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APPLICATIONS OF A\-STATISTICAL CONVERGENCE IN
INTUITIONISTIC FUZZY n-NORMED SPACES

SURUCHI PANDOH, KULDIP RAJ

ABSTRACT. In the present paper we shall introduce and study the new no-
tion namely, Z — A—statistical convergence by using ideal with respect to
the intuitionistic fuzzy norm (p,v)n. We also study the relation between
T — X\—statistical convergence and Z-statistical convergence.

1. Introduction and Preliminaries

Fuzzy set theory as compared to other mathematical theories is perhaps the most
easily adaptable theory to practice. The main reason is that a fuzzy set has the
property of relativity, variability and inexactness in the definition of its elements.
Instead of defining an entity in calculus by assuming that its role is exactly known,
we can use fuzzy sets to define the same entity by allowing possible deviations and
inexactness in its role. This representation suits well the uncertainties encountered
in practical life, which make fuzzy sets a valuable mathematical tool. The con-
cepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [24]
and subsequently several authors have discussed various aspects of the theory and
applications of fuzzy sets such as fuzzy topological spaces, similarity relations and
fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming,
population dynamics, chaos control, computer programming, nonlinear dynamical
systems, nonlinear operator, etc. Recently, fuzzy topology proves to be a very use-
ful tool to deal with such situations where the use of classical theories breaks down.
In [12], Park introduced the concept of intuitionistic fuzzy metric space and later on
Saadati and Park [I7] introduced the concept of intuitionistic fuzzy normed space.
Recently Mursaleen and Lohani [§] defined the concept of intuitionistic fuzzy 2-
normed space which is generalization of the notion of intuitionistic fuzzy.

The notion of statistical convergence was introduced by Fast [I] and Schoenberg
[23] independently. A lot of developments have been made in this areas after the
works of Salat [I8], and Fridy [2]. Over the years and under different names statisti-
cal convergence has been discussed in the theory of Fourier analysis, ergodic theory
and number theory. Recently, Savas [19] introduced the concept of A—statistical
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convergence with respect to the intuitionistic fuzzy 2-normed space. More investi-
gations in this direction and more applications can be found in ([9], [10], [20], [21],
[13], [14], [15], [16]) where many important references can be found.

In this paper, we shall study Z — [V, \]—summable and Z — A\— statistical conver-
gence on the intuitionistic fuzzy n—normed space (i, v),. We mainly examine the
relation between these two new methods in intuitionistic fuzzy normed space (p, V),

Definition 1.1. [22] A binary operation * : [0,1] x [0,1] — [0,1] is said to be a
continuous t—norm if it satisfies the following conditions:

(a) * is associative and commutative,

(b) % is continuous,

(c)ax1=a for all a €0,1]

(d) axb < cx*xd whenever a < c and b < d for each a,b,c,d € [0,1].

Definition 1.2. [22] A binary operation ¢ : [0,1] x [0,1] — [0,1] is said to be a
continuous t—conorm if it satisfies the following conditions:

(a) O is associative and commutative,

(b) ¢ is continuous,

(c) a®0 = a for all a € [0,1]

(d) adb < cOd whenever a < ¢ and b < d for each a,b,c,d € [0,1].

Using the notations of continuous t—norm and t—conorm, Saadati and Park [I7]
have recently introduced the concept of intuitionistic fuzzy norm space as follows:

Definition 1.3. The five-tuple (X, u,v, *,Q) is said to be an intuitionistic fuzzy
norm space (for short, IFNS) if X is a vector space, x is continuous t—norm, § is
continuous t—conorm, and p, v are fuzzy sets on X x (0,00) satisfying the following
conditions. For every x,y € X and s,t > 0.

(a) p(z,t) + V(m t)<1,

() (1) >

(c) p(z,t) = 1 if and only if x =0,

(d) plax,t) = p(z, \al) for each o #£ 0,

(e) p(x,t)  ply, s) < plx +y,t+5),

(f) p(z,.) : (0,00) = [0, 1] is continuous,

(9) lirnt_>O<> w(z,t) =1 and limy_,o p(z,t) =0,

(h) v(z,t) <1

(i) v(xz,t) =1 if and only if x =0,

G) viaz,t) = v(z, \ocl) for each o #£ 0,

(k) v(z, t)0v(y,s) 2 v(z +y,t +5),

() v(z,.): (0,00) = [0,1] is continuous,

(m) lim;_, oo v(x,t) =0 and lim_,o v(x,t) = 1.

