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INTERLACING PROPERTIES OF REAL ZEROS OF GENERAL
LAGUERRE POLYNOMIALS

KATHY DRIVER, MARTIN E. MULDOON

ABSTRACT. We discuss interlacing properties of real zeros of Laguerre polynomials

L%a) (z) for arbitrary real a.. Such results are well-known in the case a > —1. In the
case —2 < a < —1, we use a mixed 3-term recurrence relation to show, for example,

that, apart from a single value of «, the (all real) zeros of (z + a + 1)L§{)‘) (x)
interlace with those of ngla+2) (z). By studying the changes in interlacing that

occur when « decreases through the negative integer values —1,—2,..., we prove
similar interlacing results for the zeros of Laguerre polynomials for values of a <
—2.

1. INTRODUCTION

The Laguerre polynomials are defined for any complex « by [11, (5.1.6)]
—~ (n+a\ (—z)k
@@ =% (" . 1.1
ow=3 (1) (L)

For each fixed o > —1, the sequence {L%a)(x), n = 0,1,...} is orthogonal with
respect to the weight function x®e~" on the interval (0, 00). The zeros of Lgf‘)(:v) are
simple and positive and if we denote the zeros by 0 < z1,(®) < za,(a) < -+ <

Znn(a) we have the interlacing property [11, Theorem 3.3.2]

0 < 21 pi1(a) < zpp(a) < Topir(a) < za,(a) < ---
s < Ty (@) < (@) < Tpgr s (Q). (1.2)
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Here we prove a variety of results on monotonicity and interlacing properties of the
zeros of L%a), and, in most cases, we are able to include results on the real zeros of
zeros of L' in the non-orthogonal cases o < —1.

Most of our results deal with interlacing of zeros of two functions where the num-
bers of zeros are the same or differ by 1. In the case of same degree, we will use the

term ”‘interlacing of zeros” to describe each of the cases 1 < y; < o <y < -+- <
Tp <Ypand y; < xp <Y < To < -+ <Y, < Ty

2. THE zEROS OF L', a REAL

When a > —1, the zeros of L,({x)(:p) are increasing functions of a [11, §6.21,
(4)]. The situation with respect to the zeros of general Laguerre polynomials (ar-

bitrary real «) is described in [11, §6.73]. LY (x) has a zero at © = 0 when
a = —1,-2,...,—n, and if we consider o as decreasing, the number of positive
zeros is reduced by 1 each time a passes through the values —1,—2, ..., —n, while
the number of real zeros is reduced by 2 whenever « passes through the values
—2,—4,...,—2|n/2]. When n is even there is one negative zero for « in each of the
intervals (—2,—1), (—4,—3),...,(—n,1 — n) while, for n odd, there is one negative
zero for « in each of the intervals (=2, —1),(—4,-3),...,(1 = n,2 —n), (—o0, —n).
This follows from [11, Theorem 6.73 and the preceding sentence |.
From the differential equation [11, (5.1.2)]

zy" + (a+1—2x)y +ny =0, (2.1)

satisfied by y = L,(f‘) (x), we see that, with the exception of z = 0, all the zeros of

L%a)(x) are simple. This is because a non-zero double zero of y would be a zero of
"

y" y", ... as well, leading to y = 0. The explicit formula (1.1) shows that the only
possible non-simple zeros of Lq(f)(x) are at z = 0 for « = —1,-2,..., —n. (In fact,
for « = —k, the zero at 0 has order k, k =1,...,n [11, §5.2].) Hence the details on
numbers of real zeros in the previous paragraph can be interpreted as follows: As
a — —kT, k=1,...,n, the positive zero zy,(«) — 0. For k odd, x4, («) becomes
negative as «a decreases from —k to —k — 1. Asa — —k— 17, k=1,...,n, zp,(a)
approaches 0 from below and w11 ,(a) approaches 0 from above. The resulting
7“collision” results in this pair of zeros becoming non-real. The net result is that we
lose two real zeros when « passes through each even negative integer. In case n is
even, there are no real zeros for a < —n while, in case n is odd, there remains a
single negative zero for « < —n. Here we are concerned with real zeros only. DeFazio
6, §1.2.2] has given an account (partly summarised in [7, p.978]) of the behaviour of
the complex zeros as a decreases through negative values.
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We extend the notation used for & > —1 in a continuous way. Thus, for example,
when —n < —k —1 < o < —k < —1, the positive zeros of Lgf)(x) will be denoted by

$k+1,n<04) < xk+2,n(a) < < xn,n(a)a

and the negative zero of LY when a € (=2, 1), (—4,—3),... will be denoted by
xl’n(a% mS,n(a), e

Theorem 2.1. The positive zeros of L are increasing functions of a on their
domains of existence. That is, xy,(a) increases on —k < a < oo, k=1,2,...,n.

