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THE TWO-POINT CONNECTION PROBLEM FOR A
SUB-CLASS OF THE HEUN EQUATION

DAVIDE BATIC, RUNAKO WILLIAMS

ABSTRACT. The present article discusses the two-point connection problem for
Heun’s differential equation. We employ a contour integral method to derive
connection matrices for a sub-class of the Heun equation containing three free
parameters. Explicit expressions for the connection coefficients are found.

1. INTRODUCTION

In [1], [2], and [3], R. Schifke and D. Schmidt studied two point connection
problems between pairs of solutions around neighboring singularities using a contour
integral approach based on the Cauchy Integral Formula. In [3], they studied
in particular the connection problem between pairs of solutions around regular
singularities. They obtained expressions for the connection coeflicients as a limit of
a sequence involving the coefficients in the power series expansion of the Frobenius
solution around zero with vanishing exponent. One limitation of this approach is
that it assumes that these coefficients are known. For the hypergeometric equation
[4], this is not a problem as the coefficients satisfy a two-term recurrence relation
which is easy to solve. However this is not true for the Heun equation. The
required coefficients are solutions of a three-term recurrence relation for which there
is no known explicit solution in the general case. In this paper, we modify the
methods used in [3] to fully solve the connection problem for a subclass of the
Heun Equation for which this recurrence relation can be solved explicitly. We give
explicit expressions for the connection coeflicients.

The Heun equation is an increasingly important equation which appears more
and more frequently in the literature. Much of the work surrounding the Heun
function involves finding integral representations. Several integral representations
for the hypergeometric function are known. These provide a successful strategy for
solving the two-point connection problem for the hypergeometric equation (see [4]
for details). In this paper we solve the two-point connection problem for a subclass
of the Heun equation without using any integral representations, thus illustrating
the power of the approach employed by Schéafke and Schmidt.

We consider the two-point connection problem for the Huen equation [5] given

2000 Mathematics Subject Classification. 34M40, 33E30.

Key words and phrases. Heun equation, two-point connection problem, connection coefficients,
special functions.

(©2015 Ilirias Publications, Prishtiné, Kosové.

Submitted October 8, 2014. Published March 28, 2015.

1



2 DAVIDE BATIC, RUNAKO WILLIAMS

by

=0 1.1
poln s y=0, (1.1)

with a,q € C and wheree =a+ 5 +1—+v—9 and a # 0,1. It is well known that
equation (L) has regular singularities at 0, 1, a, and co. Furthermore, equation
(TI) has a Frobenius solution which is regular for |z| < min{1, |a|} and is denoted
Hl(a,q;a, 8,7, 0;2), the local Heun function. Note that HI is normalized so that
Hl(a,q;a, ,7,d;0) = 1. The coefficients in the expansion

d?y ~y ) € dy afiz —q
@+<_+ +z—a>E+z(2—1)(z—a)

Hi(a,q;0,8,7,0;2) = »_ Agz¥,  |2| < min{1, |al}
k=0

satisfy the well known [5] recurrence relation

0= &Al’}/ - qu,

0=aPAp+1 — (Qk + Q) Ak + RpAg—1, k=1,
where P, = (k+1)(k+7), Qr = k(k—1+~)(1+a)+k(ad+e€), R = (k—1+a)(k—
1+ ), and Ag = 1. Maier [6] described the fundamental pairs of local Frobenius
solutions to equation () and gave various relations satisfied by the local Heun
function. We donote these pairs of solutions by {yo1, %02}, {v11,v12}, {Va1,Ya2}s
and {Yoo1, Yooz} Where

(1.2)

yor(2) = Hl(a,q;a,B,7,0;2),

yo2(z) = 2'77Hl(a,q+ (1 =) (a+B+1—~+ (a—1)5);
l+a—7914+8-—7,2—7,9;2),

vii(z) = HIl(l—-a,af —qa,B,6,71—2),

po(z) = (1—2)'"°HI(—a,08 —q+ (1—8)(e+ (1 —a)):1+a— 6
1+8-6,2—0,7;1-2),

wle) = (5 o g 1- g a5,

a —q+a(y+d—a)(y+0—pF)+y(e—1)

