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A STUDY ON GENERALIZED MITTAG-LEFFLER FUNCTION
VIA FRACTIONAL CALCULUS

MEENA KUMARI GURJAR, JYOTINDRA C. PRAJAPATI, KANTESH GUPTA

ABSTRACT. In this paper, author introduced and developed here a new mul-
tivariable generalization of Mittag-Leffler type function. Certain properties
of new multivariable generalization of Mittag-Leffler type function associated
with fractional calculus are established. A composition of Riemann-Liouville
fractional integral operators associated with multivariable Mittag-Leffler func-
tion in the kerenel has been obtained.

1. INTRODUCTION

In 1903, the Swedish mathematician Mittag-Leffler [2] introduced the function
E, (z) defined as

oo n

z
A generalization of E, (z) was studied by Wiman [10] in the following form
Eaﬁ(z):ii, (o, 8,2 € C; Re (a) > 0,Re (8) > 0)  (1.2)
’ —= T (an + p)

This is known as generalized Mittag-Leffler function or Wiman’s function.
In 1971, Prabhakar [3] established the function

B ()= X B @B € Cile(a) > 0.Re () > 0,Re(3) > 0
n=0 .

(1.3)
this is a generalization of Wiman’s function.

Another generalization of (1.3) was defined by Salim [4] as

v, _ - (7)77, i .
Bl (2) = Z_;Jir (an + ) ), ,(a, 8,7,0,2 € C; Re («) > 0, Re (8) > 0, Re () > 0,Re (4) > 0)
(1.4)
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A generalization of (1.4)) is initiated by Salim and Faraj [5] as

i ) D
B @ = L an s B o0, Y

where a, 8,7,0,z € C;min{Re (o), Re (8), Re (y),Re (8)} > 0;p,qg > 0 and
qg < Re(a)+p

The multivariate analogue of generalized Mittag-Leffler function (1.3)) is setup and
studied by Saxena et al. [7] in the following form

(1), () 232l

o0
Byl (2t zm) = BQU0 (Gt zm) = 3 .
T1yeeeyTm =0 T <)\+ Z Pjﬁ')
j=1

(1.6)
where A, pj,v; € C and Re(p;) > 0;j=1,2,...,m.

A further generalization of multivariate analogue of generalized Mittag-Leffler func-
tion ([1.6)) was also mentioned, Saxena et al. [7] in terms of the following multiple

series:
oo

(71)l re (’Y'm)l T Zrl ) Z:.nm
ORI COSEATLLE S
Tearm =00 <A+ > pﬂ“j)

Jj=1

where A, pj,v;,1; € C;Re(pj) > 0,Re(l;) > 0;5 =1,2,...,m.
In this paper, author introduce a new multivariable generalization of Mittag-Lefller

(V15 vmilaseslm)
(Pl:~~-7pm):A

(215 ey 2m) =

type function EQilaps) (21, -, Zm) , which is a generalization of ([1.5))

(pjsNsaj)
(v53l55p5) e Ymilt e lmip1, o Pm
(piiNiays) (215 2m) = PlrsPmi A Q1renrGm (215 2m)

_ ¥ (W pry o m)pr, 2402l (1.8)
T Tm =0 &, (ll)q T ”“(lm)(hn'”n
1yeees m= F A+ Z pj,r] 1°1
j=1
where X, pj,v;,l; € C; 1Lm<1r1 {Re (\), Re(pj),Re(v;),Re(l;)} >0 and
<jsm

pj,q; >0;p; <gqj+Re(p;);j=12,...,m (1.9)

By putting suitable values of parameters in (1.8]), we get (1.1]) - (1.7)).
To study, various properties of ([1.8]) , we need the following well-known

definitions and results:
(1) Beta transform (Sneddon [9])

1
B{f(z);a,b} = /0 211 —2)" f(2) de, (Re(a) > 0,Re(b) >0) (1.10)
(2) Laplace transform (Sneddon [9])

L{f(2);s} = /000 e 1 (2) dz, (Re(s) > 0) (1.11)
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(3) Fubini’s theorem (Dirichlet formula) (Samko et al.[6])

/dx/fxtdt /dt/f:rt (1.12)

(4) Riemann-Liouville fractional integral I$, and derivative DS, of order «
defined as below (Samko et al.[6]):