Proof. 1t is well-known [11, §6.21, (4)] that the zeros increase on —1 < a < co. Here
we prove this increase for the overlapping range —k < a < —1/2. We use the fact
that the function y(n, o, z) = e~*/2z(+D/2L(®) (1) satisfies the differential equation
y"+ F(n,a,z)y =0, where [11, (5.1.2)]

n+(a+1)/2 1—-a* 1

F = - —. 2.2
We have
Fn,a+e,z)— F(n,a,z) = %(21: —e—2a) >0,
x
for0 < e <1and 0 <z < co. Hence, by the Sturm comparison theorem, in the form

given in [11, Theorem 1.82.1], there is a zero of L,(f‘ﬁ)(a:) between every two positive

zeros of L (x). Furthermore, the derivative formula [11, (5.1.14)] shows that

. d d
Il_lgloo y(n, a, x)%y(n, a+ex)—yn,a+e, x)%y(n, a,x)| =0, (2.3)

so the condition corresponding to [11, (1.82.2)] is satisfied as = approaches +o0o and
we can assert that there is a zero of L{*™(z) between the largest zero of L ()
and +o00. For € sufficiently small, both functions have the same number of positive

zeros, so we see that there is exactly one zero of L,(f%)(x) between successive zeros of

LY (z) and between the largest zero of L") (z) and +oc. This shows that the zeros
are increasing functions of a. 0

Figure 1 (which, like the other figures here, was produced using MAPLE) shows

part of the graph of the real zeros of L (x), as functions of a(< 0), in the cases
n = 8,7. A natural conjecture, based on such diagrams is that if n is odd, then
Znn(@) is an increasing function of &, —oo < a < co. Another conjecture is that
—Zaokt1.n () is a unimodal function of a« on (—2k—2,-2k—1) for k =0,1,..., |n/2].
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(A) Zeros of Léa) (z) (B) Zeros of L(7a) (z)

FIGURE 1. Some real z-zeros of Léa) (x) and Lga) (x), as functions of «

3. USE OF RECURRENCE RELATIONS WHEN —2 < o < —1

Here we consider the a-interval (—2, —1) adjacent to the orthogonality a-interval
(—1,00). For each fixed a, —2 < a < —1, the sequence {L%}> is not orthogonal
with respect to a positive Borel measure but the sequence is quasi-orthogonal of

order 1 [1, 2, 9, 10] with respect to the weight function z*le=?.

The n zeros of sza) are real and simple with n — 1 positive zeros and 1 negative
zero [11, §6,73]. Further, for each n € N, and each fixed o, =2 < a < —1, if
Tip < Tay < -++ < Ty, denote the zeros of L%a) and 0 < Y1, < Yo < -+ < Ynp

denote the (positive) zeros of L™ then [1, Cor. 6],

T <0< 2oy <0 < Ty, (3.1)
Tin <0< Y1 <Top <Yon < < Tpp < Ynn, (3.2)

and
T1n+1 <0< Yin < T2 n+1 < Ya.n << Tnn+1 < Yn,n < Tn+in+1- (33)

In other words, interlacing holds between the zeros of L% and the (positive) zeros

of L™ while the zeros of L™ interlace with the zeros of L'*),. The interlac-

ing of zeros of Laguerre polynomials within each quasi-orthogonal order 1 sequence
{Lq(la) o0, Where « is fixed and lies in the range —2 < o < —1, is more nuanced
than in the orthogonal cases a > —1. In [5, (2.5)], it is proved that the n + 1 zeros

of 2L (x) interlace with the n + 1 zeros of Lgf_‘gl@) while, in [5, Theorem 2.1], it
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is shown that the n — 1 positive zeros of L% interlace with the n positive zeros of
Lq(fi)l but interlacing breaks down between the real zeros of LY and the real zeros
of Lff_fl for each n € N and any fixed « in the range —2 < o < —1.