In this case (p,v) is called an intuitionistic fuzzy norm.

The concept of 2-normed spaces was initially developed by Géhler [3] in the mid
of 1960’s, while that for n-normed spaces one can see in Misiak [II]. Since then,
many others have studied this concept and obtained various results, see Gunawan
(M1, [5]) and Gunawan and Mashadi [6].

Definition 1.4. Let n € N and X be a linear space over the field R of reals of
dimension d, where d > n > 2. A real valued function ||-,--- ,-|| on X™ satisfying
the following four conditions:
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(a) ||x1,z2, -+ ,xn|] =0 if and only if 1,29, - ,x, are linearly dependent in X,
(b) l|x1, 22, , x| is invariant under permutation,

(c) ljazs, 2o, +nl| = || 21,22, - 24| for any o € B, and

(d) Nler, w2, op1,y + 2| <z, 20, s 21, yll + |21, 22, - s 201, 2]

is called an n-norm on X, and the pair (X, ||-,--- ,-||) is called a n-normed space
over the field R.

For example, we may take X = R™ being equipped with the n-norm ||z, z2, -+, Zn||E
= the volume of the n-dimensional parallelopiped spanned by the vectors x1,xo, -+ ,Tn

which may be given explicitly by the formula
w1, 22, -+ s znllp = [det(zyy)],
where x; = (X1, %0, ,Tin) € R™ for eachi=1,2,---,n

Definition 1.5. The five-tuple (X, u,v,*,0) is said to be an intuitionistic fuzzy
n-norm space (for short, IFRNLS) if X is a linear space over field F, * is contin-
uwous t—norm, ) is continuous t—conorm, and p,v are fuzzy sets on X™ x (0,00),
1 denotes the degree of membership and v denotes the degree of non-membership

of (1,22, ,&n,t) € X™ x (0,00) satisfying the following conditions for every
(1,29, - ,xy) € X™ and s,t > 0:

(a) w(xy, @0, ,Tn, t) + (ml,x2,~-~ T, t) <1,

(b) w(xy, zo, -+, xpn,t) >

(c) w(xr,z2, -+ ,xp,t) = 1 if and only if x1,x2,--+ ,x, are linearly dependent,
(d) w(xy, a0, Ty, t) is invariant under any permutation of x1,xa, -+ , Ty,
(e) p(xy, z2,- - 7a33n>t) = p(x1, 2, , Tn, Ia\) for each o # 0,

(f) (e, o, - - axnvs) * (w1, T2, 7'T,n7t) < M(mlax% T, Tp Tt xlnvs +1),
(9) w(xy, 2, ,xp,t) : (0,00) — [0,1] is continuous in t,

(h) im0 pu(x1, 22, - - xn,t) =1 and limy_o p(x1, 2, - ,Tpn,t) =0,

(Z) V(xlax% ) nat)

() v(xy,xa, -+ ,xpn,t) = 0 if and only if x1, 19, ,x, are linearly dependent,
(k) v(z1,22, - ,Zn,t) is invariant under any permutation of x1,%2, - ,Tn,
() v(xzy, @, - ,ozxn,t) =v(x1,%9,  ,Tn, |a‘) for each o # 0,

(m) v(xy,x, - ,Tpn, $)Ov(T1, 20, - ,:cln,t) >v(xy,@e, - oy + x/n, s+t),
(m) v(xzy,x2, -+ ,xp,t) : (0,00) = [0,1] s continuous in t,

(0) imy_yoo V(21,22,+ ,Zn,t) =0 and limy_,o v(z1, T2, , Tp,t) =1,

In this case (u,v) is called an intuitionistic fuzzy n-norm on X, and we denote it
by (1, v)n-

Example 1.6. Let (X, ||., -+ ,.||) be an n—normed space. Also let a xb = ab and
aob=min{a+b,1} for all a,b € [0,1],
t ||£L'1,{E2,-~- ,an
T1,X9, ,Lp,t) = and v(xy,x9, + ,Tpn,t) = .
NJ( ' 2 T ) t+‘|x17x27"' axn” ( b " ) t+||1‘17$2,"' ,an

Then (X, p, v, *,Q) is an IFnNLS.

