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A STUDY ON GENERALIZED MITTAG-LEFFLER FUNCTION

VIA FRACTIONAL CALCULUS

MEENA KUMARI GURJAR, JYOTINDRA C. PRAJAPATI, KANTESH GUPTA

Abstract. In this paper, author introduced and developed here a new mul-
tivariable generalization of Mittag-Leffler type function. Certain properties

of new multivariable generalization of Mittag-Leffler type function associated

with fractional calculus are established. A composition of Riemann-Liouville
fractional integral operators associated with multivariable Mittag-Leffler func-

tion in the kerenel has been obtained.

1. Introduction

In 1903, the Swedish mathematician Mittag-Leffler [2] introduced the function
Eα (z) defined as

Eα (z) =

∞∑
n=0

zn

Γ (αn+ 1)
, (α, z ∈ C;Re (α) > 0) (1.1)

A generalization of Eα (z) was studied by Wiman [10] in the following form

Eα,β (z) =

∞∑
n=0

zn

Γ (αn+ β)
, (α, β, z ∈ C;Re (α) > 0, Re (β) > 0) (1.2)

This is known as generalized Mittag-Leffler function or Wiman’s function.

In 1971, Prabhakar [3] established the function

Eγα,β (z) =

∞∑
n=0

(γ)n
Γ (αn+ β)

zn

n!
, (α, β, γ, z ∈ C;Re (α) > 0, Re (β) > 0, Re (γ) > 0)

(1.3)
this is a generalization of Wiman’s function.

Another generalization of (1.3) was defined by Salim [4] as

Eγ,δα,β (z) =

∞∑
n=0

(γ)n
Γ (αn+ β)

zn

(δ)n
, (α, β, γ, δ, z ∈ C;Re (α) > 0, Re (β) > 0, Re (γ) > 0, Re (δ) > 0)

(1.4)
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A generalization of (1.4) is initiated by Salim and Faraj [5] as

Eγ,δ,qα,β,p (z) =

∞∑
n=0

(γ)qn
Γ (αn+ β)

zn

(δ)pn
(1.5)

where α, β, γ, δ, z ∈ C; min {Re (α) , Re (β) , Re (γ) , Re (δ)} > 0; p, q > 0 and
q ≤ Re (α) + p

The multivariate analogue of generalized Mittag-Leffler function (1.3) is setup and
studied by Saxena et al. [7] in the following form

E
γj
ρj ,λ

(z1, ..., zm) = E
(γ1,...,γm)
(ρ1,...,ρm),λ (z1, ..., zm) =

∞∑
r1,...,rm=0

(γ1)r1 · · · (γm)rm

Γ

(
λ+

m∑
j=1

ρjrj

) zr11 · · · zrmm
r1! ···rm!

(1.6)
where λ, ρj , γj ∈ C and Re(ρj) > 0; j = 1, 2, ...,m.

A further generalization of multivariate analogue of generalized Mittag-Leffler func-
tion (1.6) was also mentioned, Saxena et al. [7] in terms of the following multiple
series:

E
(γ1,...,γm;l1,...,lm)
(ρ1,...,ρm),λ (z1, ..., zm) =

∞∑
r1,...,rm=0

(γ1)l1r1 · · · (γm)l1rm

Γ

(
λ+

m∑
j=1

ρjrj

) zr11 · · · zrmm
r1! ···rm!

(1.7)

where λ, ρj , γj , lj ∈ C;Re(ρj) > 0, Re(lj) > 0; j = 1, 2, ...,m.
In this paper, author introduce a new multivariable generalization of Mittag-Leffler

type function E
(γj ;lj ;pj)

(ρj ;λ;qj)
(z1, ..., zm) , which is a generalization of (1.5)

E
(γj ;lj ;pj)

(ρj ;λ;qj)
(z1, ..., zm) = Eγ1,...,γm;l1,...,lm;p1,...,pm

ρ1,...,ρm; λ; q1,...,qm
(z1, ..., zm)