Since interlacing of the zeros of LY and the (positive) zeros of LY holds for
any fixed « in the range —2 < o < —1 and each n € N as illustrated by (3.2), and
since, in the orthogonal case, [3, Theorem 2.3], interlacing of the zeros of L and the
zeros of L™ holds for any fixed o > —1, it is natural to ask whether interlacing
holds between the zeros of L'® and L%O‘H), where « is fixed, —2 < a < —1, and
neNmn>1.

It turns out that there is a necessary and sufficient condition for full interlacing

to occur between the zeros of L' and L*?, where a is fixed, —2 < a < —1, and
neNn>1.

Theorem 3.1. Suppose that =2 < o < —1 and {Lﬁﬁ)};ﬁ;o is the sequence of Laguerre
polynomials. Let § := —1 — a. For each n € N, the zeros of L,(la) interlace with the

zeros of Liet? if and only if B < xa,, where x9, 15 the smallest positive zero of L.

Proof. Suppose that f < x3,. From [3, (4)],
eL ) (2) = (x + o+ DL (2) — (a +n+ 1)L (). (3.4)

Since (3.2) shows that LY and LYY are co-prime for each n € N and each fixed o,

—2 < a < —1, it follows from (3.4) that the only possible common zero of L% and
L isB=—1-a. IfB < Ty, then L and L must be co-prime since all the
zeros of L™ are positive and Ty, is the smallest positive zero of L.

Evaluating (3.4) at successive zeros 1, < 0 < 2, < ... < Ty, of Lﬁf), we obtain,
for each i € {1,2,...,n — 1},

i LT (23.0) 031 n LT (i410) = @i — B) (@igam — B) LT (30) L (2141 ).

3.5
From (3.1), x;n®it1, < 0 when @ = 1; 2,241, > 0 for i € {1,2,...,n — 1}, (and),
from (3.2), Lglaﬂ)(a:i’n)[/gaﬂ)(xi+17n) < 0foreachi € {1,2,...,n—1}. Since, from the
hypothesis, x1, < 8 < 23, we deduce from (3.5) that Let? (xiyn)L%aH)(xiH,n) <0,
for each i € {1,2,...,n — 1}. Tt follows that L has an odd number of zeros in
each one of the intervals (z;,, Tit1,), ¢ € {1,2,...,n — 1}. Further, we know from
(3.2) that z,, < Yn, while we know from [3, Theorem 2.3] that y,, < z,., the

2 50 we have full interlacing of the zeros of L' and L.

largest zero of LT
Suppose that § > x5,. It follows from (3.5) that L% has the same sign at the first

two zeros x; , and g, of L&“) and therefore an even number of zeros in the interval
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(21, T2n), which shows that interlacing does not hold. Obviously, if § = xa, then
£ is a common zero of L and L™ so interlacing does not hold. 0

Although full interlacing between the zeros of L and L™ cannot occur when
B > X9, it is nevertheless true that an interlacing result holds between the positive
zeros of L,(la) and the (positive) zeros of Lg{l“), provided the two polynomials have
N0 COMMON Zero.

Theorem 3.2. Suppose that —2 < o < —1 and {Lga)};’f:o is the sequence of Laguerre
polynomials. Suppose that L%a) and L%aw) have no common zeros and assume that
p = —1—a > x9,. For each n € N, the positive zeros of (x — ﬂ)L%O‘) (x) interlace

with the zeros of L™ (z).

Proof. Evaluating (3.4) at successive zeros 0 < 21, < 225 < ... < Zp, Of L%QH) we
obtain, for each i € {1,2,...,n — 1},

(5 - n)ngla)(Ziyn)LS”La)(zi‘i‘l,n) = (Zi,n - 6)(Zi+1,n - 5)L£La+l)(Zi,n)ngaH)(ZiH,n)- (3-6)

From [3, Theorem 2.3] we know that if 0 < 21, < 22, < -+ < 2,, denote the

L7(1a+2)