1 r _
(I20) @) = 5 | @=0"T e, (@eCRe(@)>0) (113)
and
d n
(D3+<p) (z) = (dw) (I;;"w) (z) , (n = [Re(a)] + 1; € C, Re(ar) > 0)
(1.14)
2. BASIC PROPERTIES
Theorem 2.1 If the condition (|1.9) is satisfied, then for any n € N
n{ s_ seees¥m) s (W seeoslon )5 (P15 esPrm
(%) |:Z>\ lE((ley~~~7/‘3Ym))7( ' )\, ) ((Z;llwnflm)) (wlzp17““7wmzpm ):|
n— Am )y (1 5eeslon )5 (P15 Pm -
22 IE((ZII’ ’Zm))’( afn’ ) ((Zizg (W12, oy Wi 2°™) (2.1)

Proof: Using equation (|1.8) and differentiating term by term under the summation
sign, we find

AN T A1 oty (el ) (P1eeespm) ”
(dz) |:Z E(Pl,mypm)’ A, (q1,---,qm) (Wi s o 2” )}

_ Z (71 )p1T1 o (’Ym )me'm wl W <d>n [ZA71+p1T1+"'+mem]
m dz
715000y =0 r <)\+ Zl pﬂ";‘) (ll)q17"1 . (lm)
j=

qmrm
DR "’1 T
i (71 )pl T, ('Vm)pmrm Wi ...wmm [Z)\—n—l-f-plrl+4..+pmrm]

T1yeens Tm=0 r <)\_n+ Z Pjﬁ') (ll)q17”1 (lm)

AmTm

A—n— 1E(71, Y )5 (L m)v(ply...,pm)(

P1 Pm
w1z ey Wi 2
(P1sesPm)y A=1,  (Q1yeesm) \WIZ o Wm )

=z

Remark 1: If wetake Iy = - =1, =p1 = Pm =q1 = " ¢yn = 1 in
equation (2.1), we get known result due to Saxena et al. [7].

Remark 2: If wetake m =1,y =v,h=¢gp=qg=1,ppr=a,A=F,n=m
and w1 = w in equation (2.1]), we get known result due to Shukla and Prajapati [8].

Remark 3: If we take m = 1,y = v,l1 = p1 = ¢ = 1,p1 = p,A = p and
w1 = w in equation (2.1), we get known result due to Kilbas et al. [1].
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Theorem 2.2 If the condition (1.9)) is satisfied, then

z  A—1 (V15 vm) (Lo lim ) (P15 5Pm) P1 Pm
Jot B T (Wit win ) dt
o A ym) s (e sm) (P15 P ) "
=z E(ph---,pm,), A1, (g1 qm) (W12 s 2™ (2:2)

Proof: Using equation (|1.8) and changing the order of integration and summation,
we get

z
— seees¥m )y (L5 lm ), (P15 sPm
[ [P 2 st ) )]
0

i (71 )pl 7‘1 e (fym)anT?n (wlzl)rl"'(wmzm)rm

z
_ /[t/\+P1T1+‘“+pmrm71] dt
yeesTm =0 S
1 " I <)\ + Zl p]T]> (ll)qlrl e (lm)Qme 0
j=

We get the require result after a little simplification.

Now, we consider the Riemann-Liouville fractional integral (1.13) and derivative
(1.14) with the with a new multivariable generalization of MittagLeffler type func-
tion (1.8)

Theorem 2.3 Leta € Ry;a, A, pj, 75,15, w; € C; 1@12 {Re () ,Re (\), Re(p;),Re (l;), Re(v;)} >
<j<m
0 and pj,q; > 0; 7 =1,2,...,m then for z > a, there holds the relation

a - 3):(15),(Pj .
{Ia+ [(t — a))‘ ! E((Zj)),(/\? ((;j)) (wi(t —a)P*, .., wp (t — a)”? )} } (z)

= (@ — )T B () (2 — a) (2 — @) (2.3)

Proof: We use the result (1.8]) in L.H.S of (2.3), we find that

a A— 3)5(L3),(Pj
(i o B s ot - o]

> (7 )plrl o (’Ym)pmrm w? ey (t = a))\+p17'1+...+pm7'm—1

= (z)
1,y =0 r <)\ + Zl Pjrj> (ll)qﬂ“l '”(lm)qu‘m
;=

FInally, we arrive at the R. H. S. of (2.3) after using following relation [6]

{Ig‘+ [(t - a)ﬂfl}} (z) = I‘(I;z(f-)ﬂ)(x — a)o‘+ﬁ71, (o, B; Re(a) > 0, Re(B) > 0)

Hence
a A— Y,(15),(p; .
{re [= P B0 @t = ot = )]} @)

a)/\-i-a—l F3):5)(p5)

=(z - (p3) A +a(a;

) Wiz —a)™ o win (2 — a))
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Theorem 2.4 Let a € Rysa, A, p; 7, yw; € €3 min {Re(a), Re (V) Re (py), Re (l;) , Re (3;)} >
0; pj,q; > 0; 5 =1,2,...,m then for x > a, there holds the relation
[e3 A— il L N i m
{2 (- GG (=) nt = )] } (@)

=(z—a)! E((Zj)) b {jg’;)) (wl(ac —a)", ..., wm (T — a)P™) (2.4)

Proof: We use the results and ( , then we find that
« A= 3):(L3),(P; m
{2, [t = BN Q@) @it = ), ot = )] } (@)

d " n—ao A— I
= (dx) (e [ = B0 (it = ) st = a))| | (@)
Now, applying theorem 2.3 with « replaced n — . We get the desire result.

