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IDENTITIES FOR THE Ln-TRANSFORM, THE L2n-TRANSFORM

AND THE P2n TRANSFORM AND THEIR APPLICATIONS

NESE DERNEK, FATIH AYLIKCI

Abstract. In the present paper, the authors introduce several new integral
transforms including the Ln-transform, the L2n-transform and P2n-transform

generalizations of the classical Laplace transform and the classical Stieltjes

transform as respectively.It is shown that the second iterate of the L2n-transform
is essentially the P2n-transform. Using this relationship, a few new Parseval-

Goldstein type identities are obtained.The theorem and the lemmas that are
proven in this article are new useful relations for evaluating infinite integrals

of special functions. Some related illustrative examples are also given.

1. Introduction, definitions

Integral transforms are used in several branches of applied mathematics. Among
these, the Laplace transform is the most commonly used one in applications.

Widder [3] presented the following systematic account of the Widder potential
transform:

P{f(x); y} =

∞∫
0

xf(x)

x2 + y2
dx. (1.1)

Widder pointed out that the potential transform is related to the Poisson integral
representation of a function which is harmonic in a half plane and gave a several
inversion formula for the transform.

The classic Laplace transform is defined as

L{f(x); y} =

∞∫
0

exp(−xy)f(x)dx. (1.2)

Goldstein [10] introduced the following Parseval-type theorem for the classical
Laplace transform:

∞∫
0

f(x)L{g(y);x}dx =

∞∫
0

g(y)L{f(x); y}dy. (1.3)
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Yurekli [9] gave the following Parseval-Goldstein type theorem,

∞∫
0

L{f(x); y}L{g(y);x}dx =

∞∫
0

g(y)S{f(x); y}dy, (1.4)

involving the Laplace transform and the Stieltjes transform,

S{f(x); y} =

∞∫
0

f(x)

x+ y
dx. (1.5)

Srivastava and Singh [4] gave the following Parseval-Goldstein type formula for the
Widder potential transform:

∞∫
0

yP{f(x); y}g(y)dy =

∞∫
0

xP{g(y);x}f(x)dx. (1.6)

There are numerous analogous results in the literature on integral transforms.
Yurekli [7] introduced the L2-transform,

L2{f(x); y} =

∞∫
0

x exp(−x2y2)f(x)dx (1.7)

and presented its systematic account in [7, 8]. The L2-transform is related to the
classical Laplace transform, via the identities

L2{f(x); y} =
1

2
L{f(

√
x); y2}, (1.8)

L{f(x); y} = 2L2{f(x2);
√
y}. (1.9)

Dernek, Srivastava and Yurekli [5, 6] presented the L4-transform and the P4-
transform respectively:

L4{f(x); y} =

∞∫
0

x3 exp(−x4y4)f(x)dx, (1.10)

P4{f(x); y} =

∞∫
0

x3f(x)

x4 + y4
dx. (1.11)

The L4-transform is related to the Laplace transform and the L2-transform by
means of the following identities:

L4{f(x); y} =
1

4
L{f(x

1
4 ); y4}, (1.12)

L4{f(x); y} =
1

2
L2{f(x

1
2 ); y2}. (1.13)

Dernek, Srivastava and Yurekli [5] gave the Parseval-Goldstein type relation
between the L4-transform and the P4-transform as follows:

∞∫
0

x3f(x)P4{g(u);x}dx =

∞∫
0

u3g(u)P4{f(x);u}du. (1.14)
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We now introduce a few generalized integral transforms. The Ln (n ∈ N) trans-
form is defined by the following formula,

Ln{f(x); y} =

∞∫
0

xn−1 exp(−ynxn)f(x)dx, n ∈ N (1.15)

which is a generalization of the Laplace transform.
The L2n transform as a generalization of the L2-transform is defined as

L2n{f(x); y} =

∞∫
0

y2n−1 exp(−y2nx2n)f(x)dx, n ∈ N. (1.16)