) b

a—1 a—1

wale) = (-

’7+6-ﬁ,’7+5-0{,2—€,5 ﬂ)a

;l—a
o H <1M
a a

1
yOOl(Z) = ;Oé,Oé—Fl—’y,l—FOé—ﬂ,(s;;),

a a z

with f(«, 8,7,0) = ¢+ afa(a+1—+—06)+ 9 — 5]. In order for these pairs to be
linearly independent and well-defined, we require that v, ¢, ¢, « — 8 ¢ Z.

2. PRELIMINARIES

In this paper we consider the subclass of equation (II) where § = (a+8+1—7)/2,
g =0, and a = —1. That is, we consider the Fuchsian equation

d?y N (7 ) 5 ) dy of

-7 L — =4+ ———y=0. 2.1
dz? z+z—1+z—|—1 dz+(z—1)(z—|—1)y (2.1)
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Remark. Note that for this subclass of the Heun Equation, the methods employed
in [3] cannot be immediately applied since they assumed that the differential equation
has no other singularity in the closed disk {z € C : |z| < 1} besides zero and one,
whereas (2)) has singularities at minus one, zero, and one.

It is not difficult to see that ([2]) becomes
(k—1+4+a)k—147)

A = A k>1.
k+1 (k-'—l)(k-'—’}/) k—15 =
Whence we obtain
ay (B
Aoy = (5)n(5)n n>0 (2.2)
ZESR

and Ag,+1 =0, Vn > 0. Hence,
, L ZOO (F)n(
Hl(_1707a7677757z) - v+

Equation (ZT)) has fundamental pairs of solutions given by

yor(2) = HI(-1,0;0,8,7,6;2),

yoo(z) = Z7VHU=1,0;14+a—v,1+8-72-7,62),

y+1(2) = HIU2,0B;0,5,6,7;1 - z),

yio(z) = (1—2)'°HI2, a8+ (1 —0)(+27);
l+a—-06;14+48-6,2—-0,7;1—2),

y-1(2) = HI(1/2,a8/2a,B,a+ B +1—v—46,0;(2+1)/2),
y2(2) = (z4+1'"7HI1/2,[(v+6— )2y +6 = B) —v6]/2;
vy+o—B,7+0—a,2—10,8(z+1)/2),

Yoo1(2) = z_o‘Hl(—l,O;a,a—l—l—7,1+a—6,6;2_1),
Yoo2(2) = z*ﬁHl(—1,0;B,ﬂ—|—1—”y,l—l—ﬂ—a,é;z*l).

Remark. Note that any solution of [I1l) may be analytically continued along any
path in C —{0,1,a} and the analytic continuation is a solution (see for example
Theorem 3.7.2 in [7] or 10.1 in [8]). If two paths are homotopic then the continu-
ation is unique by the Monodromy Theorem (see |9] or [10]). Thus, if the domain
D c C—{0,1,a} is simply connected and has non-empty intersection with the open
disc {z € C : |z| < 1}, then in particular it is not difficult to see that yo1 has a
unique analytic extension to D.

We will also find the following results regarding the Euler-Beta function and the
ratio of Gamma functions helpful in proving our main result.

Lemma 2.1. If Ra, RG> 0, then
Lo B T(a)T(B)
a—1 B—1 o
/O (1 —t) dt_il“(a 5

Proof. This is a standard result about the Euler-Beta function. For a proof, see,
for example, Section 1.5 in [4]. O
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Lemma 2.2. Let o,8 € C. Then for |argz| < ©/2 the following asymptotic
approximation is valid

z+a) = (a—B)a+B-1)
T(z+p) ~ Tt 22

Proof. See [11] or Section 5.1, Chapter 4 of [12]. O

+0(]2]7|, z— oo (2.4)

In the following lemma, we give asymptotic expressions for some integrals which
will appear in the proof of our main result.

