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DERIVATIVES OF APPELL FUNCTIONS WITH RESPECT TO
PARAMETERS

VIVEK SAHAI, ASHISH VERMA

ABSTRACT. We give nth-order derivatives of the four Appell functions with
respect to their parameters. Certain related results are also presented.

1. INTRODUCTION

Ancarani and Gasaneo [T}, 2, [3] obtained nth-order derivatives of the hypergeo-
metric functions 1 F1, 2 F and ,F, with respect to parameters. Various applications
of these derivatives were also given. In the present paper, we obtain nth-order
derivatives of Appell functions with respect to the parameters. It is expected that
these results are useful to workers in special functions, mathematical physics and
engineering, to name a few. Sectionwise treatment is as follows.

In Section 2, we list certain preliminary results and definitions that are needed in
the sequel. In Section 3, we obtain first order derivatives of Appell functions with
respect to the parameters. These derivatives are expressible in terms of Srivastava’s
triple hypergeometric function. In Section 4, we find nth-order derivatives of Appell
functions with respect to the parameters in terms of (n+2)—variable hypergeometric
functions. Finally, in Section 5, we discuss some particular cases and related results
involving contiguous relations.

2. PRELIMINARIES

The generalized hypergeometric function ,F, is defined as [4, [§]

) ZHZ 1““”'2 (2.1)

. Qay,.. aap
PF(I - pF ( b

b1, m[
where Pochhammer symbol (a),, is given by
I'(a+m)
m=——", =0,1,2,.... 2.2
(@ =g =0 (22)

Psi function t(z) is defined as [g]

¥(z) = ST (2)
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2 V. SAHAI, A. VERMA

and satisfies the following recurrence relation

Yt =9 = Y

=1

n=1,2,.... (2.3)

The four Appell functions of two variables are defined as [7], [8]:

= m m b m b/ m my o, ma
Fi(a,b,b';¢2,y) = Z (@)my4ms (0)imy (V) my @ '2/ 5
m1,ma=0 () mi+ma m1! mo!
max {|z|, [y|} < 1; (2.4)
- (a‘) (b) (b/) xm ymz
F a’b,b/;c7 Cl;,'I,'7 = mi+ma mi mo ’
2( y) ml%zo (C)ml (C/)m,2 m1! mo!
|z + |yl < 1; (2.5)
Fy(a,a’,b, s c;2,y) = i (@ons (@) oms Dy (V) 7™ 5™
mi,ma=0 (€)my+mas my! mo!
max {|z[, [y[} < 1; (2.6)
- b) ' ym2
Fy(a,b;c,c; = (@)my+ms (B)my+m,
4(@, 7C7ny7y) Z (C)ml(cl>m2 ml! m2!7

ml,’I’TLz:O
Vizl+Vlyl < 1. (2.7)
The Srivastava’s triple hypergeometric function [7] is defined by

3) _ o p® @ @ @) @) s (@5 ()5 ()
Foly,e = F {@ s (9)i (95 (9) 5 (W) (W) () 5 T80 7

> m o, n ,p
= Y Almon ) (2.8)
a0 I'nl p!
where
A(m, n, p)
A B B’ B" c c’ c”
H(aj)m+n+p H(bj)m+n H(b;')n-‘rp H(b;‘/)mﬂ) H(Cj)m H(C;)n H(C.Ij/)p
=1 j=1 j=1 j=1 j=1 j=1 j=1
T E G G G H H H"
H(ej)m+n+p H(gj)m+n H(g;')”er H(g;'/)m+p H(hj)m H(h;)n H(h;/)p
j=1 j=1 j=1 j=1 j=1 j=1 j=1
(2.9)
and (a) abbreviates the array of A parameters as,as,...,aa etc. The region of con-

vergence of the general triple hypergeometric series (2.8) is given in the literature [g].

For the sake of convenience, we denote the following two special cases of (2.8))
as:

(1) (a1,b1,c1;a2,a3,a4 |,
'0(1) dy,d2,ds 11, T2, T3
_ 3) |aa t az; — 5 — tar,az; b1 e
_ F® [ds Fos —i - embias xl,x27x3}, (2.10)
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(1) (a1,a2,a3;b15c1,c2 |,
P(2) Brich.ey |1 12 T3
3) |c2 it c1; b1 — a1 ; az; asz;
= F( ) |:CZ IS ci; b’ll; — i; i; —3? $1,$27$3] ' (211)

The motivation for these special cases of F3[x,y, 2], namely pg and p(2§, follows

from the Appell technique. Note that we can construct series PEB and pEQ; by ap-

plication of the rule used by Appell to the product of the hypergeometric functions
4F3 3F2 2F1 and 3F2 4F3 3F2 respectively. We start with

a1,a2,a3,a4 |, b1,b2,b 1,C2
aF3 (dl,dz ds ,331) 3F2 (ei e I2)2F1 ( ,I3>

- I (0)m, Ty (s Ty (el 728
mi m;ﬂa =0 H? l(dl)"h H? 1(ez)m2(fl) 1;[ . ( - )

Using the notation M; = Z{Zl m; and the replacements

(a3)m, (b2)my — (a3)ass (a4)imy (b3)msy (C2)ms — (a4) 0,
(d2)m, (e1)my — (d2)ass (d3)imy (€2)my (f1)ms — (ds)m
the following coefficient is generated:
[T s (@), Ty (i) T (€dms (@) (01)ms (€1)ms (02) 1 (a5) s () sy
[Tt (i), Tt (€0)ma (f1)ms (d1)n, (d2) naz (d3)
So the series is represented as