=

∞∑
r1,...,rm=0

(γ1)p1r1 .... (γm)pmrm

Γ

(
λ+

m∑
j=1

ρjrj

) zr11 · · · zrmm
(l1)q

1
r
1
.... (lm)qmrm

(1.8)

where λ, ρj , γj , lj ∈ C; min
1≤j≤m

{Re (λ) , Re (ρj) , Re (γj) , Re (lj)} > 0 and

pj , qj > 0 ; pj < qj +Re (ρj) ; j = 1, 2, ...,m (1.9)

By putting suitable values of parameters in (1.8), we get (1.1) - (1.7).
To study, various properties of (1.8) , we need the following well-known
definitions and results:

(1) Beta transform (Sneddon [9])

B {f(z); a, b} =

∫ 1

0

za−1 (1− z)b−1
f (z) dz, (Re (a) > 0, Re (b) > 0) (1.10)

(2) Laplace transform (Sneddon [9])

L {f(z); s} =

∫ ∞
0

e−szf (z) dz, (Re (s) > 0) (1.11)
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(3) Fubini’s theorem (Dirichlet formula) (Samko et al.[6])∫ b

a

dx

∫ x

a

f (x, t) dt =

∫ b

a

dt

∫ b

t

f (x, t) dx (1.12)

(4) Riemann-Liouville fractional integral Iαa+ and derivative Dα
a+ of order α

defined as below (Samko et al.[6]):(
Iαa+ϕ

)
(x) =

1

Γ (α)

∫ x

a

(x− t)α−1
ϕ (t) dt , (α ∈ C, Re (α) > 0) (1.13)

and(
Dα
a+ϕ

)
(x) =

(
d

dx

)n (
In−αa+ ϕ

)
(x) , (n = [Re(α)] + 1;α ∈ C, Re(α) > 0)

(1.14)

2. BASIC PROPERTIES

Theorem 2.1 If the condition (1.9) is satisfied, then for any n ∈ N(
d
dz

)n [
zλ−1E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ, (q1,...,qm) (ω1z

ρ1 , ...., ωmz
ρm)
]

= zλ−n−1E
(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ−n, (q1,...,qm) (ω1z

ρ1 , ...., ωmz
ρm) (2.1)

Proof: Using equation (1.8) and differentiating term by term under the summation
sign, we find(

d

dz

)n [
zλ−1E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ, (q1,...,qm) (ω1z

ρ1 , ...., ωmz
ρm)
]

=

∞∑
r1,...,rm=0

(γ1)p
1
r
1
· · · (γm)pmrm ωr11 ...ω

rm
m

Γ

(
λ+

m∑
j=1

ρjrj

)
(l

1
)q1r1

· · · (l
m

)qmrm

(
d

dz

)n [
zλ−1+ρ1r1+...+ρmrm

]

=

∞∑
r1,...,rm=0

(γ
1
)p

1
r
1
· · · (γ

m
)pmrm

ωr11 ...ω
rm
m

Γ

(
λ− n+

m∑
j=1

ρjrj

)
(l

1
)q1r1

· · · (l
m

)qmrm

[
zλ−n−1+ρ1r1+...+ρmrm

]

= zλ−n−1E
(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ−n, (q1,...,qm) (ω1z

ρ1 , ...., ωmz
ρm)

Remark 1: If we take l1 = · · · = lm = p1 = · · · pm = q1 = · · · qm = 1 in
equation (2.1), we get known result due to Saxena et al. [7].

Remark 2: If we take m = 1, γ1 = γ, l1 = q, p1 = q1 = 1, ρ1 = α, λ = β, n = m
and ω1 = ω in equation (2.1), we get known result due to Shukla and Prajapati [8].

