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NEW STOCHASTIC INEQUALITIES INVOLVING THE F AND
GAMMA DISTRIBUTIONS

FARES QEADAN, RONALD CHRISTENSEN

ABSTRACT. We derive a new inequality involving either the F or Gamma dis-
tribution and its quantiles and call it either the F-Inequality or G-Inequality.
The stochastic representation of the new inequality involves a, p € (0, 1) such
that if p > « and k > 1 with W being a random variable with an F(v1,v2) or
Gamma(T, 0) distribution, then

1 W, 1 7%
—P(W<—”)>—P<W<—“),
p k «a k

where for any v between 0 and 1, W5 is defined by v = P(W < W,). The
inequality reverses for k € [0, 1); it becomes equality for k£ = 1 and, trivially,
for kK = oco. This inequality seems to hold for a larger class of distributions
that include for example the F', Gamma, Cauchy, and special cases of the Beta
distribution and perhaps others. However, we provide rigorous proofs only for
the F and Gamma distributions.

1. INTRODUCTION

One of these inequalities, the F-inequality, arose while proving that for the gen-
eralized split-plot model the F-test for the whole plot variance being zero has larger
power than either the likelihood ratio test (LRT) or the restricted likelihood ratio
test (RLRT) when a,, > 1—p,. In here a, is the level of the test and p, is the prob-
ability that the LRT or the RLRT statistic is zero (see [1] for more details). Besides
their use in power comparisons for testing variance parameters on the boundaries
of the parameter space, these inequalities promise value in developing stochastic
lower and upper bounds in many fields. Moreover, they present a striking example
of a case in which the unjustified inequality a/c > b/d for a > b >0 and ¢ > d > 0
holds (see [2] for more details about dividing inequalities). Section 2 presents back-
ground material needed for the proofs. Section 3 gives the F-inequality, and Section
4 establishes the G-inequality.

2. HYPERGEOMETRIC FUNCTIONS

We now present two lemmas related to special hypergeometric functions that we
need to prove the inequalities.
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Definition 2.1. For real numbers «, 3, and v with v # 0,—1,—2,..., the Gauss
hypergeometric function, commonly written as 2 Fy(«, 8,7, z) but for clarity written

here as H(a, 3,7, x), is defined [3] as
afBz  ala+1)B(B+1) a2

H(a,B,v,2) = 1+Tﬂ S+ 1) oM
ala+1)(a+2)B(B+1)(3+2) 2
Y+ 1)y +2) B =y
for |z| < 1.

Lemma 2.2. Let k > 0, let F, be the pth quantile of the F'(v1,v2) distribution such
that p = Pr(F < F,), and define the function s(plv1,ve, k) in terms of Gauss’s
hypergeometric function as

seh,2 ) =7 <V1;V2’17% + 1,}?';071) - (Vl_gyzvl, % + 1,Fp,k> )

where

~ Fp
o= 2.2
PRk (22)

Then the following statements hold.

Case I If k € (0,1), then s(p|lv1,v2,k) <O0.
Case II: If k =1, then s(plv1,va, k) = 0.
Case III: If k > 1, then s(p|v1, 1o, k) > 0.

Proof. By Definition 2.1, H(«, 3,7, x) is increasing in z for positive «, 3, and . In
our case, o := ”1—;”’2 >0,8:=1>0,and v:= % +1 > 0. We have the following.

Case I If k € (0,1), then F},; < F, } and consequently

s(plvr,ve, k) = H (avﬁv%ﬁp,l) -H (aﬁv%ﬁp,k) < 0.
Case IT: If k = 1, then F, ; = F, 1, and consequently

s(plvr,ve, k) = H (avﬁv%ﬁp,l) —-H (avﬁv%ﬁp,k) =0.
Case IIL: If k > 1, then F,; > E,; and consequently

s(plvr,ve, k) = H (avﬁv%ﬁp,l) —-H (avﬁv%ﬁp,k) > 0.

O

Definition 2.3. For real numbers a and B with § # 0,—1,—2,..., the Kummer

confluent hypergeometric function, commonly written as 1 F1(«, 8, x) but for clarity
written here as M («a, 8, x), is defined [3] by
ax (a +1) 22
M = 14+-== —
1 2
Lol o >£+...,
FF (@ +2) 3

for —oo <z < o0.
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Lemma 2.4. Let k > 0, let G, be the pth quantile of the gamma distribution
with positive shape parameter T and scale parameter 6 such that p = P(G < Gp),
and define the function S(p|t,0,k) in terms of Kummer’s confluent hypergeometric
function such that

S(p|T,9,I€)—M(1,T+1,%) —M<1,T+1,%).