The Ln-transform and the L2n-transform are related to the Laplace transform and
the L2-transform with the following formulas:

Ln{f(x); y} =
1

n
L{f(x

1
n ); yn} , n ∈ N, (1.17)

L2n{f(x); y} =
1

2n
L{f(x

1
2n ); y2n} (1.18)

and

Ln{f(x); y} =
2

n
L2{f(x

2
n ); y

n
2 }, (1.19)

L2n{f(x); y} =
1

n
L2{f(x

1
n ); yn}. (1.20)

We introduce the Pn-transform and the P2n-transform as follows:

Pn{f(x); y} =

∞∫
0

xn−1f(x)

xn + yn
dx, n ∈ N; (1.21)

P2n{f(x); y} =

∞∫
0

x2n−1f(x)

x2n + y2n
dx, n ∈ N. (1.22)

The Pn-transform is related to the Stieltjes-transform (1.5) by means of the identity

Pn{f(x); y} =
1

n
S{f(x

1
n ); yn} (1.23)

and the Pn-transform is related to the Widder potential transform (1.1) by means
of the identity

Pn{f(x); y} =
2

n
P{f(x

2
n ); y

n
2 }. (1.24)

Similarly the P2n-transform is related to the Widder potential transform (1.1) by
means of the identity

P2n{f(x); y} =
1

n
P{f(x

1
n ); yn}. (1.25)

In this paper, some of the identities are useful to evaluate infinite integrals invol-
ving the error function and the complementary error function. The error function
and the complementary error function are defined as

erf(x) =
2√
π

x∫
0

exp(−u2)du, (1.26)
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erfc(x) =
2√
π

∞∫
x

exp(−u2)du, (1.27)

respectively.

2. Theorems and corollaries

Lemma 2.1. The following identity holds true,

Ln{L2n{f(x);u}; y} =

√
π

2n

∞∫
0

xn−1f(x) exp
( y2n

4x2n

)
erfc

( yn
2xn

)
dx, n ∈ N, (2.1)

provided that the integrals involved converge absolutely.

Proof. By the definitions (1.15) and (1.16) we have

Ln{L2n{f(x);u}; y} =

∞∫
0

un−1 exp(−unyn)

×
[ ∞∫

0

x2n−1 exp(−u2nx2n)f(x)dx
]
du.

(2.2)

Changing the order of integration which is permissible by absolute convergence of
the integrals involved, we obtain

Ln{L2n{f(x);u}; y} =

∞∫
0

x2n−1f(x)
[ ∞∫

0

un−1 exp(−u2nx2n − ynun)du
]
dx.

Using the equality

u2nx2n + ynun = x2n
(
un +

yn

2x2n

)2
− y2n

4x2n
(2.3)

the equation (2.3) can be stated as

Ln{L2n{f(x);u}; y} =

∞∫
0

x2n−1f(x) exp
( y2n

4x2n

)

×
[ ∞∫

0

un−1 exp
(
− x2n

(
un +

yn

2x2n

)2)
du
]
dx.

(2.4)

In the inner integral on the right hand side of (2.4), making the change of variable

t = xn
(
un +

yn

2x2n

)
(2.5)

and using the definition of complementary error function (1.27), we obtain the
assertion (2.1). �
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Lemma 2.2. The following identity,

L2n{Ln{f(x);u}; y} =
1

2ny2n

∞∫
0

xn−1f(x)dx

−
√
π

4ny3n

∞∫
0

xn−1
1

x3n
f
( 1

x

)
exp

( 1

4x2ny2n

)
erfc

( 1

2xnyn

)
dx, n ∈ N

(2.6)

is true for the L2n-transform and the Ln-transform, provided that each member of
the assertion (2.6) exits.

Proof. By the definitions (1.15),(1.16) of the Ln-transform and the L2n-transform
we have

L2n{Ln{f(x);u}; y} =

∞∫
0

u2n−1 exp(−y2nu2n)

×
[ ∞∫

0

xn−1 exp(−unxn)f(x)dx
]
du.

