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(n,k)-FACTORIALS

SHAHID MUBEEN, ABDUR REHMAN

ABSTRACT. In this paper, we define (n, k)-factorial and (n, k)-double factorial
for n € N,k > 0. We apply these definitions to construct a k-Meclaurin series
involving these newly defined factorials. Also, we express some previously
proved results in the form of (n,k)-factorial and discuss some new results
satisfying the classical results.

1. INTRODUCTION

The factorial notation (!) was introduced by Christian Kramp in 1808 for positive
integers and is frequently used to compute the binomial coefficients. The relation-
ship between classical gamma function and ordinary factorial is I'(n) = (n—1)!,n €
N. Also, gamma function is defined for all real numbers except n = 0,—1, -2, ....
After words, the German mathematician Leo Pochhammer defined shifted (rising)
factorial, which was named as Pochhammer’s symbol and is given by (See [1-2])

(1.1)

() = al@+1)(a+2)..(a+n—-1),neN
@ = 1, n=0,a#0.

It follows that (1),, = n! and for n,m € N, we can derive the following expression
for the rising factorial of a negative integer.

(—1)™n!
O A (1.2
0, m>n-+1.

In literature, definition of double factorial and its application in Meclaurin series
expansion is present (See [3]). Thus, we have the definition of double factorial as

n(n —2)(n —4)...6.4.2 if n is even
nll=dn(n—-2)(n—4)..5.3.1 ifnisodd (1.3)
1, ifn=0,-1 ; (—2n)l=o00,neN.

Recently, Diaz and Pariguan [4] introduced the generalized k-gamma function as

o onlk™(nk)E 1L
Fute) = i 50

, k>0,zeC\kZ™ (1.4)
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and also gave the properties of said function. The I'j is one parameter deformation
of the classical gamma function such that I'y — I as k — 1. The I'y is based on
the repeated appearance of the expression of the following form

ala+k)(a+ 2k)(a + 3k)...(a+ (n — 1)k). (1.5)
The function of the variable a given by the statement (1.5), denoted by (&), &, is
called the Pochhammer k-symbol. Thus, we have
ala+k)(a+2k)(a+3k)..(a+(n—1Dk),neN, k>0
({0 R @ 200+ 38). (a4 (n = )R) (w0
1, n=0,a#0.
We obtain the usual Pochhammer symbol («), by taking k& = 1. Also, the re-
searchers [5-9] have worked on the generalized k-gamma function and discussed the
following properties:

Tr(ak) = k*"'T(a), k> 0,a €R (1.7)
Tr(nk) =k""'n—1), k>0,neN (1.8)
rk((2n+1)§)=k%%,k>o,neﬁl (1.9)
De(k) =1 (1.10)

Ti(z) = k%_lf(%). (1.11)

2. Main Results
Definition (2.1): For n € N,k > 0, we define (n, k)-factorial as

(n, k)! = nk(nk — k)(nk — 2k)(nk — 3k)...3k.2k.k (2.1)
= (n, k) =k"n(n—1)(n—2)(n — 3)...3.2.1 = k"nl. (2.2)

From the above definition of (n, k)!, we can easily prove that
(nk,k)! = k™ (nk)! (2.3)

(n+ak)!=k"(n+a),a eR,neN
[(n+b)k, k]! =E"[(n+b)k]!, be R, n € N.

Using the above results, we see that

0,k =k%"'=1 , (—n,k)!=00,n €N, k>0. (2.6)
By Pochhammer k-symbol and relation (2.1), we get
1
(Dpi = (E +n—1k). (2.7)

Here, we give some results already proved in literature (See [4]). These results can
be written in the form of (n, k)-factorial as

(n, k)!(nk)* 1

T(x) = le @) , k>0,zeC\kZ™ (2.8)
n—oo n,k
Ti(nk)=(n—-1,k! k>0, neN (2.9)
k o, k)l
rk((2n+1)2):2(nglk))'\/z, k>0, neN. (2.10)
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In terms of classical gamma function and k-gamma function defined in [4], the
(n, k)-factorial can be expressed as

(n, k' =Tg(nk+k)=k"T(n+1),k>0,neN. (2.11)

Remarks: If we use k = 1, we get (n,1) = n!, which is the classical representation
of the above results.

Proposition (2.2): For n,m € N,;1 <m < 2, k> 0, we have
R

(=n)mk = 3 : (2.12)
(7 —m)!
Proof: Definition of Pochhammer k-symbol gives
(—)mir = (—n)(—n+k)(—n+ 2k)(—n + 3k)...(—n + (m — 1)k)
= (=D)"E™ E(E - 1)(E - 2)---(@ - (m=1))
() (2!