Then the following assertions hold.

Case I: If k € [0,1), then S(p|T,0,k) < 0.
Case II: If k =1, then S(p|T,0,k) = 0.
Case III: If k > 1, then S(p|r,0,k) > 0.

Proof. By Definition 2.3, M(a, (3, z) is increasing in z for positive @ and 3. In our
case,« :=1>0and f:=7+1>0. Thus

Case L Itk € (0,1), then G, /0 < Gyp/kf so that M (1,7 + 1,Gp)—M (1,T+ 1, %) <
0 and hence S(p|r,0, k) < 0.

Case I If k = 1, then G, /0 = G, /kf so that M (1,7 +1,G,) — M (1,T T, %) -
0 and hence S(p|7,0,k) = 0.

CaseIIL: Ik > 1, then G,/0 > G,/kf so that M (1,7 + 1, G,)— M (1,T +1, %) >
0 and hence S(p|r,0,k) > 0. O

3. THE F-INEQUALITY

The F-inequality exploits the well-known relationship between the F distribution

and the beta distribution, namely that if F' ~ F'(v1,v2) then FJFLQ ~ Beta (%, %).
vy

Definition 3.1. For a,b > 0, the regularized incomplete beta function I.(a,b) is

defined in terms of the incomplete beta function B(x;a,b) and the complete beta
function B(a,b) as [4]

B(x;a,b)

II b b = T 1\

9= "Bap)

where .
B(z;a,b) = / 71— )t
0
for x €10,1] and

1
B(a,b) := B(l;a,b):/ t2 11 — 1)’ L.
0

Note that I, (a,b) is the cumulative distribution function (CDF) of a Beta(a, b)
distribution.

Proposition 3.2. Let F' be a random variable with an F(vy,va) distribution. De-

fine the FR-function as h(plk) = %B (Fp,ka =2, %) where p € (0,1). Then h(p|k)

is a monotonic function for k > 0 such that the following statements hold.
Case I: If 0 < k < 1, then h(p|k) is strictly decreasing in p.

Case II: If k =1, then h(p|lk) = B(v1/2,v2/2) (constant).

Case III: If k > 1, then h(p|k) is strictly increasing in p.
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Proof. The idea is to establish that (%h(p“f) = 0 if and only if £ = 1. Since
8%h(p|/€) is continuous in k, this means that for k € [0,1), h(p|k) is monotonic and
for k > 1, h(pl|k) is also monotonic. Moreover, for k € [0, 1), we show that h(p|k) is
monotonically decreasing in p and for k > 1, that h(p|k) is monotonically increasing
in p.

Case II: The CDF of the F-distribution with v, and v degrees of freedom is

- V1 Vg

=l (? 7) )

where I is the beta distribution CDF. Thus, incorporating equation (2.2),

_Fr v o
B(FerZ—f’Q’Q

V1 Vz)

F(I;Vl,V2) = I@ (?7 5

p=PEF<h)=—p0 57
= %B (Fp,l,%,%):B(ul/z,ug/z). (3.1)

The left-hand side of this equality is precisely h(p|k = 1), completing the proof for
this case.

The result of Case II tells us that 8%h(p“f =1) =0 for all p. If we let f be the

density function of the F' random variable we have (%Fp = f(;Fw so that
0 -1 - v v 1/~ 7! -\ F1 vok
8—h(p|k) = _QB (Fp,ka 31, 32)"‘_ (Fp,k) ’ (1 - Fp,k) ’ 2
b b P Vlf(FP) (Fp"'%k)
(3.2)
and for k =1,
0
0 = —h(pplk=1
Soh(plk = 1)
1 ~ V1 V3
- __B (F . —)
p2o Ul
1 ~ 1/1/271 ~ 1/2/271
+- (FpJ) X (1 - Fp71) v 5
y nf(F) (Fy+2)
and thus
. 2
v _ B(Fatg) (B+2) (3.3)

Vlf(Fp) p (Fp71)’/1/2*1 (1 _ Fp)l)l’2/2*1'

One can verify (3.3) as an exercise by using (3.1) and the substitution of F,, in the
density function of the F' distribution.

Before proving cases I and III, we provide an expression for (%h(p“f) as follows.
Letting a := 22 and substituting (3.3) in (3.2), we obtain

1

8 - - ~ V1 V3
ek = —B(F, )

,k;?v?