Remark 3: If we take m = 1, γ1 = γ, l1 = p1 = q1 = 1, ρ1 = ρ, λ = µ and
ω1 = ω in equation (2.1), we get known result due to Kilbas et al. [1].
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Theorem 2.2 If the condition (1.9) is satisfied, then∫ z
0
tλ−1E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ , (q1,...,qm) (ω1t

ρ1 , ...., ωmt
ρm) dt

= zλE
(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ+1, (q1,...,qm) (ω1z

ρ1 , ...., ωmz
ρm) (2.2)

Proof: Using equation (1.8) and changing the order of integration and summation,
we get

z∫
0

[
tλ−1E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ, (q1,...,qm) (ω1t

ρ1 , ...., ωmt
ρm)
]
dt

=

∞∑
r1,...,rm=0

(γ
1
)p1r1

· · · (γ
m

)pmrm (ω1z1)r1 ...(ωmzm)rm

Γ

(
λ+

m∑
j=1

ρjrj

)
(l

1
)q

1
r
1
· · · (l

m
)qmrm

z∫
0

[
tλ+ρ

1
r
1
+...+ρmrm−1

]
dt

We get the require result after a little simplification.
Now, we consider the Riemann-Liouville fractional integral (1.13) and derivative
(1.14) with the with a new multivariable generalization of MittagLeffler type func-
tion (1.8)

Theorem 2.3 Let a ∈ R+;α, λ, ρj , γj , lj , ωj ∈ C; min .
1≤j≤m

{Re (α) , Re (λ) , Re (ρj) , Re (lj) , Re (γj)} >
0 and pj , qj > 0; j = 1, 2, ...,m then for x > a, there holds the relation{

Iαa+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

= (x− a)
λ+α−1

E
(γj),(lj),(pj)

(ρj),λ+α,(qj)
(ω1(x− a)ρ1 , ...., ωm(x− a)ρm) (2.3)

Proof: We use the result (1.8) in L.H.S of (2.3), we find that{
Iαa+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

=

I
α
a+


∞∑

r1,...,rm=0

(γ
1
)p

1
r
1
· · · (γ

m
)pmrm

ωr11 ...ω
rm
m (t− a)λ+ρ1r1+...+ρmrm−1

Γ

(
λ+

m∑
j=1

ρjrj

)
(l

1
)q1r1

· · · (l
m

)qmrm


 (x)

FInally, we arrive at the R. H. S. of (2.3) after using following relation [6]{
Iαa+

[
(t− a)β−1

]}
(x) =

Γ(β)

Γ(α+ β)
(x− a)α+β−1, (α, β;Re(α) > 0, Re(β) > 0)

Hence {
Iαa+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

= (x− a)
λ+α−1

E
(γj),(lj),(pj)

(ρj),λ+α,(qj)
(ω1(x− a)ρ1 , ...., ωm(x− a)ρm)
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Theorem 2.4 Let a ∈ R+;α, λ, ρj , γj , lj , ωj ∈ C; min
1≤j≤m

{Re (α) , Re (λ) , Re (ρj) , Re (lj) , Re (γj)} >
0; pj , qj > 0; j = 1, 2, ...,m then for x > a, there holds the relation{

Dα
a+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

= (x− a)
λ−α−1

E
(γj),(lj),(pj)

(ρj),λ−α,(qj) (ω1(x− a)ρ1 , ...., ωm(x− a)ρm) (2.4)

Proof: We use the results (1.8) and (1.14), then we find that{
Dα
a+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

=

(
d

dx

)n {
In−αa+

[
(t− a)

λ−1
E

(γj),(lj),(pj)

(ρj), λ, (qj)
(ω1(t− a)ρ1 , ...., ωm(t− a)ρm)

]}
(x)

Now, applying theorem 2.3 with α replaced n− α. We get the desire result.