Lemma 2.3. Let 1 < p<2 and a € C. If k> Ra and Ra > 0, then

/1p(z — 1)z = Lk ;(C;)i(lo;—i_ ) +0(p"), k- oo

Let F be a holomorphic complex-valued function defined in a disc of radius one
centered at one. Then,

p
/ (z =127 1F(2)dz = O(k~ %Y, k- oo
1

where the powers in the above integral take their principal values.

Proof. Observe that
p e o
/ (z—1)%z7F 1z = / (z—1)%27F1dz — / (z — 1)*z7 k" 14z,
1 1 P

Since k > Ra and Ra > 0, using the transformation z = 1/t we obtain

0o 1 1
/ (z— 1)z F1dz| = /ptkflfo‘(l —t)dt| < /pxkflfmo‘d:r =7
P 0

0 k — éROf '
Hence,

-

—k+Ra

/ (z—=1)%" 1z =0(p7%), k— 0.
p

Also, using Lemma 2.7]

oo - 1 _
/ (Z _ 1)0‘27]671(12 Z—:l/t / (1 _ t)atkfafldt — F(k a)F(a + 1)
1 0 L(k+1)

We prove now the second part of the lemma. Notice that since F' is holomorphic
we may find an M € R* such that

/1p(z — 1)z 1P(2)dz

p oo
< M/ Pz — D)Rede < M/ 7"z — 1) % de,
1 1

T(k — Ra)D (Ra + 1)
T(k+1)

1
= M/ th=1=Ra(p _pRaqr = M
0

where we employed the transformation z = 1/t and Lemma[2Z1] Using Lemma 24]
we get

p
/ (z—= 1) 1F(2)dz = Ok~ %), k- .
1

This concludes the proof. (I
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3. SOLUTION OF THE TwoO-POINT CONNECTION PROBLEM

We consider simultaneously the two-point connection problem between 0 and 1
and between 0 and -1. That is we seek coefficients cf;, cfy, ¢}, ¢1, such that

Yor = Cy+1+ iy (3.1)
Yo = Cp¥Y-1+ Y-

Note however, that cfl and c;; may be easily found. We recall the well-known
result [4]

I'(y—a-Brw)

Ly —a)l'(y - B)

Using this relation and taking the limit of (81)) as z — 1 and assuming ®(1—4§) > 0
we obtain

ZlgﬂF(a,Bw;Z) =

e y+1 a y+1
CE:E 7(7)71(%)":limF(a57+1z):F(2 _E_QF(Q)
1 ’ o )

— n!(%)n 21+ 2°2° 2 P(VTH _ E)I‘(WTH _ %)

PO -5 - 90 _
PEF -9 -5

C1:

We compute ¢, and ¢, with the following theorem.

Theorem 3.1. Let yo1, Y+1, Y+2, Y—1, Y—2 be the fundamental pairs of solu-
tions associated to equation (Z1) and cf, cfy, ciy, ciy be as in (31) and (32).
Furthermore, let R(1 — &) > 0. Then, we have

= 2 —_— = Ci
12 . 12
I($)r(5)

o0
Proof. For simplification, first observe that yo; is of the form yo1(2) = > dy2".
k=0

Let Cy g = C2 ,+ L, C:¢ 2ot L4 —Cls— L3 , be the contour shown in
Fig. [ where CO o= HO + H}! pand1 < p < 2. By the Cauchy integral formula
we have for any k € Ny, and o, ¢ > 0 sufficiently small
1
dy = — 27 F 1501 (2)dz (3.3)
2mi Jo, ,
where 7o; is the unique analytic extension of yp1 to the simply connected set C —
{(=00, 1] U [1,+400)} guaranteed to exist by Remark Pl In particular, we have
Go1(2) = c11y41(2) + claysa(z) for z € L) ,UCT  ULZ , and §o1(2) = ey y-1(2) +
c1ay—2(z) for z € Lg v, ,U L ¢ Where we take the principle value of the powers
occurring in Y49 and y_s. Notlce that the Lh.s. of (B3]) does not depend on o or ¢.
Hence, we consider the limit of the expression on the right hand side as o, ¢ — 0.
This limit if it exists should be equal to di. So
k