In this section, the image of EA’]’ ];f 7 (w1 27, ..y Wi 2°™) under Beta and Laplace

transforms are proved in the followmg theorems
Theorem 2.5 (Beta Transform)

(BT (1) ...T (1)
L(v) T (vm)

(m times)

P —
aj> ,(1,1), 00 (1,1) | @1

Vil pj o1 om) . _
B{Epj%qj (w127, w2 ) a, by =

('thl) T (Vmapm) ) <a7 Z
X 2m4+1Pm+2 =1 :
(ll,Q1)7"' 7(l7n’Qm)7<>\’ij> ) <a+b720]> Wm
j=1 j=1
where conditions (1.9)) are satisfied and Re (a) > 0, Re(b) > 0.
Remark 1: If we take m =1,y =v, L1 =d,p1=¢,q1 =p,p1 =, A= [, w1 =

x and 01 = o in equation (2.5)), we get known result due to Salim and Faraj [5].

Remark 2: If wetake m =1,y =1L =g =1,p1=¢pr=a,A\=0,w1 ==z
and 01 = o in equation (2.5)), we get known result due to Shukla and Prajapati [§].

Theorem 2.6 (Laplace Transform)

T (1) .T (In) _
a—1 1755l5,Pj o1 omY . =" ¢
L{ Ep pwr (wlz y ey Wm 2 ),S} F(yl)r(')’m)s

(m times)
m /_A—

(leapl)a"' a(’YTTMpWL ) < a, Z ) ) 7(1,1) (8”11)
j=1 :

(llvql)a"'7 qum ( 5:: ) (:;7:;)

X 2m41¥m+1
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3. COMPOSITIONS OF FRACTIONAL CALCULUS OPERATORS
WITH INTEGRAL OPERATOR WITH A NEW MULTIVARIABLE
GENERALIZATION OF MITTAG-LEFFLER TYPE FUNCTION IN

THE KERNEL

The integral operator defined by
(’Yj)v(lj)7(pj) _ (’Yl7-'~a'Ym)a(l17'~~7lm)7(171;u-:pm)
<E(pj)’>"(q1):(“’j)?a+(p) (x) = (E(Pl,<~~,pm), A, (!h,--~7f1m):(w1,~---,wm);a+@) (@)

¢ A1 (Yoo )Ll ) (D1 sPm .
= [ a0 B G o= 0 ionte — P
3.1)
1

(3.1
this contains a new multivariable generalization of MittagLeffler type function (1.8)
in its kernel is investigated.

Consider the integral operator defined in (3.1) containing the genearlized Mittag-

Leffler function E;j ’f\j’q’;j (.) in the kernel. First we will prove that the operator

(73)55),(ps) iq

B A ), (w; )sa+ 15 Dounded on L (a,b).

Theorem 3.1 Let a, A, pj,7;, 1, w; € C; 112111<1 {Re(c), Re(N), Re(p;), Re(7;), Re (1;)} >
<j<m

0 andpj,q; > 0;5 = 1,2,..,m, then the relation

a piilipj _ Yiobiopi _ Yiliopi a
Ia+Ep;,>iqu7wi;a+90 - p]J'7)‘]+Oja‘Zj7wj§a+S0 B Epgj-)iqjj,wj;a-i-jﬂ-*-@ (3:2)
holds for any summable function L (a, b).

Proof: Using equation (3.1)) and (1.13) and applying the Dirichlet formula, we
obtain for z > a

(IﬁEZj;f\j,;;{wﬁﬁ(p) (@)
~ i e [ B e 0 =077 0 0)
[ [t =0 B e 0 s e 07 o)
Letu—t=r
= [ [t i s iy ot

xT
:/ e, {T*—lE;jjif’;;j [wlTp17...,mepm]} (x—1t)p(t) dt
a P 4.

Using Theorem 2.3, we get

x
_ Aa—1 77;:5.p; p Pm
_/a {7’ B e gy 1™ s wm P o () dt

then we obtained

xT
Ata—1 islj,pj m
:/a =) B o (@0 wom (2= 7]} (1) db
YVisljspj
= (B3 oar®) (@)

Similarly, we can prove remaining part of (3.2)).