(1) (a1,b1,c1;a2,a3,a4
Py \ di,dads

;5017332,!133)

(2.13)

_ = (@1) s (01 (€1)mg (a2) ar, (a3) a1, (@) 2ty T
B 2 (d1) a, (d2) ar, (d3) ary 1;[

my,mz,m3=0

Similarly, ,08 is generated by applying Appell technique to the product of the hy-

pergeometric functions 3 Fo 4 F3 3F5. Iteratively, we can construct pg?)) pgg)) pET_)w)

r=1,2,...,n—1and p™, by applying Appell technique on product of the hyperge-

ometric functions n+3Fn+2 n+2Fn+1 2F1, n+2Fn+1 n+3Fn+2 n+2Fn+1 N 3F2,
nt3Fntarp3Frpe r 3o rpoFrqn. . 3Fp and o F1 o 3F 02 ni2Frgr .. 3F% re-
spectively. This leads to the following hypergeometric functions in (n+2)—variables:
(n) (@1,..0sQn42;C1yesCrig2 |,
Pa) ey 3LLy e s T2
[ee} n+2 n+2 n+2 m.
Hi:1 (ai)m, Hi:1 (ci)m, H ;" (2.14)
- z : Hn+2(cl) m;!’ ’
M1 ,eeey My +2=0 i=1 \& ) M; i=1 vt
(") ,,,,, an42;b1;5¢1,.,Cnp1 |,
(2) bl?‘:ll""’c;.u 3Ly v s Tn42

. T12(a0) m, (b1) byt H?+11<Ci>Mi+17ﬁx7i' (2.15)

+1 K
M1, Mpp2=0 (b1 )Mn+2 M, Hn (c /)Mi+1 i=1 mil

(n) ay,.. 7an+27b17b2;017 Cn—r; Cndl—ry s Cntl
P(r+2)

o [ ’ L1y ey Ty 2)
bi,by 5 ClyenChy 5 CppqgsenCryn +
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i H?:f (ai)mi (bl)Mn+17T (b2)Mn+2_Mn+1—r H;L:_{ (Ci)Mi

ULyt 2=0 (ZDRYANN () VNSNS VAR | P () P72
H:ltzl-&-l €)My fffff'“ (2.16)
H?:Jrnl-s-l—r(cg)erl i=1 m;!’ |
P (i )
N S S I UNING | e CIVRETY R
m;!

(d )]WnJrz—Ml( ) n+2 Hz 1( ) z+1—M1 i

ml,...,anrz:O =1

As we will see, the nth-order derivative of F; with respect to parameters are ex-
sible i £ o () (n) d (™.
pressible in terms o /-’(1)7 Plays Pryay and p
Similarly, for expressing derivatives of remaining three Appell functions with re-
spect to the parameters, we introduce the following (n+2)—variable hypergeomteric

functions:

(n) A1,y 42 5 CLyeey,Cd2
! vl .
(1) Crn433Cnt23Crr n+1

2 )

_ i T2 (@) T (), ﬁ z}" (2.18)
+1 17 '

mi,..., My 42=0 Hn ( ) ( n+2>Mn+1 (C;l+3)mn+2 i=1 mz!

(TL) (al, @nt2;5b15 €1, Cn41

%(2)

b b2 )017 ’c’,n.+1 sy 1y ) n+2)

e} n+2 n+1 n+2 m;
Z Hi:l (al)mq(bl) My 2— M Hl 1 (Ci)Mi+1 H z; (219)

1 ik
M1,y M1 2=0 (bll)Mn+2—M1(b/2) My 42—My Hn (;)Jwi i=1 m;!

U(n) (alv---van+2 3b1,b25¢C1, s Cnr S Cr1—ryee s g1

(r+2) by, bl b4, by sch,., el Caglor..Ch

;xl,...,xn+2>

_ i H?:—i_f(a’i)mi (bl)M7L+1—r(b2)Mn+2_Mn+17r

M1y T4 2=0 (bll)Mn+1—r (b/2)Mn+2_M'n,+l—T (bé)Mn,+1—r (bil)Mn+2_Mn,+1—r

_ +1 42 s
H?:lr(cl)M H? n+l— r( )Mi+1 g x;’m.

H7l_7 (C) H n (c) m! ? (2.20)
i=1 \%/)Mi Lli=n+1—r\%/)Mip1 4=1 7
o (M )
2
_ i H?:f (ai)mi H?:-i_ll (Ci)MiJrl*Ml (CTLJr?)MnJrz s -r;nl .
- )

M1 T4 2=0 (bll)Mn+2—M1 (bIQ)JWnJrz—Ml (b,3)M1 H?:l(C;)MiJrl—Ml =1 ml'

(2.21)

A(n) A1,e0n 42301 5b25C1,. 0 Cng1
!
ChyeesChio

;xla"'7$n+2)

o] n+2 n+1 n+2 m;
_ Z Hi:+1 (ai)mi (bl)mn+2 (bQ)Mn+1 Hz:+1 (Ci)Mi H €T, (2.22)

n+2/ 4 7
M1,y Mg 1 2=0 Hz:l (C'L)Mi i=1 g
(n) (ai,...ant235b1,baser,enga |,
A(2) by 3 €Y snsCly g 3 L1y Tnt2
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_ i [T (@) m, (1) gty (b2) g ar, [Ty (i) s, nff zi"