(2.7)

Changing the order of integration, which is permissible by absolute convergence of
the integrals involved, it follows from (2.7),

L2n{Ln{f(x);u}; y} =

∞∫
0

xn−1f(x)
[ ∞∫

0

u2n−1 exp(−y2nu2n − unxn)du
]
dx. (2.8)

Substituting

− y2nu2n − unxn = −y2n
(
un +

x

2y2n

)2
+

x2n

4y2n
(2.9)

in the inner integral on the right-hand side of (2.8), we obtain

L2n{Ln{f(x);u}; y} =

∞∫
0

xn−1f(x) exp
( x2n

4y2n

)
×
[ ∫

0

u2n−1 exp
(
− y2n

(
un +

x

2y2n

)2)
du
]
dx.

(2.10)

Setting

t = yn
(
un +

xn

2y2n

)
(2.11)

we get from (2.10) the following relation:

L2n{Ln{f(x);u}; y}

=

∞∫
0

xn−1f(x) exp
( x2n

4y2n

)[ 1

2ny2n
exp

(
− x2n

4y2n

)
−
√
πxn

4ny3n
erfc

( xn
2yn

)]
dx.

(2.12)

Changing the variable of second and third integrations on left-hand side from x
to t according to the transformation x = 1

t , we have
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L2n{Ln{f(x);u}; y} =
1

2ny2n

∞∫
0

xn−1f(x)dx

− 1

2y3n

∞∫
0

t−2n−1f
(1

t

)
exp

( 1

4t2ny2n

)
erfc

( 1

2tnyn

)
dt.

(2.13)

The assertion (2.6) follows from (2.13). �

Corollary 2.3. If the hypothesis stated in the Lemma 2.2 is satisfied then,

L2n{Ln{f(x);u}; y} =
1

2ny2n

∞∫
0

xn−1f(x)dx

− 1

2y3n
Ln

{
L2n

{ 1

x3n
f
( 1

x

)
;u
}

;
1

y

}
.

(2.14)

Proof. Using the definitions of the Ln-transform and the L2n-transform in (2.13),
we obtain the identity (2.14). �

Corollary 2.4. If the hypothesis stated in the Lemma 2.2 is satisfied, then the
following identity holds true for the Ln-transform and the Lm-transform:

Ln{f(x); y} =
m

n
Lm{f(x

m
n ); y

n
m } (2.15)

where m ∈ N, n ∈ N.

Proof. Using the definition (1.15) of the Ln-transform, we have

Ln{f(x); y} =

∞∫
0

xn−1 exp(−ynxn)f(x)dx. (2.16)

Setting xn = tm on the right-hand side of (2.16), we get

Ln{f(x); y} =
m

n

∞∫
0

tm−1 exp[−tm(y
n
m )m]f(t

m
n )dt. (2.17)

Changing the variable on right-hand side from t to x according to the transformation
t = x, we obtain (2.15). �

Example 2.5. We show
∞∫
0

1

x2n+1
exp

[
− x−2n

(
1− 1

4y2n

)]
erfc

( 1

2xnyn

)
dx =

yn

n(2yn + 1)
, n ∈ N. (2.18)

Proof. If we set
f(x) = exp(−x2n)

in the formula (2.6), we get

L2n

{
Ln

{
exp

[
− x−2n

(
1− 1

4y2n

)]
;u
}

; y
}

=
1

2ny2n

∞∫
0

xn−1 exp(−x2n)dx− 1

2y3n
Ln

{
L2n{x−3n exp(−x−2n);u}; 1

y

}
.

(2.19)
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Using the formula (2.1) of Lemma 2.1, we have

Ln

{
L2n{x−3n exp(−x2n);u}; 1

y

}
=

√
π

2n

∞∫
0

x−2n+1 exp
[
− x−2n

(
1− 1

4y2n

)]
erfc

( 1

2xnyn

)
dx.