Definition 1.7. Let (X, p,v, %, Q) be an intuitionistic fuzzy n-normed space. A
sequence x = (x) is said to be convergent to L € X with respect to (u,v), if, for
everye > 0 andt > 0, there exists ko € N such that u(xy—L, 21, ,2n—1;t) > 1—¢
and v(xg — L, 21, ,2p—15t) < € for all k > ko and for all z1,-- ,z,—1 € X. In

this case we write (p,v), —limz = L or xy WIne T s k= oo
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Ideal convergence is a generalization of statistical convergence and any concept in-
volving ideal convergence plays a vital role not only in pure mathematics but also
in other branches of science involving mathematics, especially information theory,
computer science, biological science, dynamical systems, geographic information
systems, and motion planning in robotics. Kostyrko et al. [7] was initially intro-
duced the notion of Z—convergence based on the structure of admissible ideal Z of
subset of natural number N.

Let Y be a non empty set. Then a family of sets Z C 2¥ (Power set of Y) is said
to be an ideal in Y if 0 ¢ Z, A, B € Z imply AUB € Z and A € Z, B C A imply
B € T, while an admissible ideal T of Y further satisfies {z} € Z for each z € Y. If
7 is an ideal in Y then the collection F(Z) = {M C Y : M¢ € Z} forms a filter in
Y which is called the filter associated with I.

Definition 1.8. [7] Let Z C 2" be a nontrivial ideal in N. The sequence {, }nen
in X is said to be T—convergent to x € X, if for each € > 0 the set A(e) = {n €
N: ||z, — x| > e} belongs to .

Definition 1.9. Let (X, p,v,*, Q) be an intuitionistic fuzzy n-normed space. Then
a sequence x = (xy) is said to be T—statistically convergent to L € X with respect

to (u,V)n, if, for every e > 0 and t > 0, and for nonzero z1,-+- , 2,1 € X such

that
1

{neN: —{k<n:plex—L,z1, - ,2n-1;t) <1l—c orv(zp—L,2z1, - ,zn_1;t) > e} >0} € T.
n

In this case we write xy, ), L(S(”’”)"(I)).

2. A—Statistical convergence in IFnINLS

In this section, we study the concept of Z — A—statistically convergence in the
intuitionistic fuzzy n-normed space (i, 7).

Definition 2.1. Let K be subset of N, the set of natural numbers. Then the
asymptotic density of K denoted by §(K), is defined as
1
0(K)=lim—|{k<n:keK},
nn
where the vertical bars denote the cardinality of the enclosed set

Definition 2.2. A sequence x = (1) is said to be statistically convergent to the
number L if for each € > 0, the set K(¢) = {k < n: |z — L| > €} has asymptotic
density zero, i.e.
liml|{k <n:lzy—L| >} =0.
non
In this case we write st — lima = L (see [1], [2])

Note that every convergent sequence is statistically convergent to the same limit,
but converse need not be true.

Definition 2.3. Let A = (\,) be a non-decreasing sequence of positive numbers
tending to co such that A\py1 < A, + 1, Ay = 1. The collection of such sequences A
will be denoted by A.

The generalized de la Vallée Poussin mean is defined by

to(x) = )\i Z Tk,

" keI,
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where I, = [n — A\, + 1,n].

Definition 2.4. Let (X, p,v,*,0) be an intuitionistic fuzzy n-normed space. A
sequence © = (xy) is said to be T — [V, A]-summable to L € X with respect to
(14, V), of, for every 6 >0, t > 0, and for nonzero z1,--+ ,z,—1 € X such that

{neN:ulty(x)—L,z1, - ,2n_1;t) < 1= orv(tp(x)—L, 21, -+ ,2n_1;t) > 6} € T.

Now we define Z — A—statistical convergence with respect to intuitionistic fuzzy
n-normed space.

Definition 2.5. Let (X, p,v, %, Q) be an intuitionistic fuzzy n-normed space. A
sequence x = (xy,) is said to be T — A\—statistically convergent or T — Sy convergent
to L with respect to (p,v)n, if, for every e >0 and § > 0, and t > 0, for nonzero
21,y 2n_1 € X such that

1
{neN: )\—|{k €L, :pwlxg—L,21, + ,2n_1;t) < 1—e orv(xg—L, 21, -+ ,2n—1;t) > }| > 6} € L.

In this case we write T — Sg“’u)" —limz =L orz), — L(Z — S;”’V)").

We shall denote by S(“’”)"(I),Sg\“’y)" (Z) and [V, \]**)n(T) the collections of all

T—statistically convergent, Z — Sg“ )n convergent and Z — [V, ] (1:V)n _convergent
sequences respectively.