+1 7
mi,...,Mpt2=0 (b} )JW,L+2 M, Hn (ci) 41 i=1 m!
(2.23)
----- n+23b1,b2 3 b3,ba €1, Cn—r i Cnmrg1,e5Cn
Ay (M sins shobe ettt | )
+2
_ i H?:l (ai)mq (bl)Mn+l—7‘(b2)Mn+2_Mn+1—r(bg)Mwﬂ»lfr
M1y i 2 2=0 (b&)Mn{»lfr(b/2)M7L+27Mn+171'
_ 42 )
% (b4)Mn+27Mn+177' H’L 1 (CZ)M' H?:n+1fr(ci)Mi+l nH :L",Enl : (2 24)
— 1 KR .
H?:{(CDMi H:L n+l1— r(c/)M1+1 i=1 mil

A(n) ai,..,ant2;b1;c15C2.,Cny2
’. ! VAN
L R A Y A

;xlv"'vanrZ)

2 )
i H:L;12(al)mz (bl)Mn,+2—M1 (Cl)Ml H;L:Jrll (Ci+1)Mi+1—M1 ﬁ z;nz .

M1 42 =0 (b/l)JVIn+2—M1 H?:l(c;)MH-l—Ml (C’/n+1)1\/1n+2 i=1 m;! ’
(2.25)
yees@ng1 5 01,Cng1 3 €Ly Cn
v (alb; e T 7fcn+z)
+1 n+2 m,
B i H?:l (ai)m; (bl)Mn+2 H? 1) (eny1) m My 42 H x (2.26)
o +1 :
M1 yeeyMyt2=0 (bll) n+1(bl )mn+2 Hn ( I)Mi i=1
;b15¢1,..Cn
E;)) (aliw’l,vl)znﬁl—zé;c}l,.il,cgl o R ERR 7xn+2)
+1 +1 +2 m;
_ i H?:l (ai>mi+1 (bl)Mn+2 H?:l (Ci)MiJrl g xzn . (2 27)
- n ) .
M1y T 42 =0 (bll)Mn+2—M1 (b/2)Mn+2—M1 (bé)ml Hi:l(C{i)MH»l =1 ml'
ye@ng23b13iC1, i Cng1—ryCn
\/E:"?LQ) (alb’ug +I§ b14 ,Cél, ?c;L o S ;$17...,$n+2)
+2 -
_ i [Ty (@i)mi (1) m e T (ei) M
M1, M 42 =0 (bll)Mn{»lf'r(bIQ)Mn+2_Mn+177*(bg)Mn«#lfr(bil)Mn«#Z_Mn«l»lf'r
+1 2
H?:n+1fr(ci)Mi+l h z" . (2.28)

[Lo()ne 2 mal”

y(n) (@1:Gnt jbi,crica,eCng
VPR N | v
byl §ChseeCrin

§$17~-~>$n+2)

[ee] n n n+2 .
Z Hi;rll(ai)mf+1(b1) 71+2(Cl) My 2 Hz +21(Ci)Mi—Ml f[ xzml (2 29)

o) -
MY yeeyMyy2=0 (bll)Mw+2 Ml(cl)Ml Hn: ( )M — M, i=1 m;!

where r =1,2,...,n—1.

We remark that O'E;L)), Al 1) ) and V(" (1) are obtained by applying Appell technlque to
the product of the hypergeometric functions ,43Fpn 12 ni2Fni1 ... 2F1; 0 (2) , AE;L))

and \/g;l)) are obtained from n+2Fn+1 n+3Fn+2 n+2Fn+1 3F2; 82_2 AE:-)FQ)
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(n)
and \/(H_

o™, A and V(™ are obtained from the product of hypergeometric functions
2F'1 ny3Fni2 ni2lhyr ... 3F%, suitably.

2) are obtained from n+3Fn+2---r+3Fr+2 r+3Fr+2 T+2FT+1...3F2 and

3. FIRST ORDER DERIVATIVES OF APPELL FUNCTIONS WITH RESPECT TO
PARAMETERS

For brevity, we denote the four Appell functions by Fy, Fy, F3 and Fy. The
notation Fl(? is used to express nth-order derivative of F; with respect to the
parameter a, etc.

We begin with finding first order derivative of F; with respect to parameter a.
Clearly

o0

2 g M2
)=y [w(a+M2)—w(a)]A(ml,m)mT'%,
m1,m2=0 . !
where
mi+ma b mi v ma
A(mqy,ms) = (@), +ms (B)m, (V) ' (3.1)
(C)m1+m2
This gives
Fli = i Al )[ta+ Ma) —b(a+ M) s L
l,a — myi, Mo a 2 a 1 ml! m2!
my,m2=0
* i Ay, mo)[la+ My) — (@) e L
my,ma=0 7 my! mo!
S ™ ym2+1
= Z A(my,ma + 1)[Yp(a+ Mz + 1) — 4p(a + My)] Ty

m17m2:0

xm1+1 ymg

(m1 + 1)' mo!

