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NEW INEQUALITIES FOR A PRODUCT OF BESSEL
FUNCTIONS

OLIVIER BORDELLES AND JEAN-PAUL TRUC

ABSTRACT. We use several methods to bound a product of modified Bessel
functions. These inequalities, which do not seem to appear in the classical
literature of Bessel functions, are useful in mathematical physics to estimate
the number of eigenvalues of a Schrodinger operator.

1. INTRODUCTION

Let I, and K, denote the usual Bessel modified functions of first and second
kind with v € R. There is an extensive literature dealing with these functions (cf.
[T, B]) and they play a very important role in many different fields in mathematical
physics.

In the present paper, we focus on the zero order functions, and more specifically
on the product Iy(x)Ko(z) for x > 0. In a private communication [8], the second
author proved that

Ip(z)Ko(z) <1—Inz (xz€(0,1]). (1.1)

This inequality plays a key part in a well-known mathematical problem in physics.
More precisely, Francoise Truc showed [8] how allowed her to bound the num-
ber of eigenvalues of a certain Schrédinger operator (see Section |4)).

The purpose of this work is to provide an improvement on by using two
different representations of the modified Bessel functions Iy and K. The first result
below uses the classical series representation of these functions.

Theorem 1.1. For any x € (0, 1]
In2—~v—Inz < Iy(z)Ko(x) < 0.66 —Inz
where v = 0.577215664 ... denotes the Euler constant.

Our second result uses less known Mellin-Barnes integral representation of the
product I, K, and some contour integration method. This enables us to substan-
tially improve on (|1.1)) as follows.
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Theorem 1.2. For any z >0

3
() Ko(z) +1n % +4] < 22,
In particular, for any x € (0,1] , we have
In(z)Ko(x) < 0.55 — Inz.

Translating the contour integration into the opposite direction also provides the
following inequality.
Theorem 1.3. For any z >0
1
2z

1

Ip(z)Ko(x) < Tk

2. PROOF OF THEOREM [L.1

According to the series expansion [I, (9.6.10)], we have

X (22 /4)k
IO(J:):Z ((k/';é) (x €R).
k=0 ’

It follows that )
1<Iy(z)<e®/* (z€R). (2.1)
Similarly, from [I}, (9.6.13)], we have

Ko(z) = — (lng + 7) Ip(z) + i (g])cz <Z2)k (x >0)

k=1

where Hj, = Z?Zl

0(x) := Ip(x)Ko(z) + Inx

1/ denotes the kth harmonic number, so that

oo

S L/ A
—(1 Io())l + (In2 =) Io(z)” + Io( )kz_:l(k|)2<4>

Now it follows at once from the left-hand side of (2.1 that
5(x) > (In2 — ) In(z)? > In2 — 4.

On the other hand, according to (3.1)) and using the easy bound Hj, < In(ek) < k!
(k € Z>1), we obtain

2 2 2 too ($2/4)k
(5(.%') < _<e$ /2—1>11'1.’L'+(1H2—’7)€Z /2+ex /42T
k=1 '

=— (e"L’Q/2 — 1) Ing + e* /2 (1—|—ln2—’y—6712/4>.

The inequality —Inz < (aex®)~! [5, page 266], which holds for any z,a > 0, leads
to

— (ew2/2 - 1) Inz < (ew2/2 - 1) min {(2ez®) 7", (3ez®) '} < % (62/9 - 1)
henceforth we infer that
9 _
o) < o (62/9 - 1) +el/? (1 tlog2— 7y —e 1/4) <066 (e (0,1))

which proves Theorem O
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3. PROOFS OF THEOREMS AND

3.1. The I'function and Stirling’s formula. In this section, we set s = o+t €
C. The Euler I'-function is defined by

[(s) := /OOO e " tdr (0 >0).

This function can be extended analytically to the whole complex plane to a mero-
morphic function having simple poles at s = —k with k € Z>.

For the proofs of Theorems [I.2] and [I.3] we proceed as follows: from the Mellin-
Barnes integral representation of the studied function, we shift the integration con-
tour to the left or right taking one or more poles of the I'-functions into account.
In order to apply Cauchy’s theorem, the order of magnitude of the I'-functions of
the integrand has to be controlled. A key part is then played by Stirling’s formula:
If o € [a,b] is fized, then for |t| > to we get

ID(o +it)| = [t|7~ 2 ™12 2n (1+ 0O (t| 1)) . (3.1)

See [7l, page 182] for a proof.

3.2. Proof of Theorem Let = > 0. From [0, (3.4.28)], we get

11 [T T(s)?T (3 —s)
2/ 2mi /C_ioo I(1—ys)
the convergence of the integral being ensured by [6, Lemma 2.4]. We shift the
integration contour to the vertical line Re s = —1, which is possible by (3.1). The
integrand has a double pole at s = 0. With the help of the functional equation
I'(s+ 1) = sI'(s), we have at once

Res (IW(%_S) a:25> - ld s’T(5)T (5 — s) xzs]
[s=0]

Iy(z) Ko(z) = z7%ds (0<e<3) (3.2)

5=0 I'(1—s) ds I'(l—s)
d D(s+ 120 (3-5) o,
ds I'(1-s) o)