(positive) zeros of and 0 < ¥y, < Yan < -+ < Ynn denote the (positive) zeros

of LY then
0<yin<zin<Yon<2om<-<Unn < Znn, (3.7)

so that L& (2, L™ (zi410) < 0, for each i € {1,2,...,n — 1}, while (2, —
B)(zis1.n— ) > 0 unless B € (2, Zi+1.). This means that there are two possibilities:
(a) L% has n — 1 sign changes between successive (positive) zeros of L™ and
B¢ (2in, Zit1n) foranyi € {1,2,...,n—1}; or (b) L% has n—2 sign changes between
successive (positive) zeros of L and B lies in one interval, say 5 € (zjn, Zjt1.0)
where j € {1,2,...,n—1}.1If (a) holds then since L% has exactly n—1 simple positive
zeros, these positive zeros, together with the point [, interlace with the (positive)
zeros of L. If, on the other hand, (b) holds then L% has no sign change, and
therefore an even number of zeros, in the interval (z;,, 2j41,) that contains /3. Since
L% has exactly n — 1 positive simple zeros and n — 2 sign changes on the positive

real axis, we deduce that no zero of LY lies in the interval (Zjn, Zj+1,n) that contains

3 and one positive zero of L'

is either < 2y, or > z,,. Since we know from (3.3)
that the largest zero z,,,, of L&f”) satisfies ©,, < Y, while, from (3.7), Ynn < Znn,
the only possibility is that the smallest positive zero z,, of L s < 21 n- Therefore,

the positive zeros of (z — 8)L{ (z) interlace with the zeros of L (). O
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Corollary 3.1. Let n > 2 be a fized positive integer and let o* be the unique value
of a(—=2 < o < —1) for which = —a — 1 coincides with the first positive zero of

L Then for each o in (=2, —1) \ o, the zeros of (v — B)L;a) interlace with the

zeros of L),

Proof. We use the notations z; ,(a) < 0 < z3,(a) < ... < zpn(@) and 0 < xy,(a +
2) <xgn(a+2) < ... <xp,(a+2) for the zeros of LY and L™ respectively.
From [8, (2.9)], with « replaced by a + 2 we have (a + 3)/n < z1,(a +2) <
(a+3)(a+4)/(c+3+n), a > —3. The uniqueness of a* follows from the decrease
of (= —1 — «) from 1 to 0 and the increase of z1 ,(a +2) from a value < 2/(n+1)
to a value > 2/n as « increases from —2 to —1.
For o* < ov < —1, we have § < x3,(a) and Theorem 3.1 shows that

Tip(a) <0< zyp(a+2) <zop(a) <zop(a+2) < - < zpp(a) < zpn(a+2).
(3.8)
Note that 0 < zy,(o 4+ 2) < z2,() and, in fact, we have the stronger inequality
B < x1p(a+2) < z9,(a). This clearly holds for & = —1. If the inequality § <
x1 (a4 2) were to break down and become an inequality at a point o** between o
and —1, the corresponding value of z would also be a zero of LY because of (3.4).
This would contradict (3.8). Thus the only possibility is

Tin(a) <0 <|f <zip(a+2) <z, (@) <zon(a+2) < - < zpp(a) < Tp,(at2),
(3.9)

showing that the zeros of (z — B)LY interlace with the zeros of z L.

For —2 < a < a*, we have § > x5, (a), so Theorem 3.2 shows that the positive

zeros of (z — 3 )L%a) interlace with the zeros of L. Thus we have

Tip(a) <0 <|zan(a) < xip(a+2) < B < xop(at2) < - < zpp(a) < zpn(a+2),
(3.10)
showing again that the zeros of (z — 5)L7(10‘) interlace with the zeros of L. O

We discuss the more general question of interlacing of zeros of Li” (x) and Lt (x),
for general real o in §6. See Figure 5 where the role of the number f = —1 — « is
illustrated, noting that, in Figure 5, x5, is denoted by zj, for convenience.

4. INTERLACING RESULTS FOR a < —1

In the next three sections, we use the idea that if interlacing holds for an interval
of a-values, it breaks down at an end-point of such an interval only if we encounter
common values of the (otherwise) interlacing zeros. When « passes through such
an end-point, a new interlacing pattern may emerge and persist until we encounter
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another pair of common zeros. In many cases, we can track these changes and hence
find interlacing patterns for all relevant values of a. As a first example, we ask how
much of the simple interlacing between the zeros of L () and Lﬁi‘gl(m) described
in (1.2) for the case a > —1, is preserved (for the real zeros) in the case « < —1. In
[5, Theorem 2.1] this was answered for the case —2 < o < —1.

Here we deal with the case of general real «.