)
Remarks: In the relation (2.12) if m > % 41, k > 0, then (—n)my, = 0.
Definition (2.3): For n € N, k > 0, (n,k)-double factorial is defined as (if n
is even of the form 2n),

@n, k)l = 2nk(2nk — 2k)(2nk — 4k)...6k.4k.2k
E"2n(2n —2)(2n — 4)...6.4.2 = K" (2n)!!

and (if n is odd of the form 2n — 1),

2n— 1,k = (2nk — k)(2nk — 3k)(2nk — 5k)...5k.3k.k
k™(2n —1)(2n — 3)...5.3.1 = k"(2n — 1)!1.

Here, we give some useful results which justify the above definition of (n, k)!!.
(n,k)!!=1,ifn=0,—1and (—2n,k)!!=00,n e N.

Theorem (2.4): For n,€ N, k > 0, classical gamma function I'(x) and k-gamma
function 'k (x), the following expressions involving (n, k)-double factorial hold as

(n, ) x (n —1,k)!! = (n, k)! (2.13)

(20, )1l = £"27n) = k" (2n)! (2.14)
I'(n+1 Tp(nk + &

(2n — 1, k)l = k2" (F(E)Q) =" k(Fk(’;) 2) (2.15)

[—(2n+ 1), k]! = (—1) "> (2.16)

(2n — 1, k)1
Proof: If n is even, then (n — 1) is odd and vice versa, so

(2n, k)1 % (20 — 1, k)1 = (2n, k). (2.17)
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Replacing 2n by n, we get the required result (2.13). To prove the relation (2.14),
just use the definition of (n, k)-double factorial and then n! for even numbers n.
For the relation (2.15), consider the following

n -1,k = (2nk — k)(2nk — 3k)...5k.3k.k
T 1
I'(3)

Replacing 'y (x) by I'(x), from the relation (1.11), we can get the above result as
Ty (nk + £)
Li(5)
For the relation (2.16), we use the equation (2.17) as
(2n, k)t k™(2n)!  (2n)!  T(142n)

(2n — 1, k)1l = 2"

2n — 1, k)1 = = = = )
@n = LR = 550 = Tl — 2l 2T )
Replacing n by —n, the above equation gives
T(1—2n) 27T[—(2n — 1)]
—2n—1Lkll=——"—""=[-2n+1),kll=———F— =
Now, using the formula 11:((—772)) = (—1)7”’”%!, for singular points given in [1], we
get
_n,2"(n—1)! _n2"2n(n —1)! _,2.2"n!
—C2n+1),kl=(-1)"——— L =(-1)""————— = (-1)7" .
L S iy s s TR B v i s TR (2n)!
Converting into (n, k)-factorial form and using (2.17), we have
. 2.2™plk" 0 2.(2n, k) _ 2
—@n+ 1)kl = (=) I (e oy S
[=Cn+ 1M = 0 e 7oy T S B © e w1

Definition (2.5): If a function f is such that f, f/, f”, ..., f(*=1) are continuous on
[0, 2] and f(™ exists on (0,z), then the Maclaurin’s series expansion of the function
f(z) is given by

0
f(z)

x
Now, we define the Meclaurin series expansion of a function involving the (n, k)-

xl ! Jj2 1! ‘rg " xn
factorial. We call this series Meclaurin k-series expansion and is defined as

(zk)° (zk)" (zk)® ., (@k)" (n
@) = GO+ T O+ G A O+ + 5 7(0) + ... (2.19)
Proof: Replacing = by kx in the classical Maclaurin’s series (2.18), we have
0 1 2 n
Flak) = (x(f!) £(0) + ("“"f!) £1(0) + (5”2"‘;) F0) + ...+ % FM0) ... (2.20)

Setting fr(z) = f(zk), we see that
fela) = kf'(zk),  fil(z) = k2 f"(xk), fi'(x) = K> f" (zk),
= fr(0) = f(0) , fi(0) = kf'(0), fi/(0) = K*£"(0) , fi"(0) = k*f"(0),
Thus, equation (2.20) takes the following form

X 0 X 1 X 2
fule) = (0!1123 Je@)+ (13 (2!]1?2 ¥

(0)+...+%f,£")(0)+.... (2.21)

fi(0) +
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As (n,k)! = k™n!, so above equation gives the Maclaurin k-series expansion as

xk)° xk)? zk)? k)"
Fule) = (G i H0) + (T O+ (G S A0 ot (A0

Examples (2.6): Here, we give some examples of elementary functions in the form
of Maclaurin k-series involving (n, k)!. The results so obtained will be the classical
results, if original Maclaurin series is used.