-2 (g )

and then (3.2) gives

Iy(z) Ko(z) = —lng — v+ I(x)

with

1 1 —1/2+ico Pg)2T (L _

- 7/ T)T (3 -9) 225 ds
2\/% 27TZ _1/2_7;00 F(l — S)

1 1 1/2+ic0 5 )
- - = 1 _ : —2s
= 5373 5 /_1/2%00 I'(s)’T (3 — s) sin(ms) > ds

where we used the reflection formula. Since

|sinm (=4 +it)| = coshmt and |D(1+it)| = mt

sinh 7t
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we get

x o N .
|I(x)|§W/O T (=% +it)|” I0(1 + it)| coshmt dt

T e 3 coshmt
= — (=144t ——Vtdt
272 Jo ’ (-3 +1 )‘ Vsinh 7t Vi

i/oo ’F(%—&-it”g cosh 7t Vidt
272 J, _%4_@'15’3 Vsinh it

and since |F (% + zt)‘ =,/ COS7}T1 5 we obtain
[I(x)] < . /00 —l+it|_3 \/;dt
27 Jo 2 sinh 7t cosh t
T o0

1 . 1—3 t
- —L it dt
Nor /0 3 it G

. oo . 1/2 oo " 1/2
< —L4it] 7 at dt
= Vor (/0 =3+t ) (/0 sinh 27t )
_ a3
4
where we used Cauchy-Schwarz’s inequality. The proof is complete. O

3.3. Proof of Theorem The proof is similar to that of Theorem except
that we translate the integration contour to the straight line Res = 1, so that the
integrand has only a simple pole at s = % Equality (3.2) leads to

To() Ko(w) = o+ J(@)

with

14+ico
|J(z)| = LI /1 ['(s)°T' (3 — s) sin(ws)z™?*ds|.

2m3/2 2mri

Proceeding as in the proof of Theorem [[.2 and using

—100

|sin7 (1 + 4t)| = |sinh 7t

we get

1 > :
|J(x)\§m/o D (1 +3t)* |T (=1 +it) | sinh ¢ dt

! /oo| Lit| '/ Y
T e——— _— 7/ S —
22v2r Jo 2 sinh 27t

1 0o 9 1/2 00 t3 1/2
< — —L4at] At ———dt
T a?27 (/0 3+l ) (/0 sinh 27t )

1
1622
as required. [



PRODUCT OF BESSEL FUNCTIONS 25

4. APPLICATION

Let HY be a Schrédinger operator and a radial potential V', under the assump-
tions that the resolvant of this operator is compact and that the operator H E -V
has a discrete negative spectrum. Using the previous inequalities, we get an upper
bound for the number N (H%,\) of eigenvalues of HY not exceeding some fixed
quantity A > 0.

Let us go a little further. Let B = b(x)dx; A dzy be a radially symmetric
magnetic field over the open disc D with center O and radius 1. Assume that

K = ;g)b(x) >0 (4.1)

that b(x) — oo as x approaches the boundary D of D, and that
b(x) = O (D(x)~")
for some B € (0,2), where D(x) is the distance of x = (z1,22) to 6D. This
condition implies that the magnetic field considered here is of the shape
b,
(1—r)?

where 72 = 2% + 22, Orgaxlbr < M for some M > 0, and 8 € (O, %) Under these
r<

b(r) = (4.2)

assumptions, Frangoisg Truc [8, Theorem 2.2] established a general estimate for the
number N (H AD ,A) introduced above. In the case b, = 8 = 1, this result provides
the bound

N(HZ,X) <20+ A2 /2¢(3) — § + O(1).
The use of the previous theorems enables us to improve on this estimate.

Corollary 4.1. Let B be a radially symmetric magnetic field as above satisfying
the assumptions (4.1) and (4.2) with b, = 8 =1. Then
N(HR A <A (In2 =y +1+ glo) + A2 /203) - 3 + 1.
1~
Observe that In2 — v+ 1+ 73~ 1.4046. ..
Proof. From [8, Theorem 2.2] we have

2\ [VE A Vi—a [lAEp
N(HE’A)SF/O TIO(T)KO(T)dT+2m+ - /0 —dr (43)

where o € (0,1) is a parameter at our disposal and

A(r) == /Orub(u) du (rel0,1)).

To estimate the integral of the main term of (4.3]), we proceed as follows.

>If 0 < K <1, we use Theorem implying

VK
2
%/, TIO(T)KO(r)drgA{ﬁ\/ﬁ—%ln%—i—hﬂ—v}. (4.4)

> If K > 1, we split the integral into two integrals of the shape

VK 1 VK
L1+
0 0 1
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and apply Theorem [I.2] resp. Theorem [I.3] for the first, resp. second, integral,

giving
VK
2 A 1 1 1
? o TIO(T)KO(T)dTS?{VK+EIHK+IH2_’Y—§<1_%)}

Since b, = 8 =1, we have K =1 and

A(r)=—-In(l—r)—r (rel0,1))

so that

Inserting in (4.3]) we get

N(HE ) gA(an—fH%(H

§A<m2_7+%(y+&a>+A@—a)+1—aﬂ(%@%_%

where we used the inequalities

2 -2«
2—«

S\/l—agl—% (o €10,1]).

Setting x := 2((3) — 2 and choosing

a_72\/g
2R+ VA

give the asserted result. (Il

(1]

2]
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