Theorem 2.6. Let (X, p,v,*,Q) be an intuitionistic fuzzy n-normed space. If a
sequence © = (xy) in X is T — X\ statistically convergent sequence with respect to
(1, V)p, then limit is unique.

Proof. Suppose that §{""(Z)~limz = Ly, S (T)~limz = Lo, ...., S\ (T)—
limz = L,,.

For a given € > 0, choose r > 0 such that (1—7)*(1—7)*---x(1—7) > 1—¢ and
rOrd - Or < e. Then for any t > 0, define the following sets as:
Kyi(rt)={kel,:pu(xy—Li,21,22, -, 2n—1; %) <1-m)},

K, o(rt)={kel,: pley — Lo, 21,22, , Zn—1; %) <1-7)} and

Kun(rit)={k € I, : p(xx — Ln, 21,22, ,2n-1;%) < 1—1)}

Also,

Kyi(rt)={kel,: plxgy — L1,21,22,  , Zn-1; %) >nr)},

Kyo(rt) =Lk eI, : ey — Lo, 21,22, , Zn—1; %) > r)}and

Kyn(rt) ={k € I : p(@p — Ln, 21,22, ;2n—1; 5) = 1)}

Since Sg\“’u)"(I) —limz = Ly, we have

{%(Kﬂyl(r, t)) and %(Ky’l(n t)) >oteZforallt >0,

Furthermore, using Sg\“ V)n (Z) = limz = Lo, we get

{ﬁ (Kﬂyz(r, t)) and % (KV’Q(T7 t)) >} eZforallt>0,

Also, S/(\“”)" (Z) — limz = L, we have

{ﬁ (Kﬂ’n(r, t)) and i (Kl,,n(r7 t)) >4} eZforallt>0.

Now let K, ,(r,t) = (Kﬂ,l(r, UK o (r, 1) - UK (r, t)) N (KVJ(r, HUK 2 (r, 1) - - U
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K, . (r t)) € Z. Then we see that {)% (KW,(T, t))} € Z. This implies that its com-
pliment $- (Kc (r, )) is a non empty set in F(Z). If k € +— (KC (r, )), then we

have two posslble cases. That is,
B e s (Ko (rt) NG o(rt) NN K, (1)) or k€ 5 (K8 (rt) N KS () N0
L AKE,(r, t)).

We first consider that k € 5~ (KC (rt)NK; o (r,t)N---NKF (7, t)) Then we have

M(Ll _L2_ "'_L’nnZlaZQ;”' ,anl;t)
>LZ (wx— L .E)*LZ (wx— L Ly
= )\n M\ Tk 15215 22, ,Zn71,2 )\n M\ Tk 2y 215 22, azn7172
kel, kel,
1 t
*R H(Ik—Ln,21722""7Zn—1;§)
keI,
>A-rm*x1—-r)x--x(1—r)>1—c¢.
(2.1)
Using (2.1)) and Since € > 0 was arbitrary, we get
(L1,L2, 7Ln721,2’2, *y2n—1; ) =1 for all t > 0 which yields Ly =1Ly =
= L,. On the other hand, if k € + (Kﬁl(r )N K o(rt)n--- N Ky, (r, t)),
then we may write
V(Ll _L2_"'_Lna21722,"' aznfl;t)
. Tt 1 . ot
= N, Z v(zg — L, 21,22, ,Zn71,§)<>>\* Z v(zg — Lo, 21,22, 7Zn717§)
keIn " kel,
t
OOE Z V(xk:_LTL,ZlaZ2;”' 7zn—1;§)
kel,
< rord---Or<e.
Therefore, we have v(Ly — Ly — -+ — Ly, 21,29, -+ ,2p—1;t) = 0 for all ¢ > 0,
which implies that Ly = Ly = --- = L,,. Therefore, in all cases we conclude that
Sg\“’y)” (Z)— limit is unique.
This completes the proof of the theorem. O

Theorem 2.7. Let (X, u,v,*,Q) be an intuitionistic fuzzy n-normed space. Let
A= (\,) € A. Then

(i) 2 = LIV, A/ (T) = 2), — L(SYY)"(T)) and the inclusion [V, \|#=)=(T) C
Sg\“’y)”’ (Z) is proper for every ideal Z.