(2.20)

Using the relation (2.20) in the right-hand side of (2.19), we obtain
∞∫
0

1

x2n+1
exp

[
− x−2n

(
1− 1

4y2n

)]
erfc

( 1

2xnyn

)
dx

=
2yn√
π

∞∫
0

xn−1 exp(−x2n)dx− 4n√
π
y3nL2n{Ln{exp(−x2n);u}; y}.

(2.21)

Setting f(x) = exp(−x2n) in the relation (1.17) and using the known formula
[1, p.177, Entry(10)], the Laplace transform on the right-hand side of (2.21) is given
by

Ln{exp(−x2n);u} =
1

n
L{exp(−x2);un} =

√
π

2n
exp

(u2n
4

)
erfc

(un
2

)
, (2.22)

L
{

exp
(u

4

)
erfc

(√u
2

)
; y2n

}
=

y−n

yn + 1
2

, (2.23)

we obtain

2yn√
π

∞∫
0

xn−1 exp(−x2n)dx− 4ny3n√
π
L2n{Ln{exp(−x2n);u}; y}

=
2yn

n
√
π

∞∫
0

exp(−t2)dt− 2y3nL2n

{
exp

(u2n
4

)
erfc

(un
2

)
; y
}

=
yn

n
− y3n

n
L
{

exp
(u

4

)
erfc

(√u
2

)
; y2n

}
=

yn

n(2yn + 1)
.

(2.24)

�

Example 2.6. We show
∞∫
0

sinx exp
( y2

4x2

)
erfc

( y
2x

)
dx =

√
πy exp(y2)erfc(y). (2.25)

Proof. If we set
f(x) = sinx (2.26)

in the assertion (2.1) of Lemma 2.1 for n = 1, we get

L{L2{sinx;u}; y} =

√
π

2

∞∫
0

sinx exp
( y2

4x2

)
erfc

( y
2x

)
dx

∞∫
0

sinx exp
( y2

4x2

)
erfc

( y
2x

)
dx =

2√
π
L{L2{sinx;u}; y}.

(2.27)
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Now with using the above relation and the known formula [1, p.146, Entry(21)] we
have

L2{sinx;u} =

∞∑
n=0

(−1)n

(2n+ 1)!
L2{x2n+1;u} =

√
π

4u3
exp

(
− 1

4u2

)
. (2.28)

We deduce the assertion (2.25) of Example 2.2 as follows:

∞∫
0

sinx exp
( y2

4x2

)
erfc

( y
2x

)
dx

= L
{ 1

2u3
exp

(
− 1

4u2

)
; y
}

= L
{ d

du

[
exp

(
− 1

4u2

)]
; y
}

=
√
πy exp(y2)erfc(y).

�

Example 2.7. We show

∞∫
0

xn−1 sin(xn) exp
( y2n

4x2n

)
erfc

( yn
2xn

)
dx

=

√
πyn

n
exp(y2n)erfc(yn), n ∈ N.

(2.29)

Proof. If we set

f(x) = sin(xn)

in Lemma 2.1 and use the formula (2.1), we obtain

∞∫
0

xn−1 sin(xn) exp
( y2n

4x2n

)
erfc

( yn
2xn

)
dx =

2n√
π
Ln{L2n{sin(xn);u}; y} (2.30)

With using the relations (2.25) and (2.23) and the known formula [1, p.146, En-
try(21)], the Laplace transforms are given by

L2n{sin(xn);u} =
1

2n
L{sinx 1

2 ;u2n} =

√
π

4nu3n
exp

(
− 1

4
u−2n

)
, (2.31)

Ln

{ 1

2u3n
exp

(
− 1

4
u−2n

)
; y
}

=
1

n
L
{ 1

2u3
exp

(
− 1

4
u−2

)
; yn}

=

√
πyn

n
exp(y2n)erfc(yn)