Theorem 3.2 If the conditions of Theorem 3.1 are satisfied, then

a Y5l _ Yiolipi
Da+EPj7>\7Qj7wj;a+SD - Eﬂj7)\—(17q]'7wj;a+<'0 (33)
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Proof: The proof of Theorem 3.2 can easily prove with the help of formula
ar =Dg 1%

n
a Yiilipi _ d n—a ;5L P;
(DaJrEpj,)\yqj,wj;athp) (z) = (d:v) [IfH By N wyar®| (2)

d " jljiP;
- (da:) [E;Yi)\]-s—};i—mqu;a#p] ()

Using equation (3.1)) in the above equation, we get

a\" [* a1 ik Di "
() [0 B 0o - 0P )

We apply the Leibnitz rule, we get

d o * 0 n—a— i5lj,Dj 1
(%) [ {e- om0 i =00

+lim ( - et o (@ = ) wi (2 — 1))
_ (dl)nfl fm (‘/1j - t))\+n_a_2 ioj (’Yl)p1r1~w(7m)mem (w1 (z—8)P1)" L. (W, (x—t)P™ )™
T a

l s (1 N
Tl Tm =0 F(A-i—n—a—l-i— § ij‘) ) gy Um) gy oy
j=1

Repeating this process (n — 1) times, we get
xr
_ / o= P B o (2= o (= 1))} 0 (1)
a

_ Violi Pi
- (Epj A= QG5 ,w; ;a+90> ()

Acknowledgments. The authors are grateful to anonymous referees for their valu-
able comments and suggestions for the betterment of this paper. Authors also would
like to thank Krunal B. Kachhia, Department of Mathematical Sciences, Faculty of
Applied Sciences, Charotar University of Science and Technology (CHARUSAT),
Changa, Anand-388421, Gujarat, INDIA for LaTeX typing of this paper.

REFERENCES

[1] A.A. Kilbas, M.Saigo, R.K. Saxena Generalized Mittag-Leffler function and generalized frac-
tional calculus operators, Int. Trans. and Spec. Func. 15 (2004), 31-49.

[2] G.M. Mittag-Lefler, Sur la nouvelle fonction. C.R. Acad. Sci. Paris, 137 (1903), 554-558.

[3] T.R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in
the kernel, Yokohama Math. J., 19 (1971), 7-15.

[4] T.O. Salim, Some properties relating to the generalized Mittag-Leffler function, Adv. Appl.
Math. Anal., 4 (2009), 21-30.

[5] T.O. Salim, A.W. Faraj, A generalization of Mittag-Leffler function and integral operator
associated with fractional calculus, J. of Fract. Calc. and Appl., 3 (2012), 1-13.

[6] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives: Theory and
Applications, Yverdon (Switzerland): Gordon and Breach Science Publishers; 1993.

[7] R.K. Saxena, S.L. Kalla, Ravi Saxena Multivariate analogue of generalized Mittag-Leffler

function, Int. Trans. and Special Functions, J. of Int. Trans. and Special Functions, 7 (2011),

533-548.

A.K. Shukla, J.C. Prajapati On a generalization of Mittag-Leffler function and its properties,

Math. Anal. Appl., 336 (2007), 797-811.

8



A STUDY ON GENERALIZED MITTAG-LEFFLER FUNCTION VIA FRACTIONAL CALCULUS$3

[9] I.N. Sneddon, The Use of Integral Transforms, New Delhi: Tata McGraw Hill; 1979.
[10] A. Wiman Uber den fundamental satz in der theory der functionen, Acta Math., 29 (1905),
191-201.

MEENA KUMARI GURJAR AND KANTESH GUPTA
DEPARTMENT OF MATHEMATICS,
MALAVIYA NATIONAL INSTITUTE OF TECHNOLOGY,
JAIPUR-302017, RAJASTHAN, INDIA.

E-mail address: meenanetj@gmail.com, kanteshguptal@gmail.com

JYOTINDRA C. PRAJAPATI
DEPARTMENT OF MATHEMATICAL SCIENCES
FACULTY OF APPLIED SCIENCES, CHAROTAR UNIVERSITY OF SCIENCE AND TECHNOLOGY (CHARUSAT)
CHANGA, ANAND-388421, GUJARAT, INDIA.

E-mail address: jyotindral8@rediffmail.com



	1. Introduction
	2. BASIC PROPERTIES
	3. COMPOSITIONS OF FRACTIONAL CALCULUS OPERATORS WITH INTEGRAL OPERATOR WITH A NEW MULTIVARIABLE GENERALIZATION OF MITTAG-LEFFLER TYPE FUNCTION IN THE KERNEL
	Acknowledgments

	References

