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IDENTITIES FOR THE £L,-TRANSFORM, THE £,,-TRANSFORM
AND THE P,, TRANSFORM AND THEIR APPLICATIONS

NESE DERNEK, FATIH AYLIKCI

ABSTRACT. In the present paper, the authors introduce several new integral
transforms including the £, -transform, the Lo, -transform and Pz, -transform
generalizations of the classical Laplace transform and the classical Stieltjes
transform as respectively.It is shown that the second iterate of the La,,-transform
is essentially the P2y -transform. Using this relationship, a few new Parseval-
Goldstein type identities are obtained.The theorem and the lemmas that are
proven in this article are new useful relations for evaluating infinite integrals
of special functions. Some related illustrative examples are also given.

1. INTRODUCTION, DEFINITIONS

Integral transforms are used in several branches of applied mathematics. Among
these, the Laplace transform is the most commonly used one in applications.

Widder [3] presented the following systematic account of the Widder potential
transform:

P{f(x);y} /;;J;_(Z)de. (1.1)
0

Widder pointed out that the potential transform is related to the Poisson integral
representation of a function which is harmonic in a half plane and gave a several
inversion formula for the transform.

The classic Laplace transform is defined as

C{f(x)y} = / exp(—y) f (). (1.2)
0

Goldstein [I0] introduced the following Parseval-type theorem for the classical
Laplace transform:

/ F(@)L{g(y): x}de = / o) CAF(2): w)dy. (1.3)
0 0
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Yurekli [9] gave the following Parseval-Goldstein type theorem,

/ C{f(x):y} Llg(y); )de = / o()S{f(@); y}dy, (1.4)
0 0

involving the Laplace transform and the Stieltjes transform,
[ f@)
S iy = [ —=dz. 1.5
@i = [ L (1.5
0

Srivastava and Singh [4] gave the following Parseval-Goldstein type formula for the
Widder potential transform:

/ yPLF (@) v} g(y)dy = / ePLo(y): 2} f(2)d. (1.6)
0 0

There are numerous analogous results in the literature on integral transforms.
Yurekli [7] introduced the Lo-transform,

o0

Lo{f(x);y} = /xexp(—x2y2)f(a:)dx (1.7)
0

and presented its systematic account in [7, [8]. The Lo-transform is related to the
classical Laplace transform, via the identities

Lalf@)w} = LU VR, (19)

L{f(x);y} = 2L2{f(2*); i} (1.9)

Dernek, Srivastava and Yurekli [5l, 6] presented the Ly-transform and the Py-
transform respectively:

Luff@yiy} = [ o exp(-a'y!) (@) (1.10)
0
v [B@
7’4{f(w),y}—0/x4+y4d (1.11)

The L4-transform is related to the Laplace transform and the Ls-transform by
means of the following identities:

Luff )iy} = LU, (112

L (@) 0} = SLatF ()i, (113)

Dernek, Srivastava and Yurekli [5] gave the Parseval-Goldstein type relation
between the L4-transform and the Py-transform as follows:

o0 oo

[ e t@Puatwialds = [ g)Paf (o) uldu (1.14)

0 0
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We now introduce a few generalized integral transforms. The £,, (n € N) trans-
form is defined by the following formula,

Lol f(x)y) = / L exp(—y"a™) f(2)de, n € N (1.15)
0

which is a generalization of the Laplace transform.
The Lo, transform as a generalization of the Lo-transform is defined as

Lon{f(a)iy} = / y2" exp(—y?"a®™) f(z)de, n € N. (1.16)
0

The L,-transform and the Lo, -transform are related to the Laplace transform and
the Lo-transform with the following formulas:

1 1
Latf(z)iy} = —L{f(x");y"} ,neN, (1.17)
1 1. o
Lon{f(@)iy} = - L{f(x77);y™"} (1.18)
and
Lodf(@);y} = *ﬁz{f( Dyt (1.19)
Lop{f(z);y} = Eﬁz{f(ﬁ);y”}- (1.20)
We introduce the P, -transform and the Ps,-transform as follows:
e 1f
Po{f(x);y} = / e dx, neN; (1.21)
xQn—lf(x)
0
The P,,-transform is related to the Stieltjes-transform ([1.5)) by means of the identity
Pulf(@)iy} = *S{f( ")y} (1.23)

and the P,,-transform is related to the Widder potential transform (1.1) by means
of the identity

Palf(@);u} = 2P{f )iyt (1.2)

Similarly the P, -transform is related to the Widder potential transform (1.1]) by
means of the identity

Ponlf(@);u} = S P )sy") (1.25)

In this paper, some of the identities are useful to evaluate infinite integrals invol-
ving the error function and the complementary error function. The error function
and the complementary error function are defined as

erf(x f /exp (1.26)
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/Ooexp (1.27)

erfe(x

BE

respectively.