(2.32)

respectively. Then we obtain the relation (2.29) of Example 2.3. �

Example 2.8. We show

∞∫
0

cos(xn)

x
exp

( y2n
4x2n

)
erfc

( yn
2xn

)
dx

=
4
√
πyn

n
(2y2n + 3) exp(y2n)erfc(yn) +

8y2n

n
, n ∈ N

(2.33)
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Proof. If we set

f(x) =
cos(xn)

xn
(2.34)

in the assertion (2.1) of the Lemma 2.1, we get

Ln

{
L2n

{cos(xn)

xn
;u
}

; y
}

=

√
π

2n

∞∫
0

xn−1
cos(xn)

xn
exp

( y2n
4x2n

)
erfc

( yn
2xn

)
dx. (2.35)

Using the equation (1.20), we conclude

L2n

{cos(xn)

xn
;u
}

=
1

n
L2

{cosx

x
;un
}

=

√
π

2nun
exp

(
− 1

4u2n

)
. (2.36)

Similarly by using the identity (1.15) and the known formulas [1, p.129, Entry(6);p.146,
Entry(21)], we obtain

Ln

{ 1

un
exp

(
− 1

4u2n

)
; y
}

=
1

n
L
{ 1

u
exp

(
− 1

4u2

)
; yn
}

=
4
√
πyn

n
(2y2n + 3) exp(y2n)erfc(yn) +

8y2n

n
.

(2.37)

Substituting the result (2.37) into (2.35), we deduce the assertion (2.33). �

In the following lemma, we show that the second iterate of the L2n-transform in
(1.16) is essentially the P2n-transform defined by (1.22).

Lemma 2.9. The following iteration identity,

L2
2n{f(x); y} = L2n{L2n{f(x); y}; z} =

1

2n
P2n{f(x); z}, (2.38)

holds true, provided that the integrals involved converge absolutely.

Proof. Using the definition (1.16) of the L2n-transform, we have

L2
2n{f(x); y} = L2n{L2n{f(x); y}; z}

=

∞∫
0

y2n−1 exp(−z2ny2n)

∞∫
0

x2n−1 exp(−y2nx2n)f(x)dxdy.
(2.39)

Changing the order of integration, which is permissible by absolute convergence
of the integrals involved, it follows from (2.39),

L2
2n{f(x); y} = L2n{L2n{f(x); y}; z}

=

∞∫
0

x2n−1f(x)

∞∫
0

y2n−1 exp[−y2n(x2n + z2n)]dydx.
(2.40)

Evaluating the inner integral on the right-hand side of (2.40), we have

L2
2n{f(x); y} =

1

2n

∞∫
0

x2n−1f(x)

x2n + z2n
dx. (2.41)

With applying the definition (1.22), we deduce the identity (2.38) asserted by the
Lemma 2.3. �
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Example 2.10. We illustrate the above lemma by showing

P2n{sin(znun);x} =
π

n
exp(−znxn). (2.42)

Proof. If we set

f(x) = sin(znun)

in the assertion (2.38) of the Lemma 2.3 and then use the following identity,

L2n{sin(znun); y} =

√
πzn

4ny3n
exp

(
− z2n

4y2n

)
, (2.43)

which is easily evaluable from definition of the L2n-transform (1.16) and the known
formula [1, p.146, Entry(28)]. If we apply the L2n-transform to (2.43) and use the
relation (1.18), we obtain

P2n{ sin(znun);x} = 2nL2n{L2n{sin(znun); y};x}

=
zn
√
π

2
L2n

{
y−3n exp

(
− z2n

4y2n

)
;x
}
.

(2.44)

Using the identity (2.15) and the known formula [1, p. 146, Entry (27)], we find

P2n{sin(znun);x} =

√
πzn

4n
L
{
y−

3
2 exp

(
− z2n

4y

)
;x2n

}
=

π

2n
exp(−znxn).