In this section, the image of E
γj ,lj ,pj
ρj ,λ,qj

(ω1 z
σ1 , ..., ωm z

σm) under Beta and Laplace

transforms are proved in the following theorems:
Theorem 2.5 (Beta Transform)

B
{
E
γj ,lj ,pj
ρj ,λ,qj

(ω1z
σ1 , ..., ωmz

σm) ; a, b
}

=
Γ (b) Γ (l1) ...Γ (lm)

Γ (γ1) ...Γ (γm)

×2m+1ψm+2


(γ1, p1) , · · · , (γm, pm) ,

(
a,

m∑
j=1

σj

)
,

(mtimes)︷ ︸︸ ︷
(1, 1), ..., (1, 1)

(l1, q1) , · · · , (lm, qm) ,

(
λ,

m∑
j=1

ρj

)
,

(
a+ b,

m∑
j=1

σj

)
∣∣∣∣∣∣∣∣∣∣∣
ω1

...
ωm

 (2.5)

where conditions (1.9) are satisfied and Re (a) > 0, Re(b) > 0.
Remark 1: If we take m = 1, γ1 = γ, l1 = δ, p1 = q, q1 = p, ρ1 = α, λ = β, ω1 =

x and σ1 = σ in equation (2.5), we get known result due to Salim and Faraj [5].

Remark 2: If we take m = 1, γ1 = γ, l1 = q1 = 1, p1 = q, ρ1 = α, λ = β, ω1 = x
and σ1 = σ in equation (2.5), we get known result due to Shukla and Prajapati [8].

Theorem 2.6 (Laplace Transform)

L
{
za−1E

γj ,lj ,pj
ρj ,λ,qj

(ω1z
σ1 , ..., ωmz

σm) ; s
}

=
Γ (l1) ...Γ (lm)

Γ (γ1) ...Γ (γm)
s−a

× 2m+1ψm+1


(γ1, p1) , · · · , (γm, pm) ,

(
a,

m∑
j=1

σj

)
,

(mtimes)︷ ︸︸ ︷
(1, 1) ..., (1, 1)

(l1, q1) , · · · , (lm, qm) ,

(
λ,

m∑
j=1

ρj

)
∣∣∣∣∣∣∣∣∣∣∣

(
ω1

sσ1

)
...(
ωm
sσm

)


(2.6)
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3. COMPOSITIONS OF FRACTIONAL CALCULUS OPERATORS
WITH INTEGRAL OPERATOR WITH A NEW MULTIVARIABLE
GENERALIZATION OF MITTAG-LEFFLER TYPE FUNCTION IN

THE KERNEL

The integral operator defined by(
E

(γj),(lj),(pj)

(ρj),λ,(qj):(ωj);a+ϕ
)

(x) =
(
E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ, (q1,...,qm):(ω1,....,ωm);a+ϕ

)
(x)

=

∫ x

a

(x− t)λ−1
E

(γ1,...,γm),(l1,...,lm),(p1,...,pm)
(ρ1,...,ρm), λ, (q1,...,qm) [ω1(x− t)ρ1 , ..., ωm(x− t)ρm ]ϕ (t) dt

(3.1)
this contains a new multivariable generalization of MittagLeffler type function (1.8)
in its kernel is investigated.
Consider the integral operator defined in (3.1) containing the genearlized Mittag-

Leffler function E
γj ,lj ,pj
ρj ,λ,qj

(.) in the kernel. First we will prove that the operator

E
(γj),(lj),(pj)

(ρj),λ,(qj),(ωj);a+ is bounded on L (a, b).

Theorem 3.1 Let α, λ, ρj , γj , lj , ωj ∈ C; min .
1≤j≤m

{Re(α), Re(λ), Re(ρj), Re(γj), Re (lj)} >
0 andpj , qj > 0; j = 1, 2, ..,m, then the relation

Iαa+E
γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+ϕ = E

γj ,lj ,pj
ρj ,λ+α,qj ,ωj ;a+ϕ = E

γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+I

α
a+ϕ (3.2)

holds for any summable function L (a, b).
Proof: Using equation (3.1) and (1.13) and applying the Dirichlet formula, we
obtain for x > a (

Iαa+E
γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+ϕ

)
(x)

=
1

Γ (α)

∫ x

a

(x−u)α−1

{∫ u

a

(u− t)λ−1
E
γj ,lj ,pj
ρj ,λ,qj

[ω1 (u− t)ρ1 , ..., ωm (u− t)ρm ] ϕ (t) dt

}
du

=

∫ x

a

{
1

Γ (α)