Theorem 4.1. Let n be a positive integer, and let o ¢ {—1,—2,...,—n}. Then
(i) the positive zeros of L\ (z) interlace with those of Lf:i)l(x);
(ii) the real zeros of 2L (x) interlace with those of L,(ffgl(x)

Proof. For o« > —1, the results (i), (ii) are well known; see (1.2). Recall that
the function y(n, o, z) = e~ /222 (1) satisfies the differential equation y” +
F(n,a,z)y = 0, where F(n, «, z) is given by (2.2). We first consider the a-intervals
(—k — 1,—k) where k is even and the real zeros are all positive. Here we have
F(n,a,x) > F(n+ 1,a,2), 0 < z < 00, so there is at least one (and hence exactly

one) zero of Lq(f)(x) in each of the n — k intervals between the n — k+ 1 positive zeros

of Lffﬁl(x) The same argument can be applied to get the interlacing of positive zeros
when a € (—k — 1, —k) where k is odd. This completes the proof of (i). The result
(ii) follows trivially from (i) in the case of the intervals (—k — 1, —k) where k is even.
In the case where £ is odd, we need to check that zy, < 2% ,+1 < 0. From (1.1), as
z — —o0, L\%, (z) /LY () ~ x/(n+1) which approaches +o0, so L', (z) > Li" (z)
for x in a neighbourhood of —oc.

From [11, (5.1.13)], we have

L, (x) = L9 (x) = L%V (@),

and Lﬁffll) has no negative zeros since a — 1 lies in one of the intervals (=3, —2),
(—5,—4),.... Thus Lff_?l(x) > L\(z), —00 < & < 0, which shows that Tpa(a) <
Trni1(@) < 0. 0

Figure 2 (from [5]) illustrates a simple special case of interlacing of real zeros of

LY (z) (solid curves) and L'

ni1(@). The behaviour of the real zeros near the values

a = —1, x = 0 is typical of the situation near a = —3,—5,...,x = 0 while the
behaviour of the real zeros near the values a = —2, x = 0 is typical of the situation
near « = —4,—6,...,x = 0.

Theorem 4.2. Let n be a fized positive integer and let o« > —n — 1 be a fized
real number. Suppose that Lgffgl) and L%a) are co-prime. Then the positive zeros of

(x —n — 1)L (2) interlace with those of xLEHY (x).
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FIGURE 2. Real z-zeros of L\ () (solid curves) and L{® () (dashed
curves), as functions of a, —2.5 < o < 0.

Proof. From [3, (1)] with n replaced by n + 1, we have
eIy (@) = (@ = n = DL (@) + (a4 n+ 1)L (2), (4.1)

n

and hence

L) Lh@) | et 42)
(z—n-1DLY ) L) z-n-1 '

To complete the proof, we need the following lemma:

Lemma 4.3. Let n be a non-negative integer and let o > —1. Then the ratio
Lgf_?l(as)/nga) (x) is a decreasing function of x wherever it is defined on —oo < x < 00.

In the case n = 0, the Lemma holds trivially. Now suppose that, for k£ a nonneg-

ative integer and a > —1, the ratio L,Ei)l (x)/ L,(f)(x) is a decreasing function of x
wherever it is defined.

From the 3-term recurrence relation for the Laguerre polynomials [11, (5.1.10)],
we have

k+2)L) It 9@
Ll (i) i42(7) :—x+2k+3—|—a—(k+a+1)( +(a)) i (m),
Ly (x) Ly ()

and the right-hand side is a decreasing function of z. The assertion of Lemma 4.3
follows by induction.

(4.3)
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Returning to the proof of Theorem 4.2, we see that the ratio on the left of (4.1) is
a decreasing function of x wherever it exists as long as @« > —1. Thus the assertion
of the Theorem holds for v > —1.

As a decreases below —1 the continuity of the zeros as functions of a ensures that
the interlacing property continues as long as no common zeros are encountered.

The equation (4.1), together with the interlacing of zeros of L (x) and Lfﬁgl(m),

shows that common positive zeros of L (z) and Lff_‘;l)(x) can occur only for x =
n+ 1.