+ > Al +1,ma)[e(a+ 1+ M) — (a)]

mi,ma =0

= Z A(ml,mz + 1)

m17m2:0

+ Z A(m1 + 1,m2)

m17m2=0

M ymg +1 m2 1

mq! (m2+1> :0(52+M1+a)

!
82

xm1+1 ym2 ] 1

(ml—i—l)!mg' 0(51 —&-a)'

S1=

Applying the series rearrangement [6), [§]

>N B(k,n)=>"Y B(k,n+k), (3.2)

n=0 k=0 n=0 k=0
we get

M ym2+82

o0
FO_Y A(my, ma + 59+ 1 (a)sy+01,
La ™ g . 7%252:0 (ma,ms + 52 )(a + 1) sy, mal (ma + 52+ 1)!

z - (a)s gt ym2
— A 1 ! .
+ - Z (m1 451+ 7m2)(a+1)sl (1 + 51+ 1)1 my!
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We replace s1,s5 — mg3 in both expressions. Now mso <> mg in first expression and
mg <> mg then mso <> my in second expression gives after some simplification:

oo

.’EQ Z (1)m1(1)m2 (bl)ms(a‘)Ml (b + l)Mz (a’ + ]-)M3 Lmlxmz y"ms
(a4 1)ar, (2)a, (4 1) my! ma! mg!

F) =

,a
m1,mz,m3=0

oS O U@+ Do+ Doy 2™ 7 5
c (a+1)M2(2)M3,1\/[1(C+1)]V[3 my! mo! m3'
(3.3)

Using the definition of Srivastava’s triple hypergeometric function (2.8)), the above
derivative formula can be expressed as

my,mz,mz=0

(1) _ b (3) a+1::b+1;—;—:1,a;l;bl;
Fl,a - xEF c+1: 25 —5 — atl; —; — z,T,y

v a a; b — b 1515
by PO T S ] 6)

The first order derivatives of F} with respect to numerator parameters b and b’ are
given by

Fl) = v 2 pe) |:er-11:.b+1’ R rARIL xxy} (3.5)
and

Bl =y PO [ 2 ey (3.6)
respectively.

Next we find first order derivative of Appell Function F; with respect to denom-
inator parameter c. We have
Bl = (=) Y e+ Ma) = ()] Ama, ma)

mi,ma=0

where A(mq,ms) is given by (3.1). Now

™ ym2

my! mo!’

(e e} 1 matl
F{) = (-1) ml%;OAm,mz FO(e+ Mo +1) =gt M)l o
o0 gmatl yme
+ <_1>m1%:2_0A<m1 T Lma)lle+ 1+ M) = o]
Using egs. ) and ( ., we get
M ym2+82

m _ (= 1)y () sy,
F -— A , 1
L Z (my,ma + 82+ )( T 1)eenr mnl (ma 452 £ 1)1

e & (@ amtn g
Almy +s1+1,m L
Z ( 1 1 2)( +1)81 (ml + 81+ )'mQ

mi,mz,81=0

If s1, 89 — mg3 in both expressions. Now msy <> mg in first expression and ms <> mg
then msy <+ m in second expression gives after some simplification:

m;

@ (Dzab &K I W 0)ma (O)ar, (b + Vg (@ + Dagy 77 2™ ¥
Fl’c o c? Z (C+ 1)]y[1 (2)M2(C+ 1)1\/[3 H m;! ms!

ms3

ml,mg,mg,:() =1
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+ (_1)yab/ io: (b)m1 Hf:z(l) ( )Mz (bl + 1)M3 M, (a + 1

c? (e+1)ar, (2) s —nay (€ + 1)y

mi,mz,m3=0

(3.7)

Now, using the definition of Srivastava’s triple hypergeometric function (2.8])), the
above derivative formula can be expressed as

(1) xab 3) a+1:: b4+1; —; — : 1,e; 150
1c_ CTF() e+l 2 —; —:etl; —; — ;5 LY
yab 3) [a+1:c; b'+15 — 1 b 15 1
CQ F( c+1lie+15;2;  — @0 — 5 —5—; z,Y,Y|- (38)

First order derivatives of remaining three Appell functions Fy, F3, Fy with respect
to parameters are given in the following theorems. We omit the proofs.

Theorem 3.1. The following derivative formulas hold for Fs:

(1) b 3 4+1: b+l; —; — a1 150
F, = IEF()[Z::zc—&-l;—;—:Z+1;—;C’; x,x,y}
b +1 :: b'+1; — :b; 15 1;
+y F(3) I:{i I a—&-al7 2c+1 - é; —’; —7; x7yvy:| ’ (39)
1 a 3 +1: b+l —; — b1 150
FQ(,b) = x;F( ) |:(i w2,e+1; — 5 — b+l —5¢ fE,(E,y:| ’ (310)
1 A @3) fatl o —; b'+15 — 2 b 1,05 15
R ) SR RN AR P B (3.11)
F(l) o abF(3) at+1l:b4+1; —; — :1l,e; 150
2,c *xcig — 2t 5= — el = BDY) (3.12)
1 ab’ (3) |a+1:: —; b'4+1; — b 1, ;1
FZ,C’ - _y?F — 1 — 5241 — ;41— L, 99| - (313)
Theorem 3.2. The following derivative formulas hold for F3:
1 b — 1,b+1; —; — : l,a; 1;a’,b;
F?E,a) = mEF(3) |:c+1l:1:+ 2+; - 5 = :a-‘gl;— ;a - .’17,.’E,yi| 9 (314)
F(l) _ v F(3) — =5 d+1L,b'+1; — s ab; a1 1
3,0’ y? c+1 i —; 2 ;o — 1 — sa’+15—; LY Y| s (3 5)
1 a — 1,b+1; —; — : b,1; 1;a,b;
F?E,b) - P [C+1i+ 2+; — 5 = b+l - ;a - x,x,y} ’ (3.16)
’
1 a — = a+1,0+1; — i ab; 11
F?E,b)’ = y?F(?’) |:c+1 ::—;a+2 * ; —:(i O +15—; x’y’y:|’ (317)
) __zab g HLbH1; =5 — el 1ial,b
3’C - c2 F()[ 111: 2%—;—:cc+1—a—’x’x’y}

yab’ ,;;;’,b’l;f:,b;;;