(2.45)

�

Example 2.11. We show

P2n

{cos(znun)

un
;x
}

=
π

2nxn
exp(−znxn). (2.46)

Proof. If we set

f(x) =
cos(znun)

un
(2.47)

in the assertion (2.38) of the Lemma 2.3, we have

P2n

{cos(znun)

un
;x
}

= 2nL2n

{
L2n

{cos(znun)

un
; y
}

;x
}
. (2.48)

Using the following identity that could be evaluated easily from the definition of
the L2n-transform and the known formula [1, p.158, Entry(67)],

L2n

{cos(znun)

un
; y
}

=

√
π

2nyn
exp

(
− z2n

4y2n

)
(2.49)

and with using the relation (1.18), we obtain

P2n

{cos(znun)

un
;x
}

=
√
πL2n

{
y−n exp

(
− z2n

4y2n

)
;x
}

=

√
π

2n
L
{
y−1/2 exp

(
− z2n

4y

)
;x2n

}
.

(2.50)

Making use of another known formula [1, p.146, Entry(27)], the Laplace transform
on the right-hand side of (2.50) is given by

L
{
y−1/2 exp

(
− z2n

4y

)
;x2n

}
=

√
π

xn
exp(−znxn). (2.51)
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Substituting the result (2.51) into (2.50), we deduce the assertion (2.46). �

Theorem 2.12. The following Parseval-Goldstein type identities;

∞∫
0

y2n−1L2n{f(x); y}L2n{g(u); y}dy =
1

2n

∞∫
0

x2n−1f(x)P2n{g(u);x}dx, (2.52)

∞∫
0

y2n−1L2n{f(x); y}L2n{g(u); y}dy =
1

2n

∞∫
0

u2n−1g(u)P2n{f(x);u}du, (2.53)

and
∞∫
0

x2n−1f(x)P2n{g(u);x}dx =

∞∫
0

u2n−1g(u)P2n{f(x);u}du, (2.54)

hold true, provided that the integrals involved converge absolutely.

Proof. We only give here the proof of Parseval-Goldstein identity (2.52), as the
proof of the relationship (2.53) is similar. The relationship (2.54) could be obtained
easily from the assertion (2.52) and (2.53).
By the definition (1.16) of the L2n-transform, we have

∞∫
0

y2n−1L2n{f(x); y}L2n{g(u); y}dy

=

∞∫
0

y2n−1L2n{g(u); y}
∞∫
0

x2n−1 exp(−x2ny2n)f(x)dxdy.

(2.55)

Changing the order of integration, which is permissible by absolute convergence of
the integrals involved and using the definition (1.16) once again, we get

∞∫
0

y2n−1L2n{f(x); y}L2n{g(u); y}dy

=

∞∫
0

x2n−1f(x)

∞∫
0

y2n−1 exp(−x2ny2n)L2n{g(u); y}dydx

=

∞∫
0

x2n−1f(x)L2n{L2n{g(u); y};x}dx.

(2.56)

The assertion (2.52) could be obtained from (2.56) and the assertion (2.38) of
Lemma 2.3. �

Corollary 2.13. The following identity,

L2n

{
y−nL2n

{
f(x);

1

21/ny

}
; z
}

=

√
π

2nzn
Ln{xnf(x); z}, (2.57)

holds true, provided that the integrals involved converge absolutely.
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Proof. By setting

g(u) = sin(znun) (2.58)

in the assertion (2.52), we obtain

∞∫
0

y2n−1L2n{f(x); y}L2n{sin(znun); y}dy

=
1

2n

∞∫
0

x2n−1f(x)P2n{sin(znun);x}dx.