Each of the n zeros of L) () on the line x = n + 1 is also a member of the set of
(a+1)

n+1zeros of L,/ (x) on that line. We use the notation o, 11 < o, < -+ < oy for the
set of values of a for which the latter zeros occur. Since %41 p11(@+1), 2y pt1(a+1)
and z, (o), are increasing functions of « that are zero when o« = —n — 2, —n — 1

and —n respectively, we find that as « increases from —n, it is impossible for x,, ,(«)
to be equal to X411 pn41( + 1). In order for that to be possible, it would first be
necessary for the graph of x, ,(«) to intersect the graph of x, ,4+1(a + 1) and later
for it to intersect the graph of 41 ,+1(c + 1). But there is only one opportunity
for such intersections to occur, namely, the point(s) where the graphs cross the line

z =n+ 1. So the largest zero, and hence all zeros of L{ () cannot coincide, for

any «, with the largest zero of Lfﬁ”(z). Thus the values of a for which zeros of

LY (z) and L%V (x) coincide are (in decreasing order) ay,as,...,,. The only
possibility consistent with the interlacing that we have proved for a > —1 is that
Tin(a;) = Tipp1(i+1)=n+1,i=1,2,...,n In addition z,41p41(ps1 +1) =0
and it follows from (4.2) that o, = —n — 1.

We know that for i = 1,...,n, z;,,(«) increases from 0 to n+1 as « increases from
—1 to a; and x; 41 (a + 1) increases from 0 to n+ 1 as « increases from —i — 1 to o
Thus, for v in a left neighbourhood of «; we have z; () < ;41 (a+1) < n+1, while
we know from the interlacing results for &« > —1 that for « in a right neighbourhood
of a; we have n+1 < z; py1(a+1) < (). That is, the numbers n+1 and z; ,(«)
have changed places. But in the interlacing result that we want to prove, one set
of points is the union of the set of zeros of L () and the number n + 1. So the
changes in the inequalities makes no difference to the interlacing statement. As «
decreases through o, 11 = —n — 1 the inequality 2,41 n41(c +1) > n 4+ 1 is reversed
but the interlacing statement is trivially preserved, there being only two points to
consider.

We remark that as a decreases through the negative integers some zeros become
negative or complex but our stated result is for positive zeros only. 0
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FIGURE 3. Illustrating Theorem 4.2. Real z-zeros of L™ (2) (solid)
and (z — 5)L4(La)(x) (dotted) as functions of a, for —6 < a < 10, 2 <

r < 8.
5. ZEROS OF L' (z) anD L™ ()
Lemma 5.1. Le n be a positive integer.
(a) Let Lgf_‘gl(x) =L (x) =0, for somerealx. Thenz =0 anda € {—1,-2,..., —n}.
(b) Let LYV (z) = L (x) = 0, for some real . Then x = 0 and o €
{=2,-3,...,—n}.

Proof. Setting Lga)(x) = Lga)(m) = 0, we have z = 0, and o = —1, so (a) holds for
n = 1. Now suppose that (a) holds for n = k and that

Lia(@) = L (@) =0 (5.1)
for some real x. The recurrence relation [11, (5.1.10)] gives

(k 4+ 2) L\, (x) — (=2 + a + 2k + 3) L\, (x) = (k + a + 1)L\ (),
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//' .
. zi1(a+1)
Ve

/ma)

FIGURE 4. Illustrating Theorem 5.2. The first five z-zeros of Léa) (x)

(solid) and the first four x-zeros of Léaﬂ)(x) (dashed), as functions of
a, for =b<a<1,-0.5<x<2.5.

The left-hand side here is zero so either « = —k — 1 or x is a zero of both Ly (z)
and Lg(z). In the former case, it follows from [11, (5.2.1)], with £ = n that z = 0. In
the latter case, from the assumption that (a) holds for n = k, we have x = 0 and o €
{—1,-2,...,—k}. Thus in both cases, we have xt = 0 and o € {—1,-2,..., —k—1}.
This shows that (a) holds for n = k 4 1, and the inductive proof of (a) is complete.

To prove (b), we use [11, (5.1.13), second part]
L () = LD () = L5 (@), (5:2)

n—1

which implies that LY (x) = Lgf‘jl)(x) = 0. These are the hypotheses of part (a),
with n replaced by n —1 and « replaced by a+ 1. Thus we conclude that x = 0 and
at+le{-1,-2,...,—n+1} ora € {—2,-3,...,—n}. This concludes the proof of

part (b). O
Theorem 5.2. Suppose that « is a real number and o ¢ {—1,—2,...,—n}. Then
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(i) For o > —1, the (all real) zeros of xL,(fH)(a:) interlace with those of Lgf")(a:)

(ii) For o € (—2,—1),(—4,-3),..., the real zeros of L%O{Jrl)(l') interlace with
those of L\ ().
(iii) For o € (—3,-2),(=5,—4),..., the real zeros of L' (z) interlace with

those of zL{ ().