Theorem 3.3. The following derivative formulas hold for Fy:

1 b (3) |a+1,b+1: -5 =5 —ta,l;1;—;
Fla = “TEF - 2c+1 - —iatlyj—; o3 HOY

yb : +1,b+1 : H — =5 1;1;
+7F(3) |:a _ a—(‘:l 20’+1 —: c; - ;=3 $7y7y:|7 (319)
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1 _ a 3 +1,b+1 :: — 5 — 5 — b1 1 —;
F4,b - Z‘;F( ) |:a w2+l — 5 — b+l — ;5 xax7y:|
Yya 3 +1,b4+1: b — =5 151,
+7F()[a — b+1 20+1 —: ¢y — 5 = x7y7y:|7 (320)
1 ab 1,b+1 : ; —3 — el 15—
F4(,c) = v F®) {a+ al Mo T ioni ol x,x,y} , (3.21)
1 _ ab gy fatibtl s — 3 — 5 —:—; 151,
F4,c’ - _yc,Q ( ) |:a — = 32,41 —: ¢ c’b-',-l ;= x?y7y:| . (322)

4. nTH-ORDER DERIVATIVES OF APPELL FUNCTIONS WITH RESPECT TO
PARAMETERS

In this section, we give nth-order derivatives with respect to parameters of Appell
functions. Before giving the formulation for Ff?a it will be worthwhile to compute
F1(2a) We have

@ _ d ) _ ) y(b')h
FY = ) = Ay + As, 4.1
,a da 1,a (C)l 1 (C)l 2 ( )
where
yb/ N Ty (WD, (6 + D sy asy (@) n, (0 + Dagy (@ + 1y (a+ 2)
Ay Z
(c+1) . o a+ 1) a1, (2) 012 (2) my—ns (@ + 2) pp (€ + 2)

sl i Hf:l(l)"% (0 ) (@) ary (@ + 1) ag, (b + 2) ar, (@ + 2) pry
mi,...,ma=0 (a+1)M1(a+2)M2(3)M3(C+2)M4

(4.2)

4, = YO+ i () ITia(ms (@)as (@ + D azy (8 + 2)as,— a1, (a + 2) s,
ey = (a4 D)as (@ + 2)ar, (3) nay a1, (¢ + 2) 1,
4

m .

o) 4
. xb Z [T (Dm

( ) ((L+ )M3(b+1)M2(bl+1)M4 M2( +2)M4
(a+1

)Ml( )M (2) My — iy (@ + 2) mg (€ + 2)

2

i
<11

11 m,!

(4.3)

Putting the value of A; and As in eq. (4.1]), we get after some simplification

p@ _ 202 Z TT (D, () (@), (@ + Dy (b + 2)as, (a + 2) s,
he @2, S o (a+1)ar, (a+2)as, (3)ar, (¢ + 2)ar,
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m; ,,ma

3 y
XH

LL ;! my!
1=1

22 Ol (Do (@ary @+ Dar, (F + 2 s, (0 + D,
G, 2 (a Daralo -+ 2)ar,B)are—a, (€ + 2o,

x fnl! 1:[2 ?jn'
()1 (b)1 i T (V). @)y, (@ + D)y (b + 1) ar, (6 + 1) az,— o
(@ + 1) s, (2) a1, (2) ny— nap (@ + 2) 1y

i Y

ml'

X —

(a+2)u, T : 4
(c+2)ar, -5 mal -

This result can be iteratively generalized to give nth-order derivative of F; with
respect to parameter a, as follows:

(n)
Fl,a
_.n (b)’ﬂ (n) (1,1,...,1,b" ;a,a+1,...,a+n—1,b+n,a+n |,
=T (C) p(l) a+1,...... ,a+n,n+1,c+n T Ly, T Y
n
’ n—1 ’
n (b )TL (n) (b,1,...,1;0' +n;a,a+1....a+n |, n n—r r (b)nfr(b )r
+y p(2) n+1;a+1,...,a+n,c+n LYy Y + X Yy —
(©)n —\r (©)n
(n) 1,..,15041,0"+13a,a+1,...,a+n—r—1;a+n—r,...a+n|,
X Pr+2) | n—r+1,14r;a+1,....atn—r;a+n—r+1,..,atnctn |7 Lo T 5 Yroos Y
(n+1—r)-times (r+1)-times

(4.5)

A simple proof of (4.5) may be given using induction method. The nth-order
derivatives of F; with respect to numerator parameters b and b" are given by

) =an 8" ol (Mo T e L ay) (46)
and
P = o) (M e ). )
.
respectively.

