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INEQUALITIES FOR JACOBIAN ELLIPTIC FUNCTIONS

EDWARD NEUMAN

ABSTRACT. Two chains of inequalities involving elliptic functions sn, sc and
am are established. These results imply, in particular, two Huygens-type and
two Wilker-type inequalities for the families of higher transcendental functions
discussed in this paper.

1. INTRODUCTION AND DEFINITIONS

The history of Jacobian elliptic functions is long and laden with detail (see, e.g.,
[2]). Importance of these functions in theory of dynamical systems is well docu-
mented in [3]. For other applications of these functions in science and engineering
the interested reader is referred to [12] and [I4].

We begin this section recalling definitions of the Jacobian elliptic functions used
in this paper. In what follows the letter k£, 0 < k < 1, will stand for modulus of
Legendre’s incomplete elliptic integral of the first kind

sin ¢ dw
0 V-0 - R
(0 <9 < 7). Legendre’s complete elliptic integral of the first kind is defined as

F(p, k) = (1.1)

K(k) EK:F(g,k). (1.2)

The Jacobian version of Legendre’s incomplete elliptic integral of the first kind
is

sn (z,k) dw
=, Vi) Py 3

where sn (z, k) = sn (z) = sn is the Jacobian elliptic sine function and k is the same
as above, see, e.g., [2]. Other Jacobian elliptic functions used in this paper are cn
and sc. They are subordinate to the Jacobian elliptic sine sn in the following sense

sn2(z)+en2(z)=1, sc(z)= i‘; Eg (1.4)
We will also utilize Jacobian amplitude function am (z,k) = am(x) = am.

Following [12] 22.16.1]
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am (x, k) = sin~!(sn (z, k)). (1.5)

For more details regarding Jacobian elliptic functions the interested reader is re-
ferred to [12, Ch. 22], [2] and [14].

The goal of this note is to establish new inequalities involving functions under

discussion. Those results are included in Section 2. It is worth mentioning that

several inequalities involving these functions have been published in the past years

in mathematical literature. For more details the interested reader is referred to
[4, 51 [ [8, [, 10, 1T [13].

2. MAIN RESULTS

Let D = (0, K), where K is defined in . In what follows we will always
assume that the independent variable x of the four Jacobian elliptic functions
sn (x,k),cen (2, k), sc (x, k) and am (z, k) satisfies z € D. For the sake of nota-
tion the variable x and the modulus k& will be suppressed when no confusion would
arise.

The first chain of inequalities involving functions under discussion is obtained in
the following.

Theorem 2.1. The following inequalities

S1n

(en)*? < (en < [%(cn+£)]l/2<

1+2cn 172 l+cny2/3 sn 2+cn
(=) <) < <

3 2 am< 3

sn \1/4
—)

are valid.

Proof. We shall establish the first five inequalities in (2.1) using the following chain
of inequalities for the trigonometric functions [7, Theorem 1]:

sint,1/4

. int
(cost)/? < (costT) STy /2

1
< [§(COSt+ T)]
14+ 2cost,1/2 1+ cost\2/3 sint

For the proof we let ¢t = sin~!(sn 2). Using (1.5) we get t = am and also that
sint = sn z. Utilizing the first part of (1.4) we obtain cost = c¢n x. The inequalities
in question now follow. The sixth inequality in (2.1) follows from the Huygens
inequality [1]:

(2.2)

sint 24 cost

—_— < _,

t 3

0 < || < ©/2. The last inequality is obvious because ¢cn < 1. The proof is
complete. O

We shall utilize some parts of (2.1) to prove the following.
Theorem 2.2. We have

1, am am 1, am.,2 am
1<§( o g) 5[(5) ;] < 23)
< 1(22 T 1[(2)2 5 .
3 am am 2 am am
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Proof. In order to obtain the first inequality in (2.3) it suffices to multiply the
sixth and seventh members of (2.1) by am /sn. We shall demonstrate now that
the second inequality of (2.3) holds true. To this aim we rewrite the sixth inequality
in (2.1) as follows
sn
cn >3— —2. (2.4)
am
For the brevity let

A==
2" sn sc 3% sn

Lrmyz pamg  1am | am
sc 7
Making use of the formula 1/sc = cn /sn we obtain, after a little algebra,

1,am 2 sn sn

6
Application of (2.4) to the right side of the last inequality yields
1 am .2 sn sn sn
A> 5 B B~ ! =
1 am 2 sn |2 sn 1,sn 2
=5l ) B — o 3l = U >0

In what follows we will utilize a symbol u, where u := sn /am. This allows us to
write the quotient sc /am as
sc sn u

am cn-am  cn

The difference between the the fourth and third members of (2.3) can be expressed
in terms of v and cn:

1 U 1,1 cn u 14+ 2cn 1
Bi= —(2u+ “) - o(= 4 By o L 2TEM L ().
3(u+cn) 2(u2 u) cn 3 2u2( tu cn)
The third inequality of (2.1)
1+2 1
+3 a §(u+cn)

is now utilized to obtain

B>L(u+cn)—i(1+u-cn): [ub(u4cn) —cn(1+wu-cn)).