Proof. By Theorem 2.1, we have ., (a+1) > zg,(a),k =1,...,n. Also, we cannot
have zg (o 4+ 1) > 411, () since this would imply, by continuity of the zeros in «,

that L™ (z) and LY (z) would have a common positive zero, in contradiction to
Lemma 5.1 (b). This proves part (i) of the Theorem.

As « decreases through —1 the interlacing in (i) breaks down because the smallest
zero of Lgla)(m) becomes 0 and then negative. The interlacing of positive zeros of
L™ (z) and LY (z) continues until o = —2, the first value of « for which L") (z)
and L' (x) have a common zero, in accordance with Lemma 5.1 (b).

This proves (ii) for a € (-2, —1).

As a passes through —2, the smallest two zeros of L () become complex and the

smallest zero of Lq(fﬂ)(x) becomes negative. The new interlacing pattern persists

until we encounter another common zero zy,(o + 1) = z3,(a + 1) = 23,(a) =
Zyp(a) =0 for & = —3. Thus we have

Tip(a+1) <0<zy,(a+1) <zzpla) < - <zpn(a) < zp.(a+1),
which proves (iii) for the interval a € (=3, —2). We continue in this way until, for n
even, we run out of real zeros, or, for n odd, the only real zero of Lgf‘)(x) is negative

and the only real zero of Lgﬂr?)(m) is in the interval (0, —av — 1), and the interlacing
assertions (ii), (iii) are trivially true. O

6. ZEROS OF L (z) aND LY (z)

Theorem 6.1. Let n be a positive integer and let o be such that L' (z) and L (z)
are coprime.

(i) For a > =2, the n+1 (all real) zeros of (x4 o+ 1)L£{1) (z) interlace with the
n real zeros of xL{" ().
(ii) Let —n+1 < a < —2. Then the n+ |a] + 3 real zeros of x(x + a + 1)L£f“)(:c)

interlace with those of L' (x).

Proof. The function y(n, o, z) = e /2@ tD/2L%) (2 satisfies the differential equa-
tion ¥ + F(n, o, x)y = 0, where F(n,a,z) is given by (2.2). We have

P [Fn,a+2,2) — F(n,a,7)] =2 —a —1
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CIL‘3(Q)
scg(a + 2)
Za(c)

zi(a + 2)

Ty (a)

FIGURE 5. Illustrating Theorem 6.1. Real z-zeros of Léa) (x) (solid

curves) and Léa+2) () (dotted curves), together with —a — 1 (solid),
as functions of a, for -8 < a < 0, -1 < x < 4.5,

In the special case @« = —1, we have
2*[F(n,1,2) — F(n,—1,2)] =2

so F(n,1,z) > F(n,—1,x) if z > 0 and, by the Sturm comparison theorem, between

each pair of nonnegative zeros of Lq(fl)(x) there is a zero of Lg)(x). In addition, the
end-point condition corresponding to [11, (1.82.2)] is satisfied at x = +o0o so there
is a zero of Lg)(x) between the largest zero of Lq(fl)(x) and +o0o. Thus we have
interlacing for & = —1 and this extends to a > —1, because, by (3.4) and Lemma 5.1
(b), a breakdown of interlacing could occur only at a point on the line x +a+1 =0
and, for a > —1 all points on this line correspond to negative values of z whereas

the zeros concerned are all positive. So for a > —1, we have

—a—1<0<z,(a) <zip(a+2) <zy,(a) <zop(la+2)<--- (6.1)
s < Tppla) < zpp(a+2).
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As « decreases through —1 the inequalities —1 — a < 0 < z1(a) in (6.1) switch
to x1(a) < 0 < —1 — «, while the interlacing of positive zeros remains unaffected

until we encounter a common zero of L\ (z), L' (z) and 2 + o+ 1. Thus, for an
interval of a-values less than —1, we have

Tip(a) <0< —a—1<z,(a+2) <xop(a) <zap(a+2)<--- (6.2)
s < Tppla) < Tpp(a+2).