Next we find nth-order derivative of Appell Function F} with respect to denom-
inator parameter c. We start with calculating F1(2) , F1(,2c) can be

- By using (
evaluated as

o _ (=1 wab i ITe—s (D, () () r, (), (b + 1)z, (@ + Dy
1, 3 (c+D)an(c+ D)an(2)a,(c+ 1) g,

mi,..,ma=0

m; o, Mg

L
<[l
m;! my!

i=1
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+ 2!(_1)2y ab/ i (b)ml H?:2(1)mi (C)Mz (C)MS (bl + 1)1\/[4*1\/[1 (a + 1)M
c? (C+ 1)M2(C+ 1)M3(2)M4*M1 (C+ 1)M4

.Hyl

2!(-1)* zya(a + 1)bV/ i Hle( I, (0 + 1) agy— a1z (), (b + D)ty
(c+1)? o (€t Dary (2)a5 (2) ny—na, (€ + D)y (€ + 2) s

my,...,mq=0

+

my,...,Ma=

(4.8)

Iteratively, we get nth-order derivative of Appell function F} with respect to ¢, as
follows:

)

(n) _ n xab (n) (1,1,...,1," ;¢,c,...,c,b+1,a+1
By = (=1)"n! ol Py \ etletl,etl,2e+1

;x""7x7y)

yab/ (n) (b,1,...,1;0'+1;¢c,c...,c,a+1],
+Cn+1 P(2) 2;c41,...,c41,c+1 LYY

n nil xya(a + 1)bb’

Cn+17T(C + 1)’)"+1

r=1
(n) 1,...,1;b+1,6'+15¢,...,c;cH+1,...,c+1,a+2].
><p(7‘—i—2) 2,25 c+1,...,c+1; c+2,...,c+2 ) xZ, Ly Yy Y

H/—/ N——
(n+1—r)-times (r+1)-times

(4.9)

The nth-order derivatives of the remaining three Appell functions with respect to
parameters are given in the following theorems. We omit the proofs.

Theorem 4.1. The following nth-order derivative formulas hold for Fs:

F(") n (b) 1,1, ,l,b' ;a,a+1,...;,a+n—1,b+n,a+n
2,a (C) c in+1l;a+1,......, a+n,c+n YLy, I, Y
() :
+ n n b,1,...,1;b"+n;a,a+1...,.at+n—1,a+n .
Y n+1 c'4+n ; c,a+1,...;,a+n Yy Y

m m ) y7"'7y
W—’ N——

(n+1—r)-times (r+1)-times

n—r+1,147r;c+n—r,c’+r;a+1,....,a+n—r;a+n—r+1,....a+n )

(n) 1..,1;b4+n—rb'+r;a,a+1,....a+n—r—1,...,a4+n
)

(4.10)
(n) _ n(a)’ﬂ ( ) ey 1,0 5 bb41,. L b nsatn | .
Fyy = © (1) ( ¢ i n+1;5b11,...... ,b+r?,ca+r? 7”3""’3”’9)’ (4.11)
(n) _ n(a)n n L1000 +n s atn . .
FQb,—y (,) ()< n+1c+ncb+l b/+n,9€7:l/a---7il/)7 (412)
n
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() _ ) FO0 ) (111 e e b 1ot .

F2,c - (_1) 'Cn+1 (1) 2541, ,c+1 3Ty Y ) (413)
(n) _ yab (n) b,1,...,1;¢ ¢ b +15a+1],

F2,c’ =(-1)"nl— ,n+1 S i liei ot et T YY) (4.14)

Theorem 4.2. The following nth-order derivative formulas hold for Fj:

(n) _ n(b)n (n) (1,...,1,b" ;a’ ;b+n;a,a+1,...,,a+n|. .
Fyq =2 TA(D atl,.atnntletn Ly By )5 (4.15)
n
(n) n( )n (n) (b,1....1;b'4nsasa’,a’+1,....a"+n|, .
F3,a/ =Yy (C) A n+1 a’+1,. a’+n;c+n Y LY, Y )5 (416)
n
(n) _ a)n (n) 1,650 ;a+n;b,b+1,....b4n |, .
Fgy =a" © A(l) bt bemmtLetn R T I (4.17)
n
(n) a/) (n) Llia +n;a;0" 0 +1,...,0 +n
F37b, =y . A ( VI S Y Y, 7y> ; (4.18)
(n) n xab (n) (1,...,1,b" ;a’ ;b+1;¢,c,...,c,a+1],
F3vc - (_1) n!cn+1 A(1) c+1,...,c+1,2,c+1 3Ly Ty Y
AN
ya'b (n) (b,1,...,1;b'+1,a’+1;a,c,c,...,c
n 1,15 ; 3 @,C,ChnnsC
+(71) n! S| A(Q) 2;c+l,c+1,...,c+1 Yy Y
N Z zyaba’b’
cn+1 r(c+ 1)r+1
1,...,15a+1,a’"+1;b+1,b"+15¢c,c...,c;c+1,...,c+1 ]|,
A(r+2) 2,25¢c+1,c+1,...;c+1;5¢c4+2,...,c4+2 ‘7 'L Y Y

H/—’ ~——
(n4+1—r)-times (r+1)-times

(4.19)

Theorem 4.3. The following nth-order derivative formulas hold for Fy:

F(n) _ n (0)n \/(n) 1,...,1;b+n,a+n;a,a+1,...,.a+n—1
40 =7 (1) n+1;c ;a+1,a42,...,a+n,c+n

;‘r""7‘r’y

—1
I yn (b) \/(n) (1,...,1;b+n;a,a+1... ,at+n -,y y) " s n l‘niryr (b)n
() @\ ntletniciatleatn[s e r ()n—r(c)r

r=1

\/(n) 1,...,1;b+n;a,a+1,...,a+n—r—1;a+n—r,..,a+n .
('r‘+2) n+1l—r,r+1;c+n—r,c’+r;a+1,....a+n—r;a+n—r+1,....a+n|’