2. THEOREMS AND COROLLARIES

Lemma 2.1. The following identity holds true,

2n

Lo{Lon{f(x);u}l;y} = g /J;”flf(x) exp (fx%)erfc(Qx )dx neN, (2.1)
0

provided that the integrals involved converge absolutely.

Proof. By the definitions (|1.15)) and (|1.16]) we have

o0

Lo{Lon{f(x);u};y}t = /u"_lexp(—u”y")
0 (2.2)

22" L exp(—u?"2®) f(2)dx | du.

X
0\8

Changing the order of integration which is permissible by absolute convergence of
the integrals involved, we obtain

Lol ol flaiuioy = [ @)] [t exp(-ua? — gt do
0 0
Using the equality
n 2 2n
2n 2n+y u” $2n(un+ 21211) _ 4y:172n (23)
the equation (2.3)) can be stated as
2n

Y
2n

LolLandf(@)sutiv} = / 2 f)esp (L
(2.4)

o0
n

[ e (o (104 )]

0

In the inner integral on the right hand side of (2.4)), making the change of variable

nlyn 4 Y
t=a (v + 55 ) (2.5)

and using the definition of complementary error function (|1.27)), we obtain the
assertion (2.1). O
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Lemma 2.2. The following identity,

oo

Lon{ Lol f(z):u);y) = 2ny2n / 2" f(2)dx

0 (2.6)

NI 1 1
 AngyPn “ xﬁf(;) xp (4x2"y2")erfc(2x"y”)dx’ neN
0

is true for the Loy -transform and the L, -transform, provided that each member of
the assertion (@) exits.

Proof. By the definitions (1.15]),(1.16)) of the L£,-transform and the Ly, -transform
we have

LanlCalf(@)ukin) = [T exp(—f"u)
0

X {/x"‘lexp(—u"x")f(x)dx du.
0

Changing the order of integration, which is permissible by absolute convergence of
the integrals involved, it follows from ([2.7)),

Lon{Ln{f(x);u};y} —/ L f () /uzn Lexp(— yPmu?n fu"a:”)du} dzx. (2.8)
0

Substituting

2n, 2 2n 2z
n, 2n n,n _
-y u —ur ==y ( 2y ) + W (29)

in the inner integral on the right-hand side of (2.8 7 we obtain

o0 . 1.271
LanlCalf@iukiny = [ o f@rewn (1)
5 (2.10)
2n—1 _.2n n T 2
X [/u exp( Y (u + 2y2") )du]dm.
0
Setting
n n xn
t—y (u + 2y2n) (2.11)
we get from ([2.10)) the following relation:
Lon{Ln{f(x);u}sy}
o0 2n 2n n n
o . ) L Jm an (2.12)
- /x f(z)exp (4y2”) {Qnyzn exp ( 4y2”) dnysn erfC(QZ/n)}dm.
0

Changing the variable of second and third integrations on left-hand side from =z
to t according to the transformation x = %, we have
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o0
1 _
Lon{Ln{f(x);u};y} = Iy /JC" Lf(x)da
L (2.13)
1 on—1 (1 1 1
T oyen / e (E) P <4t2ny2n)erfc(2tnyn)dt'

0
The assertion (2.6]) follows from (2.13)). O
Corollary 2.3. If the hypothesis stated in the Lemma 2.2 is satisfied then,

17
Lanlalf@hukin} = 5o [ f (o)
0 (2.14)

- ptnfen{ e (i)

Proof. Using the definitions of the L,-transform and the Lo, -transform in ([2.13|),
we obtain the identity (2.14). d

Corollary 2.4. If the hypothesis stated in the Lemma 2.2 is satisfied, then the
following identity holds true for the L, -transform and the L,,-transform:

m m o
Lolf@@)iy} = —Lm{flzn)iym} (2.15)
where m € N, n € N.
Proof. Using the definition (1.15) of the £,-transform, we have

oo

Lalf @iy} = [ ep(-ya f(a)d (216)
0
Setting ™ = ¢™ on the right-hand side of (2.16)), we get

m

Lol f@ivh =" [ e expletm(u )" (05t (217)
0

Changing the variable on right-hand side from ¢ to 2 according to the transformation
t = x, we obtain (2.15)). O
Example 2.5. We show

oo
n

1 —2n 1 1 Yy
/ T OXP [—a(1- 4y2n)}erfc(2xnyn>dx = i "N a8)
0

Proof. If we set

f(@) = exp(—2*")

in the formula (2.6]), we get
1
Canf{eaf e [ - a7 (1= o) [ruiv)