∫ x

t

(x− u)α−1 (u− t)λ−1
E
γj ,lj ,pj
ρj ,λ,qj

[ω1 (u− t)ρ1 , ..., ωm (u− t)ρm ] du

}
ϕ (t) dt

Let u− t = τ then we obtained

=

∫ x

a

{
1

Γ (α)

∫ x−t

0

(x− t− τ)α−1τλ−1E
γj ,lj ,pj
ρj ,λ,qj

[ω1τ
ρ1 , ..., ωmτ

ρm ] dτ

}
ϕ (t) dt

=

∫ x

a

Iαa+

{
τλ−1E

γj ,lj ,pj
ρj ,λ,qj

[ω1τ
ρ1 , ..., ωmτ

ρm ]
}

(x− t)ϕ (t) dt

Using Theorem 2.3, we get

=

∫ x

a

{
τλ+α−1E

γj ,lj ,pj
ρj ,λ+α,qj

[ω1τ
ρ1 , ..., ωmτ

ρm ]
}
ϕ (t) dt

=

∫ x

a

{
(x− t)λ+α−1

E
γj ,lj ,pj
ρj ,λ+α,qj

[ω1 (x− t)ρ1 , ..., ωm (x− t)ρm ]
}
ϕ (t) dt

=
(
E
γj ,lj ,pj
ρj ,λ+α,qj ,ωj ;a+ϕ

)
(x)

Similarly, we can prove remaining part of (3.2).

Theorem 3.2 If the conditions of Theorem 3.1 are satisfied, then

Dα
a+E

γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+ϕ = E

γj ,lj ,pj
ρj ,λ−α,qj ,ωj ;a+ϕ (3.3)
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Proof: The proof of Theorem 3.2 can easily prove with the help of formula

Dα
a+ϕ = Dn

a I
n−α
a+ ϕ(

Dα
a+E

γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+ϕ

)
(x) =

(
d

dx

)n [
In−αa+ E

γj ,lj ,pj
ρj ,λ,qj ,ωj ;a+ϕ

]
(x)

=

(
d

dx

)n [
E
γj ,lj ,pj
ρj ,λ+n−α,qj ,ωj ;a+ϕ

]
(x)

Using equation (3.1) in the above equation, we get

=

(
d

dx

)n ∫ x

a

(x− t)λ+n−α−1E
γj ,lj ,pj
ρj ,λ+n−α,qj [ω1 (x− t)ρ1 , ..., ωm (x− t)ρm ]ϕ (t) dt

We apply the Leibnitz rule, we get

=

(
d

dx

)n−1 ∫ x

a

∂

∂x

{
(x− t)λ+n−α−1E

γj ,lj ,pj
ρj ,λ+n−α,qj [ω1 (x− t)ρ1 , ..., ωm (x− t)ρm ]

}
ϕ (t) dt

+ lim
t→x

(x− t)λ+n−α−1E
γj ,lj ,pj
ρj ,λ+n−α,qj [ω1 (x− t)ρ1 , ..., ωm (x− t)ρm ]

=
(
d
dx

)n−1 ∫ x
a

(x− t)λ+n−α−2
∞∑

r1,...,rm=0

(γ1)p1r1
....(γm)pmrm

Γ

(
λ+n−α−1+

m∑
j=1

ρjrj

) (ω1(x−t)ρ1 )r1 ...(ωm(x−t)ρm )rm

(l1)q1r1
,...,(lm)qmrm

φ(t) dt

Repeating this process (n− 1) times, we get

=

∫ x

a

{
(x− t)λ−α−1E

γj ,lj ,pj
ρj ,λ−α,qj [ω1 (x− t)ρ1 , ..., ωm (x− t)ρm ]

}
ϕ (t) dt

=
(
E
γj ,lj ,pj
ρj ,λ−α,qj ,ωj ;a+ϕ

)
(x)
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