)
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2 F-1 N . ,
k(F,+a) (Fpk) (1— M) (Fpl%ﬂ
* 5 2 ~ %—l ~ Y2 _q
2 (Fy+ ko)’ (Ba) " (1= Fp)
~ -1 ~ 21
-1 k (Fp,k) (1—Fpk) (F +a)2
- 2 k+_2 Y11 2 P 2B1,
P )T () T
p, D,
where
~ V1 V3
B =B (Fpr o 2 )
g Pk
Observe that from (2.2),
- -1 - 2y
(Fp,k) (1— p,k) B (Fp_i_a)V_;Jrvg —2p %
(prl)Tlil (1 - prl)%il (Fp +ka)%+ 22 —2
So
Do) = “ipy i B (Bt a) R o
h(plk) By + B
8 p - 2 p2 F u1+u272 9 1
(Fp + ka)~=""%(F, + ka)
—1 kUTQ (Fp‘f'a)”;uz
p p (Fp—i-ka) pl
v]+v
_ __13 +ik% Fp+ka _122B (34)
o2 F,+a 1 :

As shown in [5], the hypergeometric representation of the incomplete beta function

is B(z;a,b) = MH(CL +b,1;a+ 1;x). Use of this representation reduces (3.4)
to

D) = — (Fur) " (1= Fu) 1 (D20 1
ap b vip? p,k p.k 5 79 y L'pk

2w [(Fy4+ka\ T . \% Lo\
F(F (Fon) ™ (1= )
+V1p2 ’ (Fp+a> i P

where
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Observe that from (2.2)

i Y2
2

~ - ,Vlervz
1-— », :k% (Fp—i-ka)
1—F,, F,+a

B

[

and

~ 3 ~ F v (Fy+ka\~ =D vo 11 vitva

Fpa) " (1= Fpa) " W7 (2 = (ka)? F,? (F, + ka)~

(Fon )" wE (T (ka) % B (F, + ha)
So

gh( k) = i(ﬁ )%(1_13 )%k% Fp + ka Jl;%[H_H]

ap b = p? p,1 p,1 F,+a 1 k

2 4 vitv v
= B Fpt k) (k) F sl v B) (3.5)

where s(p|v1, 2, k) was defined in Lemma 2.2.

vi+trg

Case I: If k € [0, 1), then %Fp% (Fp +ka)” > (ka)? > 0. By Case I of Lemma
2.2 we have s(p|v1,v2, k) < 0, hence a%h(p|k) < 0 so that h(p|k) is decreasing in p,
which completes the proof for this case.

Case III: If k > 1, then %Fp"_? (F, + ka)~ "= (ka)# > 0. By Case III of Lemma
2.2 we have s(p|v1,v2, k) > 0, hence a%h(p|k) > 0 so that h(p|k) is increasing in p,
which completes the proof for this case. O

Figure 1 illustrates the behavior of h(p|k) for different p and k values. It is
clear that h(p|k) decreases in p for k € [0,1) and increases in p for k > 1, while
h(plk) decreases in k for any p. Figure 2 shows h(p, k) vs. p for fixed k values
in a one-dimensional plot. For example, for k& € [0,1) the dashed decreasing lines
represent h(p|k) as a function of p and they are bounded from below by the constant
line h(plk = 1) = B(r1/2,12/2) and from above by the decreasing curve h(p|k =
0) = %B(u1/2, v2/2). On the other hand, for k¥ > 1 the dashed increasing lines
represent h(p|k) as a function of p and they are bounded by the constant lines
h(plk =1) = B(v1/2,v2/2) and h(p|k = oo0) = 0. If we look at h(p|k) as a function
of two variables p and k, it is apparent that h(p|k) is a continuous function with
no non-degenerate stationary points. In fact

0 o0 0 =
%h(p, k)=0 < {%B(x,yl/lyg/m/p z—FP,J X {%prk] =0
1/~ vi/2—1 - va/2—1 - F Vs
+— -~ |F 1-F, — P (—) =0
P ( p”“) ( p’k) (F, + ka)®> \ 1
— k=0, (3.6)

and we have already established that a%h(p, k) =0 <= k = 1. That is, there is
no point (p, k) at which a%h(p, k) = %h(p, k) = 0 which means that the surface

of h(p, k) is bimonotonic. Further, (3.6) implies that h(k|p) is monotonic in k with
a degenerate stationary point on the boundary of the domain when k£ = 0. Also,
one should expect h(p|k) to decrease in p for fixed k € [0,1) — without examining
the sign of the derivative — for the following reasons. Note that h(p|k = 0) =
%B(V1/2,U2/2), h(plk = 1) = B(11/2,12/2), and h(plk = 1) < h(plk = 0) so
that lim, 1 h(plk = 0) = h(p|k = 1) (i.e. h(p,k) is bounded by a constant from
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below and a monotonically decreasing function from above). Thus, since h(p|k)
is monotonic for k£ € [0,1), it must be decreasing in p; otherwise, by definition
of infimum, it cannot be bounded by a constant from below and a monotonically

decreasing function from above.

