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IDENTITIES FOR THE VOLUME OF THE UNIT
HYPERSPHERES

M. HASSANI, A. SOFO

ABSTRACT. The n-hypersphere with unit radius is defined as the set of points
(z1,®2,...,2n) € R™ satisfying >-p_; 2 = 1. We denote the hyper-surface
area of an n-hypersphere of unit radius, and its volume, respectively by S,
and V,,. In this paper we compute the values of summations > o> ; V7™ and
>on, Sp for given integer m > 1. Meanwhile, we obtain various identities
for some related summations.

1. INTRODUCTION AND SUMMARY OF RESULTS

Assume that n > 1 is an integer. The n-hypersphere (or simply n-sphere)
with unit radius is defined as the set of points (z1,z2,...,z,) € R" satisfying
> on_, x3 = 1. We denote the hyper-surface area of an n-hypersphere of unit radius,
and its volume, respectively by S,, and V,,. It is known that S,, = nV,, is valid for
n > 0, and for n > 1 we have
S, = ﬁ”—; T

(%) I(z+1)
Moreover, we set Sy = 0 and Vp = 1 (see [8], pp 1438-1440). As usual, I denotes
the Euler’s gamma function, which is defined by I'(z) = [ e~'t*~'dt for z > 0.

v

and V= (1.1)

Because of connection of the volume of hyperspheres, and consequently the vol-
ume of the unit balls, to the Euler’s gamma function, obtaining inequalities for the
volume of the unit ball in R™ was the subject of some recent investigations (for ex-
ample see [I], [2] and [5]). Also, studying monotonicity of functions connected with
the gamma function, and consequently connected with the volume of the unit ball,
was the subject of some other recent investigations (see for example [3] and [4]).
In this paper, we obtain various identities for the volume of the unit hyperspheres.
Indeed, we assume that m > 1 is integer, and we study the summation

S(m)=>_Vm.
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The exact value of S(1) is related by the value of erf(y/7), where the error function,
erf(z) is the integral of the Gaussian distribution, defined by

2 [ 2
erf(x) = ﬁ/e_t dt.
0

Indeed, we show the following result.
Theorem 1.1. We have S(1) = e™ (1 4 erf(y/7)) — 1 &= 44.999.

Next, we obtain the value of S(2) in terms of the numbers Io(27) and Lo(27).
The function

()"

1 v o0
L(2) = (2”6) 2 T kT (1.2)

is a solution of the Modified Bessel’s Equation 22y (z) +2y'(z) — (2% +v?)y(x) = 0
in y(z) (see [6], pp 248-262), and we have

s

Ip(x) = 1 /cosh(x cost)dt. (1.3)
T
0
Also, the function
1\t > (le)k
Ly(z) = (:v) = ) (1.4)
2 kZ:OF(k—I—%)F(v—&-k—i-%)

is a solution of the Modified Struve’s Equation

1 v+1
2y (o) + /() — (@ + (o) = 42D
VAT +3)
in y(z) (see [6], pp 287-301), and we have

™

2 1]
Lo(z) = - /sinh(x cost)dt = - /sinh(x sin t)dt. (1.5)
0 0

With these notations, we show the following result.
Theorem 1.2. We have S(2) =Io(27) + Lo(27) — 1 = 173.112.

We can rewrite results of Theorem [I.I] and Theorem [I.2] in terms of hypergeo-
metric function, which is defined by

oo
a1 a2 DRI ap . o n
PFq bl b2 bq ,1‘:| - Z%tnx ’ (16)
in which
thyr _ (nta)(ntay)---(ntay)
tn (m+b1)(n+b2)--(n+by)(k+1)"
For special case a; = --- = ap, = a, and by = by = --- = b, = b, we denote the

left hand side of (1.6 simply by ,H,[{a}, {b},z]. Conversion of (1.2)) and (1.4]) in

terms of hypergeometric function implies

L.\? 22
L;(Z') - 1—\(<12)_21) oH1 |:{ }7 {’U + 1}7 4] ) (17)
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and
T

~2] . (1.8)

v+%’4

_ % ll’ v+1
Lu(@) = (eglgi j%lgivlg) 1 {

By applying (|1.7) and , we obtain
3
5(2) = oHi [{ }.{1};7°] +4H, [{1}7 {2};772] -1 (1.9)

Also, considering hypergeometric representation of the error function, as below

ot = 22 an [{ 1 (2]

S(1) = 2¢" |H; [{;} {g} —w} tem 1. (1.10)

More generally, the notion of hypergeometric function allows us to get an identity
for S(m) in general, as follows.