1 T n—1 2n 1 —3n —2ny., . 1
o O/z exp(—z“")dx — ﬁﬁn{LQn{x exp(—z~"");ul; ;}

(2.19)

2n
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Using the formula (2.1]) of Lemma 2.1, we have
1
-3 2ny. ., Y.
La{ Lon{a™" exp(—a®);ul; 5}

oo 2.20)
1 1 (
= ﬁ 72" L exp [ — g (1 — )} erfc( )dm.
2n 4qy2m 2y
0
Using the relation (2.20)) in the right-hand side of (2.19]), we obtain
(2.21)

Lexp(—2*™)dx — %ygnﬁgn{ﬁ {exp(—2®");u}; v}

i 1 —2n 1 1
/T-HGXP [—x (1 — 4y2n)}erfc<2xnyn)dx
0/

Setting f(z) = exp(—2?") in the relation (1.17) and using the known formula

[1, p.177, Entry(10)], the Laplace transform on the right-hand side of (2.21)) is given

by

L {exp(—z*);u} = %E{exp(—:ﬁ); u"} = g exp (%)erfc(%), (2.22)

u \/’ZL ca2n | yin
L{exp<4)erfc< 5 ),y }_7y”+%’ (2.23)
we obtain
? 4 3n
% /x exp(—2*")dx — T\l/yE Lon{Lp{exp(—2®");ul; v}
0
2" | 3n u uty, (2.24)
nﬁ/e =2 L exp (T Jerte( Jsv}
0
_y v U erfe( YY)y = V"
T n ﬁ{eXp(zx)erfC( 2 )y }* 2y + 1)
(Il
Example 2.6. We show
o0
2
/sinx exp (%)erfc(%)dw = /Ty exp(y?)erfe(y). (2.25)
0
Proof. If we set
f(z) =sinz (2.26)
in the assertion (2.1)) of Lemma 2.1 for n = 1, we get
7 2
L{Lo{sinx;u};y} = g /sina:exp <4y 2)erfc(21‘;)dac
. 0 (2.27)

2

/Sinxexp (%)erfc(%)d = Tﬁ{ﬁg{smx sul Yl

0
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Now with using the above relation and the known formula [I, p.146, Entry(21)] we
have

Lo{sinz;u} = Z (2(71_%52{352"“;u} _ % exp ( _ 4TIL2) (2.28)
n=0 '

We deduce the assertion (2.25)) of Example 2.2 as follows:

00
2

/sinx exp (4y2>erfc( i)dw

0

= (g (- z)} = (g o (- )0}

= Vryexp(y®)erfe(y).

O
Example 2.7. We show
7 2n n
/ar:"_1 sin(z") exp ( J )erfc(y—)dx
4x2m 2a"
" (2.29)
= ﬁTy exp(y?™erfe(y™), n € N,
Proof. If we set
f(&) = sin(a")
in Lemma 2.1 and use the formula (2.1]), we obtain
T n—1 . / mn y2" y" 2n : ny. .
2™ sin(a™) exp (4x2n)erfc(ﬁ)d:¢ = ﬁﬁn{ﬁgn{sm(z ;ubyr  (2.30)

0

With using the relations (2.25) and (2.23)) and the known formula [1l p.146, En-
try(21)], the Laplace transforms are given by

. n 1 . n L _ n
Lop{sin(z™);u} = %E{smx? u?} = 4\/;3” exp ( ik 2 ), (2.31)
1 1 —2n\. - _ 1 —2\.,n
Ln {2 3neXp(_1“ )it = ‘C{2u3 e ( 1" )i (2.52)
Ty" :
= \/;y exp(y*")erfe(y")

respectively. Then we obtain the relation (2.29) of Example 2.3. O

Example 2.8. We show

T cos(z™) y2" y"
/ c P (4x2”)erfc(2;7’>dx
0 (2.33)
4fy 2 n 8y2n
n

(29" + 3) exp(y*" Jerfe(y™) +

, neN
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Proof. If we set

cos(x™
flz) = x(n ) (2.34)
in the assertion (2.1)) of the Lemma 2.1, we get
n < n 2n n
En{ﬁ%{cos(x );u};y} = ﬁ x"flcos(x ) exp ( Y )erfc(y—)dx. (2.35)
" 2n " 4g2n 2z

