x−1)(1+a))dt+ Γ(x(1 + a)− a)ζ(x(1 + a)− a))

×(

∫ 1

0

1

et − 1
(t(x−1)(1+a) − t(x−1)(1−a))dt+ Γ((1− a)x+ a)ζ((1− a)x+ a)).

2.4.4. Modified inequaliyies for generating functions. For a real density function
f(x) on the positive halfline, the generating function is defined as

MX(x) = E(etX) =

∫ ∞
0

etxf(t)dt.

Now we write

etxf(t) = etx(1+a)/2f1/2(t)etx(1−a)/2f1/2(t), a > 0,

to find

M2
X(x) ≤

∫ ∞
0

max(etx(1+a), etx(1−a))f(t)dt×
∫ ∞
0

min(etx(1+a), etx(1−a))f(t)dt.

Clearly etx(1−a) ≤ etx(1+a) and therefore

M2
X(x) ≤MX(x(1 + a))MX(x(1− a)).

For a density on the real line, we have

MX(x) = E(etX) =

∫ ∞
−∞

etxf(t)dt

which yields

M2
X(x) ≤

∫ ∞
−∞

max(etx(1+a), etx(1−a))f(t)dt

∫ ∞
−∞

min(etx(1+a), etx(1−a))f(t)dt.

Clearly etx(1−a) ≤ etx(1+a) if and only if at ≥ 0. We take a > 0 to obtain∫ ∞
−∞

max(etx(1+a), etx(1−a))f(t)dt =

∫ 0

−∞
etx(1−a)f(t)dt+

∫ ∞
0

etx(1+a)f(t)dt

= M−(x(1− a)) +M+(x(1 + a)),
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and∫ ∞
−∞

min(etx(1+a), etx(1−a))f(t)dt =

∫ 0

−∞
etx(1−a)f(t)dt+

∫ ∞
0

etx(1+a)f(t)dt

= M−(x(1− a)) +M+(x(1 + a)).

Here M+(z) and M−(x) are the generating functions of f+(x) and f−(x) where

f+(x) = f(x), x > 0 and f+(x) = 0, x < 0

f−(x) = f(x), x < 0 and f−(x) = 0, x > 0.

2.4.5. Modified inequalities for the Chebyshev functional. In approximation theory,
the Chebyshev functional is defined by

T (f, g) = E(fg)− E(f) E(g),

where as before

E(v) =

∫ b
a
v(x)w(x)dx∫ b
a
w(x)dx

,

for a suitable weight function w(x). It is clear that

T (f, g) = E ((f − E(f))(g − E(g))) .

The usual inequality of Cauchy-Schwarz shows that

T 2(f, g) ≤ E
(
(f − E(f))2

) (
(g − E(g))2

)
.

Inequalities of this type were studied by several authors e.g. [3, 5]. Now using
Lemma 1.1, we can improve this inequality to obtain that

T 2(f, g) ≤ E
(
max((f − E(f))2, (g − E(g))2)

)
E
(
min((f − E(f))2, (g − E(g))2)

)
.

Concluding remarks

1) We improved some classical inequalities by using an improvement of the Cauchy
Schwarz inequality. In this paper, althuogh we restricted to real functions and real
numbers, we plan to study improvements of classical inequalities in more general
spaces of functions and numbers.

2) The Cauchy Schwarz inequality is applied very much in probability theory field.
We plan to study how we can improve the existing inequalities in this field.

3) The classical inequality of Cauchy-Schwarz-Engel states that

E2(f) ≤ E(g−1f2)E(g),

where f is a real and g is a positive function. By writing f = g−
α
2 fg

α
2 , we have

the following improvement

E2(f) ≤ E(max(g−αf2, gα)) E(min(g−αf2, gα)) ≤ E(g−1f2)E(g).
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