N[ =

we get

Theorem 1.3. For any integer m > 3 we have
m m 3 m
S0m) = oHon [} (05" 427 1H [0 {3 o] 1.

We give two proofs of Theorem [I.3] The first proof is detailed and shows con-
nection to the Euler’s gamma function, and the second proof is short and direct.

2. PROOF OF THEOREMS

Our strategy for proving our results on the summation > > | V™, is considering
a reformed formula for V,,, by transferring the I'-factor in its fraction from denom-
inator to numerator. This allows us to write the I'-factor as an improper integral.
Below, we describe the desired formula for V;,.

Lemma 2.1. For any integer n > 0 we have

n—1

_ 2nre I(2E)

Vi
n!

Proof. The identity I'(x + 1) = 2I'(z) with = § gives

_27r

2
n = —— forn>1).

Duplication formula for the Euler’s Gamma function, which is a special case of
Gauss’s multiplication formula (see[6], page 138), asserts that

1
(2z) = (27)~ #2203 (2)0 (a: + 5).
By using this identity with # = %, and considering I'(n) = (n — 1)! we imply
1 (2m) 22" aT(2R)

nI'(%) n!
This gives (2.1]), and completes the proof. |
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Proof of Theorem[1.1. By using (2.1]), we have

ong —r(nJrl 00
-3 X5

We change the order of summation and integration to get
0 o) o n—1 tnfl
_ ¢ T2 2
S(1) = / 2ty 2T T gy
0 n=1

T >, (2rztz)nt —1—}—6‘277% t2
g, Foaredd
0 n=1 " 0

oo

t* T e tdt.

0

=

1
T2t2

Let us denote the integrand of the last improper integral by f(¢), which is continuous
and bounded over [0, 00). Moreover, by setting

F(t) = —erf(v/t) — e™erf(y/m — V1),
we observe that L F(t) = f(t). Also, we have
tli}m F(t)y=¢e" -1, and lim F(t) = —e"erf(y/7),

t—0+t

from which we obtain S(1) = e™ (1 + erf(y/7)) — 1 & 44.999. This completes the
proof. O

Remark. Similarly, for x > 0 we obtain
Z Vo™ = e™™ (1 + erf(v/7z)) .
n=0

This is generating function for the sequence (Vi,)n>0. Note that by repeated dif-

=

[ee]
ferentiating one may compute the summation Y. P(n)V, for given polynomial
n=1

P(z) € Z[x]. For example, we have

> nV, =2me™ (1 + erf(y/7)) + 2 = 291.022,

n=1

> 0PV, = dme™ (14 ) (1 + erf(y/7)) + 2 & 2408.592.
n=1
Remark. We note that
e © " -
D Van= =" 223141
n=0 n=0

Thus, we obtain

Z Van_1 = eTerf(y/7) & 22.859.

Proof of Theorem[I.4 We consider the notion of Euler’s beta integral, which is
defined by

B(a,b) = /01 t7 (1 — )bt = m (for a,b > 0)
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By using ([2.1)), we have
nr eI

=2
zzj n!T(n+1)
-3

277, an— 1B(i il)

1
e 22n77n_1 n—1
2 _
d >z /(t(l—t)) :

n=1 0

Changing the order of summation and integration implies

1

> (4 (t(1 —t))2) C1 4 etmta-1)?
S(2) = 4Z(W(( i / e dt
0

1
/ 1—t b
0

! 1 ! 47'r(t(17t))§ 1 ™
/%dtﬁ_/%dtz_1+7/62ﬂsin6d97
S (-0 w1 - n)k ™)

where the last equality obtained by applying the change of variable t = sin® g. On
the other hand, by using and we get

K ™

1 ; 1
- /e” sinfqg = = / (cosh(z sin #) 4 sinh(z sin #))df = Io(z) + Lo(x).
7 T
0 0
This completes the proof. (I

Remark. We follow a similar argument to get

T

o0 1 . .