Z, s, Y,y
A/—’ N——

(n+1—r)-times (r+1)-times

(4.20)

F(n)_ n(a) \/(n) 1,...,1;a+n,b+n;b,b+1,....b+n—1
4p = ©n (1) ntl;c ;b+1,b42,....b+n,ctn

;3C7~-7957?J>

—1
(a)n (n) (1 1;a+n;bb+1....b+n K n - (a)n

" Vv AN T, ..., )—i— "y

B P S AU A R CRE
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n 1,...,1;a4n;bb+1,....b4n—r—1;b+n—r,.. .b+n
V
X (r+2) | n+l1—r,r+1;c+n—r,c’+r;b+1,....b4n—r;b+n—r+1,..,b+n

; x""’x ) y,""y ;
(n+1—r)-times (r+1)-times

(4.21)
(n) _ n zab (n) (1,...,1;b+1a+1;c,c,...,c . .
F4,c - (_1) 'W \/(1) ( 2,c+1,¢/,c+1,c+1,...,c+1 3Ly 7xay> ’ (422)
n n_y Yab n) (1,...,1,b+1,a+1,¢,....c" |.
F4(702 = (_1) n'm \/( ) ( Q;C;c/-l-l,c(l,’/-i-l?..-,cli-l s Ly ... ,l‘,y) . (423)
5. SOME APPLICATIONS
Let a = c. Then F} is independent from a and c parameters and F 1(162 = Fl(lc) =0.
Also if we put a = ¢ in (3.3) and (3.7) we get
FY) + FY =o. (5.1)

Using these derivative of Appell functions with respect to the parameters, we can
write Taylor expansion of Appell functions around some given values of numerator
(or denominator) parameters. For example, Taylor expansion of F; around some
given values @ is given by
o0 —_
(Cl — a)n (n)
I = Z nl W ’a:ﬁ'
n=0

We now apply these derivatives to certain contiguous relations satisfied by Appell

functions. We know that F satisfies the relation [5]

cFy(a,b,V;c;x,y) — (c—a)Fi(a,b,b e+ 1;2,y) —aFi(a+ 1,0, ;¢ + 1;2,y) = 0.

(5.2)
Taking derivative of with respect to a and c respectively yield
Fi(a,b,b;e+ 1;2,y) — Fi(a+1,b,05¢+ 1;2,y)
=(c— a)Fl(}a)(a, bb';c+ 1;z,y) — cFl(,la)(a7 b, b c;x,y)
—I—aFl(,la)(a—i— 1,b,b5c+ 1;2,9); (5.3)

Fi(a,b,V;c;2,y) — Fi(a,b,b';5c+ 1;2,9)
=(c— a)Fl(}c)(a, bb';c+1;2,y) — cFl(’lc)(a7 bb';c;x,y)
+aF(a+1,6,05c+ L2,y). (5.4)
Similarly from the following relations satisfied by Fi:
cFi(a,b,b;c;2,y) + clz — D) Fy(a, b+ 1,05 ¢, )
=(c—a)zFi(a,b+ 1,0 ;¢ + 1;2,9), (5.5)
cFi(a,b,b';c;2,y) +c(y — 1) Fi(a, b, + 1;¢;2, )
= (c—a)yFi(a,b,b' + L;c+ 1;2,y), (5.6)
(a—b—V)Fi(a,b,b;c;2,y) —aFy(a+1,b,0;¢;2, )
+bF1(a,b+1,V;¢;2,9) + V' Fi(a,b,b + 1;¢;2,y) = 0, (5.7)
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we obtain by differentiating (5.5), (5.6) and (5.7) with respect to a and c¢ the

following results:

xFi(a,b+ 1,6 ¢+ 1;2,y) = (c — a)xFl(}a)(a,b—&— LVie+1;2,y)

—c(z — 1)F1(71a)(a, b+ 1,V;cx,y) — cFl(la) (a,b,V;c;x,y), (5.8)

Fi(a,b,V;c;z,y) + (v — 1) Fi(a, b+ 1,052, y) — xFy(a, b+ 1,0 5¢ + 152, )

=(c— a)mFl(lc) (a,b+1,0;c+ 12, y) — c(x — 1)F1(,1c)(a,b +1,b65¢2,y)

— e (a.b, b5 3,y), (5.9)

yFi(a,b, b/ + ;¢ + 1;2,y) = (¢ — a)yFl(}(l)(a, bt + 1;¢+ 1;2,y)

—c(y — 1)F1(1a) (a,b, b + 1;¢;2,y) — cFl(,la)(a7 bV;c;x,y), (5.10)

Fi(a,b,V;c;2,y) + (y — 1)Fi(a,b,b' + 1562, y) — yFi(a,b,b + 1;¢+ 12, y)

=(c— a)yFl(lc) (a,b,b/ + ;¢4 1;2,y) — c(y — 1)F1(’1c)(a7 bt + 1;¢;2,y)

- cFl(}c)(a7b, biex,y), (5.11)

Fi(a,b,V;c;2,y) — Fi(a+ 1,0,V ¢;2,y)

= aFl(}a) (a+1,0,0;¢2,y) — (a—b— b’)Fl(}a)(a7 bV';c;x,y)