T

T

Ordu
Grdu

I
= 1117

FIGURE 1. Left: Bimonotonic surface of the function h(p, k) for
k €1]0,1) and p € (0,1). Right: Bimonotonic surface of the func-
tion h(p, k) for k> 1 and p € (0,1).

Theorem 3.3. Let a,p € (0,1) such that p > « (i.e. F, > F, where p= Pr(F <
F,) and oo = P(F < F,)). For k> 1, if F is a random variable with an F(v1,v2)
distribution, then the following inequality holds:

1 1 1 1

- xP|(F<-F —xP|F<-F,], 3.7

5 X < <z p) > o ( <z ) (3.7)
or alternatively,

F F.
P<F<f’F<Fp> > P<F<?

The inequality reverses for k € [0,1); it becomes equality for k = 1 and, trivially,
for k = oo.

Proof. Recall that the CDF of the F-distribution with v, and vy degrees of freedom
is

F< Fa> . (3.8)

F(z;vi,v0) =1_viz (Vl VQ),

viaTtds 7’ ?
where [ is the regularized incomplete beta function of Definition 3.1. Thus, one
can write (3.7) in terms of the incomplete beta function as

1 ~ V1 Vs 1 ~ vy V2
- B(F ;—,—) - B(Fa ;—,—). 3.9
p Pk ) 2 g AR (3.9)
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FIGURE 2. Plot of h(p|k). The solid lines are the bounds at which
h(plk) changes its monotonicity.

Now, since k > 1 and p > «, the inequality in (3.9) follows immediately from Case

IIT of Proposition 3.2. If k € [0,1), then Case I of the proposition reverses the

inequality; if £ = 1, Case II changes the inequality to equality. For k = oo, both

sides of the inequality become zero making it equality. (|
4. THE G-INEQUALITY

Similar arguments establish the G-inequality for gamma distributions.

Definition 4.1. For a > 0, the lower incomplete gamma function v(a,x) is defined

[4] as i
yx) = [ t*retdt
v(a, ) /0 €

for x >0 and the gamma function I'(a) is defined as
I'(a) = / t*tetdt.
0
Recall that the CDF of the Gamma(r,8) distribution is

F(xz;7,0) = ﬁv (T, %) )

Proposition 4.2. Let G be a random variable with the Gamma(t,0) distribution.
Define the GR-function as h(p|k) = 1—17”y (7’, %) where p € (0,1) and G, is the pth

quantile of the gamma distribution such that p = P(G < G,). Then h(p|k) is a
monotonic function for k > 0 such that the following statements hold.
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Case I If 0 < k < 1, then h(p|k) is strictly decreasing in p.

Case II: If k =1, then h(p|k) = I'(t) (constant).

Case III: If k > 1, then h(p|k) is strictly increasing in p.

Proof. The outline of the proof is identical to that of Proposition 3.2 and therefore

we begin with case II as follows.
Case II:

p—P(GSGp)—F—)*y(T,—)
= %7 (T %) =T(7). (4.1)

But the left-hand side of this equality is precisely ﬁ(p|k = 1), which completes the
proof for this case.

The result of Case II tells us that a%ﬁ(p“ﬂ = 1) =0 for all p. So if we let f be
the density function of the G’ random variable, we have B%Gp = f(;cp) Hence the
following identity holds.

oyl =1) =
1 Gp> 1 <G,,> 6 1
= —Sy(n2)+=(2 e =0
pﬂ( o) p\6 0f(G,)
G\'T'1 1 G\ %
(7> 0/(Gy)  p (7) (4.2)

One can verify (4.2) as an exercise by using (4.1) and the substitution of G, in the
density function of the gamma distribution.

Use of this identity in deriving ag (p|k) gives

d - 1 G 1/G\" 1 e
—hiplk) = —— —p ~ (=2
dp (vl p27<7’ k9> T (k9) k07 (G)
B AR < W B IS WS S O e
AN »\ 0 0f(G,) | k7

1 G 1 G Cp —Gp
= p2”y< k9>+—’y<7',7p>696k9k . (4.3)

As shown in [6], the connection between the lower incomplete gamma function and
Kummer’s confluent hypergeometric function is

yla,z) =a tx% " M(1,a+ 1,z).