(2.59)

Substituting the relations (2.43) and (2.42) in (2.59), we get

nzn√
π

∞∫
0

y−n−1 exp
(
− z2n

4y2n

)
L2n{f(x); y}dy =

∞∫
0

x2n−1 exp(−znxn)f(x)dx. (2.60)

Changing the variable on the left-hand side from y to t according to the transfor-
mation y = 1

21/nt
and using the definitions (1.15)-(1.16), we find

2nzn√
π

∞∫
0

tn−1 exp(−z2nt2n)L2n

{
f(x);

1

21/nt

}
dt

=
2nzn√
π
L2n

{ 1

tn
L2n

{
f(x);

1

21/nt

}
; z
}

=

∞∫
0

x2n−1 exp(−znxn)f(x)dx.

(2.61)

Setting t = y and using the definition of L2n transform, the assertion (2.57) follows
from (2.61). �

Corollary 2.14. The following identity,

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx =
π

2n
Ln{xnf(x); z}, (2.62)

holds true for the P2n-transform and the Ln-transform, provided that the integrals
involved converge absolutely.

Proof. By setting

f(x) = sin(znxn) (2.63)

in the assertion (2.52), we obtain

∞∫
0

y2n−1L2n{sin(znxn); y}L2n{g(u); y}dy

=
1

2n

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx.

(2.64)
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Using the relation (2.43), we have

√
πzn

2

∞∫
0

1

yn+1
exp

(
− z2n

4y2n

)
L2n{g(u); y}dy

=

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx.

(2.65)

Changing the variable on the left-hand side of (2.65) from y to t according to the
transformation y = 1

21/nt
, we obtain

∞∫
0

tn−1 exp(−z2nt2n)L2n

{
g(u);

1

21/nt

}
dt

=
1√
πzn

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx.

(2.66)

Using the definition (1.16) of the L2n-transform and the definition (1.15) of the
Ln-transform, we have

L2n

{ 1

tn
L2n

{
g(u);

1

21/nt

}
; z
}

=
1√
πzn

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx.

Using the assertion (2.57) of Corollary 2.3,

L2n

{ 1

tn
L2n

{
g(u);

1

21/nt

}
; z
}

=

√
π

2nzn
Ln{xnf(x); z}

=
1√
πzn

∞∫
0

x2n−1 sin(znxn)P2n{g(u);x}dx,
(2.67)

we obtain the assertion (2.62) of Corollary 2.4. �

Corollary 2.15. The following identity,

L2n

{ 1

y3n
L2n

{
f(x);

1

21/ny

}
; z
}

=

√
π

n
Ln{f(x); z}, (2.68)

holds true for the L2n-transform and the Ln-transform, provided that the integrals
involved converge absolutely.

Proof. By setting

g(u) =
cos(znun)

un
(2.69)

in the assertion (2.52) of the Theorem 2.1, we have

∞∫
0

y2n−1L2n{f(x); y}L2n

{cos(znun)

un
; y
}
dy

=
1

2n

∞∫
0

x2n−1f(x)P2n

{cos(znun)

un
;x
}
dx.

(2.70)
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Using the identity (2.36) and the identity (2.48), we have

2n√
π

∫ ∞
0

yn−1 exp
(
− z2n

4y2n

)
L2n{f(x); y}dy =

∞∫
0

xn−1 exp(−znxn)f(x)dx. (2.71)

Changing the variable on the left-hand side of (2.71) from y to t according to the
transformation y = 1

21/nt
, we find

n√
π

∞∫
0

t−n−1 exp(−z2nt2n)L2n

{
f(x);

1

21/nt

}
dt

=

∞∫
0

xn−1 exp(−znxn)f(x)dx.

(2.72)

Using the definition of the Ln-transform (1.15) and setting t = y, we obtain the
assertion (2.68) of Corollary 2.5. �

3. Illustrative examples

Example 3.1. We show

Ln{xnerfc(anxn); z}

=
1

nzn

[√π
zn
− 1

2an

]
−
√
π

2n
exp

( zn

4a2n

)[ 1

z2n
− 1

2a2n

]
erfc(

zn

2an
)

(3.1)

where a 6= 0, Re(a) > 0, n ∈ N.