(i) If © € m(X), the space of all bounded sequences of X and xj, — L(S(“ V) (7)),
then xy, — L[V, \](#¥)n(T).
(iii) S (T) nm(X) = [V, ] (T) N m(X),

Proof. Let € > 0 and @y, — L[V, \]**)»(Z). Then we have
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Z (w(zr — L,y 21, -+ zp—1it) or v(wg — Ly 21, -+, 2n—15t))

kel,
> > (e — Lyz1, - zne1it) or v(we — Loz, -+ 2pe13t))
kel &p(rr—L,z1, zn_1;t<l—e
v(zkg—L,21, Zn—1;t)>€
> e{kel, plag—Lyz1,- y2n-15t) <1—corv(xgy — L,z1, + ,2n_1;t) > €}

So for a given § > 0,
ﬁ\{kz €I, plag—L,z1,- ,zn-13t) <l—corv(zg—L,z1, -, 2n—1;t) > €}| > 0

1 1
= )\—nk; wlxy — Lyz1, - zp—1;t) < (175)50rxkezl v(zg —L,z1, -+ ,2p-1;t) > €0.

Thus, we have
1
{n eN: )\—|{k €l :pulepg—Lyz1,- ,zn-1;t) < l—corv(xg—L,z1, - ,2p_1;t) > €} > (5}
1
C {n eN: )\n{k; w(xp—DLyz1,- zp_1;t) < 1—cor k; v(izg—L,z1, -+ ,Zn_1;t) > 8}65}.

Since xp, — L[V, \]**)n(T), so the set on the right hand side belongs to Z and so
it follows that zj, — L(SE\”’V)“)(I).
To show that S/(\“’”)" (T) ¢ [V, ") (T), take a fixed A € T.

Consider X = R™ with

11 Tin
21,22 20|l = abS< oo )
T

Tpl - nn
where x; = (21, T2 ,Tin) € R™ for each ¢ = 1,2,...,n and let a * b = ab,
aob=min{a+b,1} for all a,b € [0, 1].
Now for all (z,21,29- - ,2p—1) € R"and t > 0, u(x, 21, -+ , 2p—1;t) = m
and (@, 21, 2a1it) = e

Then (R™, u, v, *,Q) be an intuitionistic fuzzy n-normed space. Now we define a
sequence x = (z) by

(k,0,...,0), forn—[VA]+1<k<nn¢A;
=14 (k,0,...,0), n—X\,+1<k<nné€A4
0 otherwise.

Then x ¢ m(X) and for every € > 0 (0 < e < 1) since

[V

N — 0

1
)\—|{k €l :pu(xp—0,21, - ,2n_1;t) < l—corv(axg—0,21, - ,2p_1;t) > }| =
T
asn — oo and n ¢ A, so for every § > 0,
1
{n eN: )\—|{k: €l :pu(xp—=0,21, - ,2p_1;t) < l—corv(xg—0,21, -+ ,25_1;t) > }| > 5}

c AU{1,2,...,m} for some m € N.
Since 7 is admissible, it follows that z; — 9(5/(\” Ve (Z)). Obviously
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,\1n Z (M(ﬂfk — 0,21, ,2p_15t) or Z v(zg —0,21, - ,zn_l;t)) — 00

kel, ke,
ie. xy - O]V, \](m")n(T). Note that if A € T is finite then zj, - 0(SY“*)"). This
example also shows that Z— Sg\” ¥)n _convergence is more general than S/(\“ ¥)n _convergence.

(ii) Suppose that x5, — L(S/(\”’V)"(I)) andz € m(X). Let p(axp—L, 21, , Zn—1;t) >
1—Morv(xg—L,z1, -+ ,2n-1;t) < M V k. Let € be given. Now

= Y (ulwk— Loz, zeoast) or wlwg — Lyz1, - 2no15t)
kel

= i Z (M(l'k_LyZl,... ,Zn—l;t) OrV($k—L,Zl7~-~ ;Zn—l;t))

An
k€l &p(zr—L,z1, " ,z2n—1;t)<l—¢
v(zg—L,z1, 2n—15t) €

1
+ Z (/J’(I'k — Lz, zp_1st)or v(xg — Lz, 7zn,1;t))

n k€l &u(xr—L,z1, ,2p—1;t>1—¢
v(zg—L,21, 2n-1;t)<e

M
< )\—|{k el :uleg—Lyz1, -+ yzp-13t) <1—corv(ag — L 21, -+ ,2n—1;t) > c}| +&.
n
Note that
1
{n eN: )\—|{k €, :pwlxg—L,2z1, + ,2n_1;t) < l—corv(xp—L,21, - ,2n_1;t) > €} > %}

=A(e) € Z. If n € (A(g))° then

1
/\% Z waxg—L, 21, ,2p—1;t) > 1—2c or — Z v(zg—L, 21, ,2n_1;t) < 2¢.
kel, " ker,

Hence

1 1
{n eN: o k; wlxgk—L, 21, ,2n-1;t) < 1—2e or o™ k; v(zk—L, 21, ,2n_1;t) > 25} C A(e)

and so belongs to Z. This shows that z — L[V, \]*¥)n ().