0
Using the equation (1.20)), we conclude
" 1 1
Ezn{cos(x );u} = fﬁg{cosx;u"} = VT exp ( — ) (2.36)
xm n T 2nun 4u2n
Similarly by using the identity (1.15)) and the known formulas [Il p.129, Entry(6);p.146,
Entry(21)], we obtain

el o (= g} = e ow (- )}

4 n 8 2n
- %(2@2” +3) exp(y*")erfe(y") + ZL :

(2.37)

Substituting the result (2.37)) into (2.35)), we deduce the assertion ([2.33]). O

In the following lemma, we show that the second iterate of the Ls,,-transform in
(1.16) is essentially the Pa,-transform defined by ([1.22]).

Lemma 2.9. The following iteration identity,

GBS @)} = Lol Lol f@hihi2h = 5 Ponl )izl (238)
holds true, provided that the integrals involved converge absolutely.
Proof. Using the definition of the Lo,-transform, we have
L5,{f(2);y} = Lon{Lon{f(2):y}; 2}

o0 o0

_ /y2n71 exp(fZQ”yQ”)/x%fl eXp(fy2n.T2n)f(l’)dl‘dy.
0 0

(2.39)

Changing the order of integration, which is permissible by absolute convergence
of the integrals involved, it follows from ([2.39)),

L3, {f(@);y} = Lon{Lon{f(2)iy}; 2}

o0

[ o W o o (2.40)
= /5152 Hf(x) /ZUQ Lexp[—y?™ (z®" + 2*™)]dydz.
0 0
Evaluating the inner integral on the right-hand side of (2.40)), we have
L[ e (@)
2 . _
£2n{f(x)7y} - % / de (2.41)
0

With applying the definition (1.22]), we deduce the identity (2.38)) asserted by the
Lemma 2.3. (]
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Example 2.10. We illustrate the above lemma by showing
Pon{sin(z"u");z} = %exp(—z”x"). (2.42)
Proof. If we set
f(x) = sin(z"u")
in the assertion (2.38) of the Lemma 2.3 and then use the following identity,
_ \/EZ” ZQn )

L n i " ; (_
an{sin(z"u"); y} D exp D

which is easily evaluable from definition of the Lo,-transform (1.16)) and the known
formula [I p.146, Entry(28)]. If we apply the La,-transform to ([2.43) and use the

relation (L.18]), we obtain
Pon{sin(z"u");x} = 2nLop{Lan{sin(z"u");y}; x}
T a N (2.44)
=Ly e (= g )i
Using the identity (2.15) and the known formula [I p. 146, Entry (27)], we find

Pop{sin(z"u");x} = finﬁ{y_% exp ( - Z:;);xz"}

(2.43)

(2.45)
= = exp(—2"a")
57 €XD .
(Il
Example 2.11. We show
PZn{COS(ZinU); ;v} = 27;” exp(—z"z"). (2.46)
Proof. If we set
cos(z"u"
fla) = L) (2.47)
in the assertion (2.38) of the Lemma 2.3, we have
Po{ LD Y —ony {0, {CE ) )
u u

Using the following identity that could be evaluated easily from the definition of
the Lo,-transform and the known formula [I, p.158, Entry(67)],

cos(z"u™) N3 Z2n
£2"{ un ;y} - 2nyn <P ( B 4y2”) (2.49)
and with using the relation (|1.18)), we obtain
n,n 2n
,PZn{M; w} = ﬁﬁzn{y*” exp ( - L)w}
un 4y2n
JF o (2.50)
= —,C{y*l/2 exp ( - —);mQ"}.
2n 4y

Making use of another known formula [T, p.146, Entry(27)], the Laplace transform
on the right-hand side of (2.50) is given by

L{gfl/2 exp < - 242;);:52”} = g exp(—z"z"). (2.51)
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Substituting the result (2.51)) into (2.50)), we deduce the assertion ([2.46)). O

Theorem 2.12. The following Parseval-Goldstein type identities;

[ Lot eonlgtainddy = 5 [ 2 f@Panlgtugia)de, (252
0 0
i 2n—1 Lf 2n—1
[ Lot @) Conlgtaliddy = 5 [0 g Panl a)subdu, (259
0 0
and
[ @ Pagtug yde = [ g P e, (250
0 0

hold true, provided that the integrals involved converge absolutely.