Proof. If we set

f(x) = erfc(anxn) (3.2)

in the assertion (2.57) of Corollary 2.3, we obtain

Ln{xnerfc(anxn); z} =
2nzn√
π
L2n

{
y−nL2n

{
erfc(anxn);

1

21/ny

}
; z
}
. (3.3)

Using the definition of the complementary error function and changing the order
of integration and evaluating the inner integral on the right hand side, we have

L2n

{
erfc(anxn);

1

21/ny

}
=

∞∫
0

x2n−1 exp
(
− x2n

4y2n

) ∞∫
anxn

exp(−u2)dudx

=

∞∫
0

exp(−u2)

u1/n/a∫
0

x2n−1 exp
(
− x2n

4y2n

)
dxdu

= −4y2n

2n

[ ∞∫
0

exp
(
− u2

(
1 +

1

4a2ny2n

))
du−

∞∫
0

exp(−u2)du
]
.

(3.4)

Making the change of variable

t = u

√
1 +

1

4a2ny2n
(3.5)
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and using the linearity of the L2n-transform, we get

L2n

{
erfc(anxn);

1

21/ny

}
= 2znL2n{yn; z} − 4anznL2n

{ y2n√
1 + 4a2ny2n

; z
}
, (3.6)

where

L2n{yn; z} =
1

2
Ln{yn/2; z2} =

1

n(z2)n+
n
2

Γ(
1

2
+ 1) =

√
π

2nz3n
(3.7)

and

L2n

{ y2n√
1 + 4a2ny2n

; z
}

=

∞∫
0

y2n−1 exp(−z2ny2n)
y2n√

1 + 4a2ny2n
dy. (3.8)

To calculate the right-hand side integration in (3.8), we make the change of variable

u = 1 + 4a2ny2n, (3.9)

then we get

L2n

{ y2n√
1 + 4a2ny2n

; z
}

=
1

32na4n
exp

( z2n
4a2n

)
×
[ ∞∫

1

exp
(
− −z

2nu

4a2n

)
u1/2du−

∞∫
1

exp
(−z2nu

4a2n

)
u−1/2du

]
.

(3.10)

Changing the variable of the integration on the right-hand side from u to x according
to the transformation

x =
znu1/2

2an
(3.11)

and using the integration by parts, we find

L2n

{
erfc(anxn);

1

21/ny

}
=

1

8na2nz2n
+

√
π

8nanz3n
exp

( z2n
4a2n

)
erfc

( zn
2an

)
−

√
π

16na3nzn
exp

( z2n
4a2n

)
erfc

( zn
2an

)
.

(3.12)

The assertion (3.1) could be obtained by inserting expressions (3.7) and (3.12) into
relation (3.6). �

Example 3.2. We show

Ln{xnvJv(2anxn); z} =
anv22v

n
√
π

(z2n + 4a2n)−v−
1
2 Γ
(
v +

1

2

)
, (3.13)

where Re(v) > − 1
2 , Re(a) > 0, n ∈ N.

Proof. If we put
f(x) = xnvJv(2anxn) (3.14)

in the assertion (2.68) of Corollary 2.5 and using the known formula [1, p.185,
Entry(27)], we obtain

Ln{xnvJv(2anxn); z} =
anv22v+1

√
π
L2n{yn(2v−1) exp(−4a2ny2n); z}

=
anv22v+1

√
π

∞∫
0

y2nv+n−1 exp(−y2n(z2n + 4a2n))dy.

(3.15)
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Changing the variable of the integration on the right-hand side from y to u according
to the transformation

u = yn(z2n + 4a2n)1/2, (3.16)

we get

Ln{xnvJv(2anxn); z} =
anv22v+1

2n
√
π

(z2n + 4a2n)−v−
1
2

∞∫
0

u2v exp(−u2)du.

Making the change of variable
x = u2 (3.17)

and using the definition of the Γ function, we arrive at the relation (3.13). �
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