Use of this representation and arguments similar to those for the F-inequality reduce
(4.3) to

d - 1 Gp\™

Shlolt) = 7 (55) e st (4.0
where S(p|, 0, k) was defined in Lemma 2 4
Case I: If k € [0,1), then 2T -1 (ig) e 5 > 0. By Case I of Lemma 2.2 we have
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S(p|T,0,k) < 0 and hence a%ﬁ(pvf) < 0 so that h(p|k) is decreasing in p, which
completes the proof for this case.

Case III: If k£ > 1, then p%T’l (%) e > 0. By Case III of Lemma 2.2 we

have S(p|7,0, k) > 0 and hence (%iz(p“c) > 0 so that h(p|k) is increasing in p, which
completes the proof for this case. O

_rll7rl/l7/7r
111}

Z
””!!’/L’/’
L=

h(p, k)

7z

FIGURE 3. Left: Bimonotonic surface of the function h(p, k) for
k €[0,1) and p € (0,1). Right: Bimonotonic surface of the func-

tion A(p, k) for k> 1 and p € (0,1).

Figure 3 illustrates the behavior of iL(p, k) for different p and k values. It is clear
that h(p, k) is decreasing in p for k € [0,1) and increasing in p for k > 1, while
iL(p, k) is decreasing in k for any p. Figure 4 shows B(p, k) vs. p for fixed k values
in a one-dimensional plot. For example, for & € [0,1) the dashed decreasing lines
represent h(p|k) as a function of p and they are bounded from below by the constant
line A(p|k = 1) = I'(7) and from above by the decreasing line h(p|k = 0) = %1"(7).
On the other hand, for k& > 1 the dashed increasing lines represent h(p|k) as a
function of p and they are bounded by the constant lines 2 (p|k = 1) = I'(7) and
h(plk = 00) = 0. If we look at h(p, k) as a function of two variables p and k, it is
easily seen that fz(p, k) is a continuous function with no non-degenerate stationary
points. In fact

d - 9 8 G,
i) =0 = | oo | < |5 z] <0
LGN\ —a (-G,

= (@) G-

— k=09, (4.5)
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FIGURE 4. Plot of A(p|k). The solid lines are the bounds at which
h(plk) changes its monotonicity.

and we have already established that a%ﬁ(p, k) =0 <= k = 1. That is, there is

no point (p, k) at which a%ﬁ(p, k)= %B(p, k) = 0 which means that the surface of
h(p, k) is bimonotonic. Also, one should expect h(p|k) to be decreasing in p for fixed
kel0,1), Withf)ut examining the sign of the derivative. Indged, from Cas~es ITand II
we know that h(p|k = 0) = %F(T), h(plk = 1) =T(7), and h(p|k = 1) < h(plk = 0)
so that lim, .1 h(plk = 0) = h(p|k = 1) (i.e. h(p,k) is bounded by a constant
from below and a monotonically decreasing function from above). Since h(p|k) is
monotonic for k € [0,1), it must be be decreasing in p; otherwise, by definition
of infimum, it cannot be bounded by a constant from below and a monotonically
decreasing function from above.

Theorem 4.3. Let a,p € (0,1) such that p > « (i.e. G, > G where p= P(G <
Gp) and o = P(G < Ga)). For k > 1, if G is a gamma random variable with
parameters T and 6, then the following inequality holds:

1 G, 1 Ga

or alternatively,

G Ga
P(G<TPG<GP> > P(G<7G<Ga>. (4.7)
The inequality reverses for k € [0,1); it becomes equality for k = 1 and, trivially,

for k = oo.
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Proof. Recall that the CDF of the Gamma(r, ) distribution is

F(I;Tﬁ):ﬁv (T,%),

where « is the lower incomplete gamma function and I' is the gamma function of
Definition 4.1. Thus, one can write (4.6) in terms of the lower incomplete gamma

function as
1 G, 1 Ga

Now, since k > 1 and p > «, the inequality in (4.8) follows immediately from Case
IIT of Proposition 4.2. If k& € [0, 1) then Case I of the same proposition reverses the
inequality while, for £ = 1, Case II changes the inequality to equality. For k = oo,
both sides of the inequality become zero making it equality. (I

Remark. We call random wvariables that inherit such inequality to be quantile-
stochastic. This new theory of quantile-stochastic distributions will make it possible
for the first time to compare distributions in terms of the ratio of their cumulative
distribution function and quantiles and it opens new windows to distribution theory.
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