E V2e" =T (2rz?) 4+ Lo(2m2?) = = /62”2 sinfqg,
ﬂ'

n=0 0

for any = > 0. This is generating function for the sequence (V,2)n>o-

First Proof of Theorem[I.3 We have

1 (o]
F(n;r )z/e*xan_ldx.

0

Now, assume that m > 3 is integer. We multiply above integral representation m

times to get
n+1 ToT fﬁ i
r( ; // = [ a (2.2)
0

=1

where here and in what follows below, [ ... [ is m-fold integration, and dx =
dxq...dz,,. Let us set
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By using ([2.1), and then ([2.2)) we have

2m(n 1) (n—1) 1 m
S(m) = i 2r(”;r )
n=1
> gm(n—1)Z(m-1) F [ "
= Z e / /2me 5= Prldx.
n=1 0o 0

We change the order of m-fold integration and summation, to obtain

m

mm n—1
/ /Qme 121T7 w dx
nlm
n= 1

\gE

e e
/ /e

™
0 0

jn = jn(m;xlv cee 7xm) ==

x;
1

<Z Tn(m;xy, ... Ty) — 1) dx
P n=0

o
Il

w3

where
(2m7r%73)n
nlm
We observe that
Jns1 _ 2"nEP
T (n4+1)(n+1)m-1t
Thus, the summation Y 7, is indeed a hypergeometric function. More precisely,
by taking z = 2772 P and t, = n!~"™ in we obtain

m
>

7 7e7r’§7> OHm—l [{ }7{1}§2m7r%73] — 1) dx.
0 0

-

We apply the change of variables z; = u? to deduce that

m
- >z 0o m

=1 m
/.../e 7 dx = 2/e*t2dt =72,
0 0

0

Moreover, we get

Stm)= 2 [ [ 5" ooy [{ ) {1}2ma% Hui] du—1,
0 0 i=1

where du = du; . .. du,,. By induction on m > 3 one may show that

m

07 je Z N : - [{} (1} 27 % Hu

= o ({1 k] 4 2m a1 {3 ]

This completes the proof of Theorem O
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Second Proof of Theorem[I.3 As we see in Remark [2] computing the sum of terms

with even subscript in S(1) is straightforward. Same situation is valid when we

compute S(m). Indeed, based on this fact, one may give a direct proof of Theorem

as follows. From the functional equation of the gamma function, we have
Vonto 7T Vonts m

= , and —_— = .
V2n n+1 ‘/2n+1 n+ %

Together with V) = 1 and V; = 2, we imply that

Z Vir = oHi [ ) (177,

and
- m m 3 m
ZV2n—1:2 1Hp, {{1}7{2}” ]
n=1
Combining these we get the identity for S(m). O

3. FURTHER REMARKS

Remark. One may do similar analysis on Zf;l S7 for given positive integer m.
Following similar arguments as in the proof of the above theorems, we imply

> Sp=2(1+4me" (1 +erf(v7))) = 291.022,

n=1

Z S2 =4 (1+ 7> (Io(2m) + Lo(27))) = 6877.681.

n=1

More generally, for m > 2 we have
m m 3 m m
Zs — (2m)" oHpo [{ }, {1177 + (4m)™ 1 H,,, [{1},{2};7r }+2 :

Remark. A combinatorial recurrence argument (see [T, pp 135-136), implies V,, =

21, V,_1 forn > 1, with
= /sin”tdt.
0

This gives V,, = 2" Hk 1 Ik for n > 1. Thus, we have

T, Ve (9)F
[[5=5 =501
k=1 (3+1)

Again, following similar arguments as in the proof of the above theorems, imply

(ﬁ ) Z<1+erf<\2f))1%2.925,

k=

i(f{ > L(2) +Lo(5) 122021

n=

gk

—
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More generally, for m > 3 we have
m

S (11) = () s oo ()]

B N G IO

Meanwhile, by using Stirling’s approximation for the Gamma function, we observe
that

n—oo 4

1

n n er

lim n HIk = —.
k=1

Finally, we note that since the equality ff sin" t dt = fog cos” t dt is wvalid for any

real number r, thus all identities of present remark are valid for I, = fO% cos™ t dt,
too.
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