- bFl(la) (a,b+1,b0;¢c;2,y) — b’Fl(;) (a,b, b + 1;¢;2, ), (5.12)

(a—b— b’)Fl(lc) (a,b,V';c;x,y) — aFl(}(:) (a+1,b,b;¢;2,y)

+OF D (a,b+ L ¢ a,y) + 0 (0,06 + 1 ¢2,) = 0. (5.13)

Similarly, from the contiguous relations for F3 [0]
cFs(a,a’,b,b';c;x,y) — cFs(a+1,d',b,b';¢;2,y)
+bxF3(a+1,a b+ 1,V ;¢c+ 1;2,y) =0, (5.14)

cF3(a,d’,b,b';c;z,y) — cF3(a,a’ +1,b,b';¢;2,y)
+byFs3(a,a’ + 1,0, + 1;¢+ 1;2,y) = 0, (5.15)
aFs(a+1,a',b,V;¢c;2,y) — bF3(a,a’,b+ 1,05 ¢;2,9)
+(b—a)F3(a,a’,b,V;c;x,y) =0, (5.16)
a' Fs(a,a’ +1,b,b';¢;2,y) — V' F3(a,ad’,b,b’ + 1;¢;2,y)

+ (b —d')Fs(a,d’,b,b';c;2,y) =0, (5.17)
we get on differentiating to with respect to ¢ the following relations,
Fs(a,d’,b,b;c;2,y) = F3(a+1,a',b,b';¢;2,y) + cF3(716) (a+1,d',b,b';¢;2,y)

— cF3(716) — b:cFB(}C)(a +1,d,b+1,0;c+ 1;2,y), (5.18)

1)

,C

— BN vy (a,a 41,06 + Le+ La,y), (5.19)

(& c

Fy(a,d’,b,V;c;z,y) = Fs(a,d’ + 1,b,6;¢;2,y) + cFy ) (a,d’ +1,b,V; ¢; 2, y)
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aF:a(,lc) (a+1,d',b,0;¢;2,y) — ng(’lc)(a, a,b+1,V;c2,y)

+ (b= a)F5 (a,a' b,V c;2,) =0, (5.20)
a’FéE(ma’ +1,b,V;¢2,y) — b’Fé)lc)(ma’, bt + 1;¢;2,y)

+ (b — a’)Fé}C) (a,a’,b,V;c;x,y) = 0. (5.21)

Also from the contiguous relations for Fy and Fy given below:
aFy(a+1,b,0'5¢,¢5m,y) — bFy(a, b+ 1,05 ¢,¢s2,y) — U Fa(a, b, 6" + 1;¢,¢5 2, y)
=(a—b—0)F(a,b,V;c,c;z,y), (5.22)
dbrFy(a+1,b+ 1,0 5¢+1,c52,y) + VeyFo(a+ 1,06 + 1;¢,¢ + 1;2,y)
=ccd Fa(a+1,b,b;¢,c52,y) — e Fa(a, b,V 5e,c5 2, y), (5.23)

aFy(a+1,b;¢,d5m,y) — bFy(a, b+ 1;¢,¢52,y) = (a — b)Fy(a, by c, sz, y), (5.24)

ng4(a+ L,b+1;c+1,c52,y) + gyF4(a+ Lb+1;¢,d + 1;2,y)
= Fy(a+1,b;¢,c52,y) — Fy(a,bye,cs2,y), (5.25)

we get on differentiating and with respect to a the following relations,
Fy(a+1,b,V;5¢,c52,y) — Foa,b,b ¢, 52,y) = (a— b — b')FQ(}a)(a, bVie, sz, y)
+ bFQ(}a) (a, b+ 1,b;¢,¢52,y) + b'FQ(iI) (a,b,0' + 1;¢,¢52,y)

faFQ(}a)(aJr 1,b,0;¢,c52,y), (5.26)
ChrFy(a+ 1,0+ 1,05+ 1,5 2,y) + VeyFy ) (a+ 1,0, + e, + L 2,y)

= cc’F2(71a)(a +1,b,V;5¢,c52,y) — cc’Fz(’lcz (a,b,V';¢,c52,y). (5.27)
Also differentiating and with respect to a and b gives following rela-

tions:
F4((l + 17 b; C, C/; :E7y) - F4((l, b; c, Cl;w7y)

=(a— b)Ffa) (a,b;c,c;x,y) — aFi}a) (a+1,b;c,c5m,y) + bFZ&Z(a, b+ 1;¢,c;52,y),
(5.28)

Fy(a,b;c,csx,y) — Fa(a,b+ 1;¢,¢52,y)

= (a —b)Fy ) (a,bic,cs2,y) — aFy ) (a+ 1,bye,ds2,) + bFL ) (a,b+ ¢, ¢ 2,y),
(5.29)

b
ZxF
Ca: 1a

,a

(a+1,b+ 1+ 1,¢52,y) + ;yFél)(a—F Lb+1;¢,d + 1;2,9)

= Fi}a)(a—k 1,b;¢,c52,y) — F4(,1a)(a,b; e, cdsm,y), (5.30)
%F4(a—|—1,b+ Lie+1,c52,y) + %F4(a+1,b—|—1;c,c’—|—1;x,y)

+ ngfb)(a—i—1,b—|—1;c—|—1,c’;x,y)—|— gnyb)(a—i-1,b—|—1;c,c/—|—1;x,y)

= Ffb)(a +1,b;¢,c5x,y) — Fi}b)(a7 bie,c;x,y). (5.31)
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