For this interval, the statement of the Theorem is proved.

The inequalities (6.3) break down for a value of a (call it 8;) between —1 and —2.
The existence and uniqueness of 3; follows from the the increase of x5 ,(c) from 0
and the decrease of —a — 1 to 0 as « increases from —2 to —1. In particular, it
follows that the inequalities z1(a) < 0 < —1 — a < 21 ,(a + 2) < 22, (), switch to
() <0 < zopn(a) < z1,(a+2) < —1—a, as a passes through 8;. While it might
seem plausible that an inequality like x; ,(a+2) < x9, () with equality for a = —;
might be preserved for a < (i, it is seen to be impossible because 1, (+2) remains
positive until « reaches —3 while x5 ,(a) becomes zero for « = —2, and there are no
possibilities for these zeros to coincide except on the line x = —a — 1.

Thus, for —2 < a < ; we have

Tip(a) <0< zyn(a) <zip(a+2) < —1l—a<zy,(a+2)<--- (6.3)
e < Tppla) < zpp(a+2).

agreeing with the claim made in the Theorem.
This completes the proof of part (i).

Next we study the common real zeros of Lq(la)(a:) and Lg{”z)(x). From (3.4)
such zeros are of two kinds. The first kind are also zeros of L,(@O‘H)(x). From
Lemma 5.1 (b) the common zeros of L%a)(x) and L,(féﬂ)(x), occur for z = 0 and

a € {—2,-3,...,—n} and the common zeros of L%O‘H)(x) and Lﬁf““)(a;) occur for
x=0and o € {—3,—4,...,—n — 1}. Thus the zeros we seek occur for z = 0 and
a€{-3,—4,...,—n}.

Equation (3.4) shows that further common real zeros L' () and L%aﬂ)(:v) occur
at n— 1 points on the line x = —a— 1. These are the points given by the coordinates
a = fi,x = —f; — 1, where x; ,,(a + 2) = ;41 ,(a) The uniqueness of these points

follows from the increase of the zeros and the decrease of —a — 1 as functions of a.
It will turn out that 8; € (—i —1,—i),i=1,...,n— 1.

Since 3, (@) — @9, (a4 2) is positive for o = —2 and negative for « = —3 we see
that there is a value f; in the interval —3 < av < —2 where 3 ,(082) = T2,,(f2). The
number [, is unique since, because of (3.4), it corresponds to the place where the
increasing function x,,(a) meets a decreasing function z = —a — 1.
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As « decreases through f3,, the inequalities (6.3) must switch to either
Tip(a) <0 <zop(e) <zip(a+2) < —a—1<zop(a+2)<---, (6.4)
or
T1n(e) <0 <zip(a+2) <zgu(a) < —a—1<zy,(a+2)<---, (6.5)

But since xg,(a) decreases from xs,(f82) to 0 as a decreases from [y to —2 and
x1 (a0 + 2) decreases from xs,(a*) to 0 as a decreases from [y to —3, the set of
inequalities (6.5) would require that these two zeros be equal for a value of the pair
(cv, x) not on the line o + x + 1 = 0, which is not possible. Thus (6.4) holds and,
as far as positive zeros are concerned, the assertion (ii) of the Theorem is proved

for —2 < a < f. The remaining common (nonzero) zeros of L' (z) and Lq(la”)(a:)
and the common zeros at 0 can be handled in the same way and this shows that the
interlacing statement (ii) holds, for positive zeros, for all relevant a-values.

For negative zeros we have to check that, for odd numbers —k in [—n + 1, 2),

Tpp(a) < Tp_op(a+2)<0,—k—1<a< —k. (6.6)

The case n = 6,k = —5 is illustrated by the zeros in the interval —6 < o < —5
in Figure 5. For @« = —4,—5,..., where both L%a)(:p) and L2 () have zeros of
order at least 2 [11, (5.2.1)], one can have or not have crossover in the graphs of the

zeros of L () and Lglaﬁ)(:v). The continuity of the zeros as functions of o and the
results on the numbers of positive and negative z-zeros in different a-intervals [11,
§6.73] show that the only possibilities are that we have crossover only for the odd
a-vaues. This implies the inequalities (6.6) and completes the proof of (ii). U
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