(2.6.1): Find the Meclaurin k-series expansion of the exponential function e”.
Setting fi(x) = f(zk) = e”* implies
fk(o) =1 ’fl/c(o) =k, fllc,(o) =K ) I/c”(o) = kgv

Using these values in equation (2.19), we have

0 1 2 3

e R @R)R?  h)
0,k)!  (1,k) (2,k)! (3,k)!

(2.6.2): Expansion by (n, k)! of the logarithmic functions In(14x). Setting fx(z) =
f(zk) = In(1 + zk) implies
@R, @R R ()
(1,k)! (2,k)! (3,k)! (4,k)!
(2.6.3): Expansion by (n, k)! of the trigonometric functions sin x and cos . Setting
fr(z) = f(xk) = sinzk and cos zk respectively implies

(k) @k 5 (@k)° 5 (k)T

k34 ..

In(1 + zk) = 3.2k + ..

sinak = R = Gt T Gt T i T
and
(zk)® 5 | (@k)* ,  (xk)° (zk)®
cosrk =1— (Q,k)!k + (4,k:)!k - G, k)!k:G + (S,k)!ks — .

(2.6.4): Expansion by (n, k)! of the hyperbolic functions sinh z and cosh z. Setting
fe(z) = f(xk) = sinhak and cosh zk respectively implies

. (xk’)l (:vk)?’ 3 (xk)5 5 (mk)7 7
k= k k k k
= ot e Tee” T et T
and 2 4 6 8
coszk =1+ (zk) k% + (zF) E* + (zF) kS + (k) kS + ...

(2, k)! (4,k)! (6,k)! (8,k)!
Remarks: In the above examples, if k is replaced by 1, we have the series expan-
sion of the classical function (as (n,1)! = n!).

Proposition (2.7): Using (n, k)-double factorial, the general formula for for the
k-Meclaurin series expansion is given by

z, _ (zh)° (zk)" (zk)? (zk)®
fk(i) - (2,k)"

27 (0,k)! (4, k)17F (6,k)17F

Proof: To prove the series (2.22), we use the Maclaurin k-series defined in equation
(2.21) as

fx(0) +

f(0) +

(0) +

0)+ ... (2.22)

(k)"
01k0

(k)"
1k

(zk)? ,,
202 'k

(o)+...+% ™ (0) + ...

fe(x) = fx(0) + f1:(0) +
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k)020 k)2t k)?22 k)323
= fule) = I o)+ O o)+ S )+ S )+
As (n, k)!! = k™ (2n)!! = E™2™n!, so above equation becomes
22k)Y 2xk)! 2xk)? 2xk)3
fil@) = Eofck))nf’“(o)+ E;k))uf’;(oH E;k))!! £(0) Ee‘fgk))u EO)

Replacing = by §, we get the required equation (2.22).

Examples (2.8): Now we express some elementary functions in terms of (n, k)!! by
using the Meclaurin k-series expansion formula (2.22) in the form of the following
examples.

(2.8.1): Expansion by (n, k)!! of the exponential function is given by
a (k)0 (zk)!

2 3 4

(0,k)10 7 2,k (4, k) (6, k)\! 8, k)”k4 + o

(2.8.2): Expansion by (n,k)!! of the logarithmic functions In(1 4+ z). Setting
fu(%) = f(2) =In(1 + Z£) implies

1 2 3 4 5
(k) (k)" ;2 (xk)uz.kt @k)” gg gty R yaops

zk
27T 2T (4 k)T T (6,k) (8, k)!! (10, k)!!

2

In(1+—-) =

(2.8.3): Expansion by (n, k)!! of the trigonometric functions sin « and cos z is given
by

_xk,  (zk) (wk)3 (zk)d (k)7
Sn(5) = Gk - Gkt (10, S (14,k)!!k7+
and
zk _ (Ik)o 0 (Ik)z 2 (xk)4 (zk)G 6 (l'k)g 8
cos(3) = oon® T wan” +(8,k)uk4’ azon® T ae et

(2.8.4): Expansion by (n, k)!! of the hyperbolic functions sinh z and cosh z is given
by

. zk xk)! zk)3 xk)® k)’
sinh(57) = ((Q,k))!!k+ ((G,k))!!k3 + <f0,2>uk5 + (1(4,;3)!!]“7 o
and
zk (xk)° (zk)? (zk)* (xk)8 (k)8
cosh() = opn® T it T eent T azent tas kT

Remarks: In the above examples, if k is replaced by 1, we have the series expan-
sion of the classical functions (as (n,1)! = n!).

Note: The newly defined (n,k)! can be extended up to a finite number of higher
factorials as (n, K)1, (n,k)ly, ... (n,k)!,.
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