2cn 2u? 2u? cn
Next we apply the fifth inequality in (2.1)
1+ecn 2
3
U >( 5 )
to obtain
1 1+cn.2
B> 2u? cn [( 2 ) (u+en)—cn(l+u-cn)] =
1
:m[(l—l—cn)Q(u—i—cn)—4cn(1—|—u-cn)} =
= Sulen [u(1+2cn —3cn %) 4+ cn(en ® +2cn —3)] =
1
= S [u(1+3cn)(1—cn)—cn(l—cn)(3+cn)| =
1—cn 1—cn
:M[u(l+3cn)fcn(3+cn)]:%g@(cn),
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where @(cn) = u(143cn) —cn (3 +cn). Since u > cn /3 (see (2.1)),

o(en)>cn Y31 +3cn) —cn(3+cn) =

=en ?4+3n?? —3em—cn?=

=v4+3v* =30 =08 =01 —v)(1+v— 202 + 0> + o),
where v = cn /3 (0 < v < 1) One can easily demonstrate that 14+v—2v%+v3 +v? >
0if 0 < v < 1. This completes the proof of positivity of the quantity B which

represents the difference between the fourth and third members of (2.3). We shall
verify now validity of the last inequality in (2.3). Let

1.,sn .2 sc 1 sn sc
C=5l) T am! 3% T )
Then
u
= 6E(Su -cn —4cen +1).

We utilize the inequality u > cn /3 again to obtain

v 4/3 _ 4 D= % (304 43 +1
C> fon (3cn cn +1) Son (3v v’ + 1),

where v has the same meaning as in the proof of the third inequality in (2.3). An
easy factorization of the above quartic polynomial completes the proof. We have

C> L (v-1)230* +20+1) > 0.

6 cn
O
Two inequalities

3<o X

am  am

and

9 < (2)2 L5

am am

follow from (2.3). The last two results can be called the first Huygens and the first
Wilker inequality, respectively, for the Jacobian elliptic functions. These results
have been obtained recently in [IT]. Another pair of inequalities

sn sc
3<2—+ —
am  am

and
2< (224 2
am am
also follows from (2.1). We call the last two results the second Huygens and the
second Wilker inequality, respectively, for the Jacobian elliptic functions.
We close this section with a remark that a chain of inequalities involving trigono-
metric functions follows immediately from (2.3) by taking the limiting case when
k — 0%. In this case one has [12 22.5.3]:

sn (z,0") = sin, sc(z,0%) = tanz, and am (z,07) = z.



INEQUALITIES FOR JACOBIAN ELLIPTIC FUNCTIONS 5

REFERENCES

[1] C. Huygens, Oeuvres Completes 1888-1940, Sociéte Hollondaise des Science, Haga.
[2] D.F. Lawden, Elliptic Functions and Applications, Applied Mathematical Sciences Vol. 80,
Springer-Verlag, New York, 1989.
[3] K.R. Meyer, Jacobi elliptic functions from a dynamical systems point of view, Amer. Math.
Monthly, 108 (2001), 729-737.
[4] E. Neuman, One- and two-sided inequalities for Jacobian elliptic functions and related results,
Integral Transforms Spec. Funct., 21 (2010), 399-407.
[5] E. Neuman, Inequalities for Jacobian elliptic functions and Gauss lemniscate functions, Appl.
Math. Comput. 218 (2012), 7774-7782.
[6] E. Neuman, Product formulas and bounds for Jacobian elliptic functions with applications,
Integral Transforms Spec. Funct. 23 (2012), 347-354.
[7] E. Neuman, Refinements and generalizations of certain inequalities involving trigonometric
and hyperbolic functions, Adv. Inequal. Appl. 1 (2012), 1-11.
[8] E. Neuman, Inequalities involving Jacobian elliptic, trigonometric and hyperbolic functions,
J. Inequal. Spec. Funct. 3 (2012), 16-21.
[9] E. Neuman, Inequalities for weighted sums of powers and their applications, Math. Inequal.
Appl. 15 (2012), 995-1005.
[10] E. Neuman, A note on the Jacobian elliptic sine function, Integral Transforms Spec. Funct.
24 (2013), 548-553.
[11] E. Neuman, Wilker- and Huygens- type inequalities for Jacobian and elliptic theta functions,
Integral Transforms Spec. Funct. 25 (2014), 240-248.
[12] F.W.J. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark, eds., NIST Handbook of Mathematical
Functions, Cambridge Univ. Press, New York, 2010.
[13] G. Wang, X. Zhang, Y. Jiang, Holder concavity and inequalities for Jacobian elliptic func-
tions, Integral Transforms Spec. Funct. 23 (2012), 337-345.
[14] E.T. Whittaker, G.N. Watson, A Course of Modern Analysts, 4th ed., Cambrigde University
Press, New York, 1990.

EDWARD NEUMAN
MATHEMATICAL RESEARCH INSTITUTE, 144 HAWTHORN HOLLOW, CARBONDALE, IL. 62903, USA
E-mail address: edneuman76@gmail.com



	1. Introduction and Definitions
	2. Main Results
	References