T —k—14 _ 70 71 72
27mdk_;11>1%)q151£§) c(,(bz Jo1(2)dz = I, + Ij; + I}
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Imzp

FIGURE 1. Integration contour showing components of Cy ¢

0_ 0 0 0
where I = I}y — I}, 5 — I}, 3 and

Il = I li —k—1/+ + dz—
k S ¢12% </Ll ) z (c11y+1 + cfay42)(2)dz
/ 2N ey + szy+2)(2)d2> ;
L<2r,¢
2 C —k—1 — -
I =l qlblgb (/m , z (1191 + c1py—2)(2)dz—
z (c11y—1 + cppy—2)(2)dz | ,
Lg)d)
0 _ T —k—14
Ly = (P—>mo qlbliﬁ) e, Z Jo1(2)dz,
Iip = lim lim o 2N ey + chyre)(2)dz,
118,3 = lim lim 2F T ey + epy—2)(2)d2).

0—0¢—0 Jo—
o,

First we deal with I?. In particular, we will show that I = O(p~"). Note that
we have the parameterizations C’;r(b with z(0) = 14 oe?® and ¢ < 0 < 27 — ¢, and

C, , with 2(0) = -1+ 0e? and ¢ — 7 < 0 < 7 — ¢. Since y, is holomorphic in
{z:|z—1| < 1} and y_; is holomorphic in {z : |z + 1| < 1} we obtain
Iy = cfy lim lim 27k Yy o (2)dz, I} 3 = ¢, lim lim 2Ry o (2)dz.

0—=0¢—0 o+t o—0 ¢p—0 C—d)
o, P o,
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Expressing y.2 and y_o as y12(2) = (1 — 2)' 70 f1(2) and y_2(2) = (z + 1)1 7° fa(2)
where f1, fo are holomorphic functions in the discs of radius 1 centered at 1, and —1,

—k—1 1-6 :
respectively, yields Ik y = Ciy I% qlalg%) fc* z (1 —2)'7°f1(2)dz. Since f; and

f2 are holomorphic there exists a pos1t1ve number M such that |f1(2)],]f2(2)] <
M forall z € {z € C:|z—-1] < p—1 < 1}. Hence, with the help of the

parameterization introduced above we have that ’fcjd) 271 = 2) 0 f1(2)d2

f;ﬂﬂb M1 + g€t |"F=152-R3gg < ppok+1 f;ﬂﬂb o2~ROdH = M2+ (1 — ¢)027§R§'
The second inequality follows from the fact that for o sufficiently small |14 oe®®| >
1/2. Since R(1 — &) > 0, this implies that I}, = 0. It may similarly be shown
that 1,213 = 0. Note that yo1 may be extended analytically to simply connected
domains D; and Ds containing HY and H{, respectively. By the continuity of these

extensions, their absolute values have a common upper bound M € R* on H{ and
Hg. Since these extensions also extend go; and since H) C H and Hj C Hg,

this bound also holds for z € Hg U H; = Cg7¢. Thus by the M-L Formula (see
for example (9) page 83 in [9]) we have ‘fcgﬁ 27" oy (z)dz‘ < 2rMp~F. Hence,
I} = I}, = O(p™). Introducing the parameterizations L. , : z(r) = 1+ re'?,
L7, 2(r) = 1+re @, L3 4 2(r) = —1—7e~%, and Ly, 2(r) = —1—7e'® where

o <r < /cos?2p+ p? —1— cos¢. Using the above parametrizations, and taking
limits we see that

p—1 ) )
Il = CE/@ (1+ T)7k71(672”1(175) —Dyy2(1+7)dr = cf, [1 — 6727”(176)} Ji

where we used the substitution = 1 4+ r and similarly but with the substitution
—(1 4 r) we obtain

p—1 ) _
I,? — 6;2/ (_1 _ T)fk*l(l _ 672771(176))y72(_1 _ T)d?” = ¢y [1 _ 672m(176)} Jl?
0
with
1 -1
Jp = / e Yy o(x)de,  JE = / "y o (z)d.
P