(iii) This readily follows from (i) and (ii). O

Theorem 2.8. Let (X, pu,v,x,Q) be an intuitionistic fuzzy n-normed space. If

An .
inf — > O} then S(l‘al’) (_’Z') C S§M7 )(I)

n—oo n

Proof. For given € > 0, we have
Ik <n:p(we— Lz, zn-15t) S1—corv(ag — Lyz1, -+, 2p—15t) > €}

1
> —Hkel,: pwlxy—L,z1, - ,zn-13t) <1l—corv(zp — L,z1, -+ ,2n-1;t) > €}
n

An 1
> —A—\{kefn:u(xk—L7zl,~-,zn,l;t)gl—sorl/(xk—L,zl,~~-,zn,l;t)25}|.
n An
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An
If lim inf =" = @, then from definition {n € N: 2= < 2} is finite. For § > 0, the

n—oo N
set

1
{neN: )\—|{k el :pulwpg—Lyz1,- zn-1;t) < 1—cor v(xg—L, 21, -, 2n_1;t) > e} > 6}
T

1
C {neN:—|{kel,:pulxr—L,z1, ,2n-1;t) <1 —corv(zy — L,z1, -+, 2n_1;t) > €} > %5}
n
An @
U eN: — < -}
{n <o)
Since 7 is admissible, the set on the right-hand side belongs to Z and this completes
the proof. O

Theorem 2.9. Let (X, u,v,*,Q) be an intuitionistic fuzzy n-normed space and let
x=(xr) in X. If Sg\”’y)" (Z) — limx = L, then there exists a subsequence (x,) of
x = (z) such that SV (T) — lim 2, = L.

Proof. Let S;“’V)" (Z) — limz = L. Then, for every t > 0 and given ¢ > 0, there
exists ng € N such that

1
{neN: )\—|{k €l :pulepg—L, 2z, ,zn-1;t) < l—corv(zpg—L,z1, - ,2n-1;t) > €} >} €T
for all n > ng. Clearly, for each n > ng, we can select an my € I,, such that

1
pome—L, 21,22, 1) S 1Y plan—Lo 21,00 s zoait) S1—e}| 2 0} €T

" kel

and

V(xmk *valaZQ?' te azn—l;t) Z /\%LHZ V(xk *vala e azn—l;t) 2 €}| 2 5} S
kel,
It follows that S (T) — lim @, = L. .

Theorem 2.10. Let (X, u,v,%,0) be an intuitionistic fuzzy n-normed space and
x = (x) be a sequence in X. Let T be a non-trivial ideal in N. If there is a

S/(\“’V)" (Z)—convergent sequence y = (yi) in X such that {k € N : y, # x1} € Z,
then x is also S/(\”’V)" (Z)—convergent.

Proof. Suppose that {k € N: y; # x;} € T and Si”’y)"(I) —y = L. Then for every
e >0,t>0, the set

1
{neN: )\—|{k €L, :pulyp—L,z1, - ,zn—1;t) < l—corv(yy—L,z1, -+ ,2n_1;t) > €}| > 6} € L.

For every 0 < ¢ < 1 and ¢t > 0, we have
1
{neN: /\—|{k el :pulepg—Lyz1,- ,zn-1;t) < l—corv(ag—L,21, - ,2p_1;t) > e} > 4§}

1
Q{kEN:yk#xk}U{neN:/\—|{k6[n:u(yk—L,z1,---,zn_l;t)gl—s

or V(il/k _Lazl7"' 7Zn71;t> > 5}| > 6}
(2.2)



10 SURUCHI PANDOH, KULDIP RAJ

As both the sets of right-hand side of (2.2) are in Z, we have

1
{neN: )\—|{k €L, :pulxg—L,2z1,  ,2p_1;t) < l—corv(xzp—L, 21, - ,2n_1;t) > e} > 0} € L.
This completes the proof of the theorem. ([
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