Proof. We only give here the proof of Parseval-Goldstein identity , as the
proof of the relationship is similar. The relationship could be obtained
easily from the assertion (2.52)) and (2.53).

By the definition (1.16) of the Ly,-transform, we have

[ Lan @0} Lanlg(wy by
. 0 . (2.55)
= /yz"*lﬁm{g(U);y}/xQ”’lexp( "y f () dady.
0 0

Changing the order of integration, which is permissible by absolute convergence of
the integrals involved and using the definition (1.16]) once again, we get

/ 7 Lon{ f(2); y} Lon{g(u); y}dy

oo o0

/ 201 f () / Y exp(—2"y?) Lon{g(u); y} dyda (2.56)

0

— /z%*lf(x)ﬁgn{ﬁzn{g(m;y};I}dl’-

0

The assertion ([2.52) could be obtained from (2.56) and the assertion ([2.38) of
Lemma 2.3. g

Corollary 2.13. The following identity,
1 T
-n . . — n .
Loy Lon{ f(); 21/ny},z} S La{a" f(2); 2}, (2.57)

holds true, provided that the integrals involved converge absolutely.
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Proof. By setting
g(u) = sin(z"u™) (2.58)
in the assertion (2.52), we obtain

oo

/ Y2 Lo (2); 9} Lan {sin("u"); y ) dy

0

oo (2.59)
1 2n 1 . n. ny.
f( )P27L{SIH(Z u ),Z}dl‘
2n
0
Substituting the relations (2.43) and (2.42) in (2.59)), we get

% y_"_lexp( 1 2n)£2n{f( ); y}dy:/gvzn_1 exp(—z"z") f(x)dz. (2.60)
0

0

Changing the variable on the left-hand side from y to t according to the transfor-
mation y = ﬁ and using the definitions lii , we find

2nz"

NG

[ texpt-zmem Lan{ 1wy o7 Y
0
2nz

= 2 Lo Lon{ 1005 g7 i} (2:61)
:/xzn Lexp(—2z"a™) f(2)d.
0

Setting ¢t = y and using the definition of Lo, transform, the assertion (2.57) follows

from (2.61)). d

Corollary 2.14. The following identity,

(oo}

/1’2"’1 sin(z"2")Pan{g(u); 2 }dr = %En{x”f(x);z}, (2.62)

0

holds true for the Pa,-transform and the L, -transform, provided that the integrals
involved converge absolutely.

Proof. By setting
f(z) =sin(z"2™) (2.63)
in the assertion (2.52), we obtain

oo

/ y*" Lon{sin(z"z"); y} Lon{g(u); y}dy

0 (2.64)

oo

1
= — [ 2? Lsin(2"2")Pan{g(u); 2 }da.
2n
0
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Using the relation (2.43)), we have

2" T 1 Z2n
VP [ e (= ) Eanfatulutdy

0 (2.65)

oo

= /a:?"*lsin(z”x”)Pgn{g(u);x}d:c.
0
Changing the variable on the left-hand side of (2.65)) from y to ¢ according to the

transformation y = ﬁ, we obtain
t" L exp(—22"t*) L {g(u) L}dt
2n ) 21/nt
0
, ~ (2.66)

= 7/1:2”71 sin(z"z")Pan{g(u); x}dz.
v

Using the definition (1.16]) of the Lo,-transform and the definition (1.15)) of the
L,-transform, we have

1 1 17
Egn{t—nﬁgn{g(u); m}, z} = N /x2"_1 sin(z"2")Pan{g(u); x}dx.
0
Using the assertion (2.57) of Corollary 2.3,

P cgn{ () oy 7} = o Lala” Fa):2)

oo (2.67)
fz" /502” Lsin(2"2™)Pan{g(u); 2 }dz,
0
we obtain the assertion of Corollary 2.4. O
Corollary 2.15. The following identity,
1 1 \F
Lon{ g Lo $0) g 32 = 4 Lalf (@21, (2.68)

holds true for the Lo, -transform and the En-tmnsform, provided that the integrals
involved converge absolutely.

Proof. By setting
cos(z™u"™
() = L) (2.69)

in the assertion (2.52)) of the Theorem 2.1, we have

oo

/yQ”‘l»Can{f(x); y}ﬁzn{

0

cos(z"u™
cos(z"u”) ; y}dy

. " (2.70)
_ i/x%*lf(x)p%{icos(zn“n);x}dz.