Now, we rewrite y;2 and y_o as follows

yr2(2) = Y Gi(1=2)7+(1=2)" Fy(2), = Hj(142)7 +(1+2)"" Fy(2)
Jj=0 7=0

(3.4)
where Fy, F5 are analytic functions in the discs of radii 1 centered at 1, and—1,
respectively, Go =1=Hy, 7, =1—-6+jforall j=0,--- ,mand &, =2+m — 0.
Using the representation for y2 and y_s found in (B4, we obtain

1
/ k=11 —2)Tide +/ e F N1 = )8 Fy (x)de,
P P

NgE TEMS

<
Il
o

_ -1
H; / 2P Y1+ a)da + / v 1+ @) By () da,

—p —p
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Hence, if (1 — §) > 0, we may apply Lemma to obtain

- - T(k—7)T(1+75) N N N
1_ AT J J k R(3+m—5)
Ji jE:OGJe Tk 1) +O0(p ")+ 0(k )

and similarly

m P
J = ZHj(—l)fkfl/ v PN 1 — ) du +
=0 !
P
H o [Tk - e By,
1

" Tk —1)T(1+7;
— ZHj(_l)fkflewm—j ( Tj) ( +Tj)
j=0

—k k—*R(Ber—é)
L) o + 0 )

where we used the substitution z = —v. Hence, when we multiply by the ratio
I'(k+1)/T(k—1+9) and use (Z4) we end up with

I'k+1) T+ 1)U+ ID) _
Th-155% = amrGr-170) TO¢ )

D(k + 1)[1 — e~ 2mi(1=0)] ) i o
B 2mil(k — 14 9) [chJp + e di] + O F) + O™ )

= _— 02

sinfr(d —1)] | 4 i Gjejﬂl"(l +75)
7T ' j:ony:l(k_l"'(S_U)

m

(~1)Fer: He™ T (1 +7)

12 ; +0(p ")+ 0k
o1l (k=1+6-0)

If k is even, we have when we take the limit n — oo and using the gamma reflection
formula (see (6) at page 3 in [4])
lim r'2n+1)
n—oo I'(2n — 1+ 9)
Moreover, taking k£ odd we obtain
['(2n+2) (cls — 1)
e Ty = 212
oo T(2n+0) 2" T T —1)
Employing ([22)) yields

(chy + )

don =T 50)

~ o T+ 16 — 1) (5)a(
+ o 2
012+012—n1£1;o T(2n —1+0) n!(i)n,

and it follows that ¢, = c,. Furthermore, since (a),, = I'(a +n)/T(a) we get
L6 —1)T(/2+1/2) lim F'2n+ 1)I'(a/2+n)(B/2 +n)
I(a/2)T(8/2) n=ol'2n—14+6)'(n+1)I(v/2+1/2+n)’
200~ DD(1/2 4 1/2)
L(a/2)L(8/2)
where we used (Z4]). This completes the proof. (I

+ -
Cla + Cia
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4. THE CONNECTION MATRICES

Having computed the coefficients cf;, cfy, cf;, cp in BI) and B.2) we will
now show that this is enough to compute all connection matrices for equation
(ZI). Maier [6] proved the validity of the relations y11(z) = 2'""HI(1 — a,—q +
aB+(y-1)(1—-a)d;1+a—v,1+8—7,0,2—v;1—2),

1—v _
var() = (2) HZ(L,Q;Ha YL+ B=yatBrl-y=587 “>,

a a—1 —a
where

Q=

al+a—7)0A+8-7)—-qg-1Q-y)(@e+B+1—-7+(a—1)f)
a—1

)

and

y11(z) = 2z7“HI (1 - 1, —q+of(a—1)5 + f]

;a,a+1—7,5,1+a—ﬁ;1—z‘1) .
a a
Furthermore, in the special case a = —1, we can assert that

-1
Ya1(2) = (—2)"“HI (1 i o g(al’[i’zj);a,a—k 1—1,€,0; %) .
with g(«, 8,7,0) = =g+ af(a+1—~—6)(1 —a) + f]. Indeed, the transformation
z=1/t,w(z) = f(t), and f(t) = t*¢(t) is a symmetry of equation (II)). Applying
the transformation, (L)) is transformed into a Heun equation with singularities at
{0,1,1/a, 00} and the r.h.s. above is a solution to (II]) in a neighborhood of 1/a.
In particular if @ = —1 then we have another solution in a neighborhood of minus
one. Hence, the r.h.s. above must be a linear combination of y,; and y,2 in the
case a = —1. Comparing the behaviours of the functions, it becomes clear that the
assertion above is true. Let
L - 3 - Hres s D6~ JTCF)
a,B,7y) = o, B,y) = _ =
a1, 8,7) g2(cv, 8,7) F(%)F(g)

Then
+QZ(a7ﬁ77)(1_2)176H1(2704ﬁ+(1_5)(5—’—27) 1+a 6 1+B 6 2- 6 ’77 )7
and

Hl(_1507a7ﬁ77557z) —Q1(047577)Hl<

1-6
() (32 -0 oD ea-sara-sa-sasd)

B, o, 8,0,6: Z“) + o B,7) -

2

Using the above relations it follows, after some computations, that the connection
matrices we seek are given by the following expressions

o _<q1(a7@7) qz(a@v))
* QI(auﬁu:\y) Q2(a767:\7¥)

_ q1 (O[, ﬂv FY)N q2 (O[, ﬂv FY)N
CO_ B ((_1)17q1(avﬂ7;7) (_l)l’qu(avﬂv:ﬂ)

C :(Q1(Oé,04+1—%1+a_ﬁ) (=1)°~ (0‘0‘+1—%1+a—ﬁ)>
T \@BB+1-7148-0) (1) @B B+1-7,1+8-a)
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C _ ((_1)_aq1(04,§,1+04—ﬂ) (_1)5—a—1q2(a7§,1+a—ﬂ)>
o (_1)_Bql(ﬁ7ﬁ71+ﬁ_a) (_1)6_6_1q2(67671+6_04) '

wherea=14+a—7v, =14+F—v,andy=2— 1.

Remark. These matrices remarkably provide a way for us to express y11 and y_1
linearly in terms of yo1 and yoz. This is interesting because the coefficients appearing
nyy1 and y—1 satisfy a much more general three-term recurrence relation than that
of the coefficients of yo1 and yoo. Hence it would be difficult to express yy1 and y_q
in closed form if one only had ([IL.2) to rely on. Thus our matrices enable us to
express yy1 and y_1 in closed form since yo1 and yoz2 have closed form expressions.

5. CONCLUSION

In this paper we have solved the two-point connection problem for equation
1), a three-parameter sub-class of the Heun equation. We were able to explicitly
compute all connection matrices, by modifying the methods used by [3], thus pro-
viding a concrete application of these techniques. To the best of our knowledge the
two-point connection problem for this equation has not yet been treated explicitly
in the literature. Thus we expect that our results will shed some new light on
problems where an equation can be transformed into equation (21I). For example,
in [I3] the most general class of potential was found such that the solution of the
one-dimensional time-independent Schrodinger equation may be expressed in terms
of Heun functions. Thus for a sub-class of the potential derived in Theorem 4.1
of [13], our results should enable some further analysis, such as the computation
of bound states and energy eigenvalues, and the study of scattering and tunneling
phenomena. We do not expect, however, that the applicability of our results to be
limited to this as we have treated a class of equation with three free parameters.

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.
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