2n u"
0
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Using the identity (2.36)) and the identity (2.48)), we have

o

% O°° yn1 exp( 1y 2n)£2n{f( );ytdy = /x"ilexp(—z"x")f(x)dz. (2.71)
0

Changing the variable on the left-hand side of (2.71)) from y to ¢ according to the

transformation y = ﬁ, we find
i Lexp(—22"t*™") Ly {f(x) 1 }dt
\/> n ’ 21/"t
© (2.72)

= /x”fl exp(—z"2") f(z)dx.
0

Using the definition of the £,-transform (.15 and setting ¢ = y, we obtain the
assertion (2.68)) of Corollary 2.5. O

3. ILLUSTRATIVE EXAMPLES
Example 3.1. We show
L {a"erfc(a™z™); 2}
1 T 1 T z" 1 1 z" (3.1)
:7[£_7}_£ p( ){ }erf(

ex — — ——|erfe(—
nz" L zn 2am 2n 4a?n ) Lz2n 2qg2n 2an

where a # 0, Re(a) >0, n € N.

Proof. If we set
f(z) = erfc(a™2™) (3.2)
in the assertion (2.57) of Corollary 2.3, we obtain

Lp{z"erfc(a™a™); 2z} = \f Lgn{y Egn{erfc( ™ ﬁ},z} (3.3)

Using the definition of the complementary error function and changing the order
of integration and evaluating the inner integral on the right hand side, we have

o o
1 2n
Egn{erfc(a"x"); W} = /1:2”71 exp ( - 42211) / exp(—u?)dudz

0 anx™

o) ul/"/a

2n
:/exp(—uz) / $2n71exp(7 EJTn)dxdu (3.4)
0 0

Ca ] ) 1 ,
) Ty
0 0
Making the change of variable
1
b= w1 ayn (3.5)
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and using the linearity of the Lo, -transform, we get
2n

1 y
L n{erfc ax™); } =22"Lon{y"™; 2} —4a"2" L n{—;z}, 3.6
2 ( ) 91/ny 2nf{y"; 2} 2 T dar (3.6)
where JE
1 1 s
Lon{y™;2} = Loy 2% = ———T(5 +1) = 3.7
0755} = SEM V) = e TG ) = Y (3)
and
y>" Ji 2n—1 2n, 2 y*"
L n{—;z} =/ " exp(— 2 MY ") ————dy. 3.8
o J y p(—2""y™") T aage (3.8)
To calculate the right-hand side integration in (3.8)), we make the change of variable
u =1+ 4a*"y*", (3.9)
then we get
c { yZn } 1 . ( Z2n )
R —————t A X
VN + 4q2ny2n 32nain P (gq2n
w 22nu ® ZZnu (310)
- 1/2 - ~1/2
x[/exp(f 1a2n )u/duf/exp(éla271 )u /du]
1 1

Changing the variable of the integration on the right-hand side from u to x according
to the transformation

Znul/Z
= 3.11
T=— (3.11)
and using the integration by parts, we find
., 1 1 Nis 22n z"
L‘gn{erfc(a ") 21/”y} ~ 8na2nz2n + Snanzsn P (4a2”)erfc(2a”)

VT exp( a )erfc(i).

 16na®nzn 4a?n 2an
The assertion ([3.1)) could be obtained by inserting expressions (3.7)) and (3.12)) into
relation (3.6]). O

Example 3.2. We show
anv22v
n/m

where Re(v) > —%, Re(a) >0, n € N.

1
[,n{l‘m}Jv(Qan.’L‘n); Z} — (an +4a2n)—v—%r(v + 5)’ (313)

Proof. If we put

f(z) =2™J,(2a"z™) (3.14)
in the assertion (2.68) of Corollary 2.5 and using the known formula [I, p.185,
Entry(27)], we obtain
anv22v+1

T

an'u22'u+1 r 2nv+n—1 2n(.2n 2n
- y exp(—y~" (27" + 4a”"))dy.

Nz

Lo {x™ Ty (2a"2™); 2} = Lgn{y"(%_ 1 exp(—4a®"y*™); 2}

(3.15)

0
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Changing the variable of the integration on the right-hand side from y to v according
to the transformation

u=y"(2*" + 40?2, (3.16)
we get

am}22v+1 ) 9 N < 9 9

L {x™ Jy(2a"2™); 2} = W(Z "4 4a"")7072 /u Y exp(—u”)du.
0
Making the change of variable
= u? (3.17)
and using the definition of the I" function, we arrive at the relation (3.13]). O
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