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SOME NECESSARY CONDITIONS FOR PERIODIC FUNCTIONS

NAIM L. BRAHA, VALMIR B. KRASNIQI AND HARI M. SRIVASTAVA

ABSTRACT. The main object of this article is to give several necessary condi-
tions for periodic functions. These conditions involve the monotonicity prop-
erties and the extreme values of the periodic functions. Some illustrative ex-
amples and graphical representations are also provided.

1. INTRODUCTION AND THE FIRST SET OF NECESSARY CONDITIONS

Periodic functions are known to occur naturally in a number of areas of the
mathematical, physical and engineering sciences. By definition, a function f(x) is
said to be periodic (with period T') if there exists a number T' € R \ {0} such that

f(x) = f(x +nT) (neZ:={0,£1,£2,---}) (1)

for every x +nT (n € Z) in the domain of definition of the function f(z). Clearly,
if each of the functions f(x) and g(z) is periodic of period T, then their such
combinations as

— x T T an ﬂ
F@) +9(e), f@) = o(e), f@l) amd T

are also periodic of the same period T (see, for details, [2], [4], [5] and [6]).

The trigonometric sine and cosine functions sine and cosine are the most com-
monly known periodic functions, each with period 27. The widely-investigated
subject of Fourier series and Fourier integrals is based largely upon the idea that
an essentially arbitrary periodic function may be expressed a sum of trigonometric
functions with matching periods (see, for example, [7], [8], [9] and [10]). In fact,
according to the above definition, such exotic functions of Analytic Number Theory
as the family of Dirichlet’s L-functions are also periodic with some nonzero rational
number as its period (see, for details, [I]).

In this article, we give several necessary conditions for periodic functions. These
conditions involve the monotonicity properties and the extreme values of the peri-
odic functions. We also provide several illustrative examples and graphical repre-
sentations.

Our first set of necessary conditions is contained in Theorem [Tl below.
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Theorem 1.1. If the function f(x) is monotonic and periodic with period T in a
segment [a,a +T] (T > 0) for some fized a € R, then the difference between every
two roots which are in successive segments (related to the length of period T') and
in the given order (if they exist) is a constant. The converse is not true.

Proof. Let us suppose that the function f(z) has n different roots 1,22, - , 2, in
[a, a+ T] for some fixed a € R. Without loss of generality, we can consider that the
roots are ordered in the following form:

1 < T < -0 < Ty (1.1)
From fact that the function f(z) is periodic with period T, we get
0=f(2z1) = f@1 +T) = f(z2) = fa2+T) =--- = f(zn) = flen +T). (1.2)
Soxy +T,x2+ T, - ,x, + T are also roots of the function f(z) and we have

n+T <zo+T< - <zxp+T
and
21+ T, x0+T, - xn+T €la+T,a+2T).
From the periodicity of f(z), it follows that [a + T,a + 2T] contains n roots
xll,:v;,--- ,x/n such that
Ty <@y <<z, €la+T,a+2T). (1.3)

Now, from the relations (L2) and (L3), we find that z; = 21 + 7. If, on the
contrary, we suppose for example that 1 +7T = :1:;,, then the above relations would
yield

T <zy<az=zm1+T <zo+T < - <z, +T. (1.4)

This last relation (L)) shows that the function f(z) has n + 2 roots, which is
in contradiction with the hypothesis that the function f(z) has only n roots. If we
suppose that z1 + T is equal to any one of the roots of the function f(z), different
from x2, we will get a contradiction again. So it follows that

$; =x1+T
and, in the same way, we see that
:1:,2:3:2+T,~-~33;1::1:n—|—T
and )
Ty —xp =T (ke {1,2,---,n}).
Each of the following examples will prove that the converse is not true.

Example 1. Let the f(z) be given by

2x (O§x§%)
2 -2z (%ixil)

fla) =4 4w—4 (l=z=3) (1.5)
—dx +8 (3<2<2)
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with the following géaphical representation for y = f(x) :
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The function f(x) given by (L5 has the same difference between its every two
consecutive roots, but it is obviously not periodic. (I

]
—

0

Example 2. We show that f(z) = sin(2?) is not a periodic function. Let us
suppose, on the contrary, that the function f(z) = sin(2?) is periodic with period
T. We also assume that x1, x2 and x3 are the roots of the function in the interval
[a,a+T] (T > 0) for some fixed a € R. Then, from Theorem [[I] there exists an
index r € N such that

LTy —T1 = Tp41 — T2

Vit =T =+/(r+ )7 —V2r (r eN).

But this last relation does not hold true for » € N\ {1}, which is a contradiction,
proving that the function f(z) = sin(z?) is not periodic.

Remark. The monotonicity of the function f(x) cannot be removed in Theorem
[[Tabove. Indeed, if the function f(z) is not monotonic, then there exists a counter-
example which is periodic and whose consecutive roots are not separated by the
same distance. It is Dirichlet’s L-function, which is periodic with some rational
number as its period.

and

2. A Necessary Condition Based Upon Extreme Values

Our second set of necessary conditions is related to the extreme values of the
function.

Theorem 1.2. If the function f(x) is monotonic and periodic with period T in
a segment [a,a +T] (T > 0) for some fized a € R. Then the difference between
every two extreme values, which are in successive segments (related to the length of
period) and in the given order (if they exist), is a constant. The converse is not
true

Proof. Let us suppose that the function f(z) has n different extreme values x1, 22, - - -
xy, in the closed interval [a, a + T for some fixed a € R. Without loss of generality,
we can consider that the extreme values are ordered in the following form:

T1 < Tg < -+ < Tp. (1.6)



SOME NECESSARY CONDITIONS FOR PERIODIC FUNCTIONS 21

From the assumption that the function f(z) is periodic with period T, we get

fx) = fx1+T), f(x2) = fle2a+T), -, fwn) = flwn +T), (1.7)

which shows that z1 + 71,22+ T,--- ,x, +T are also extreme values of the function
f(z)in [a+ T,a + 2T] and that

1+ T <o+ T < <z, +T.

From the periodicity of f(x), it follows that the interval [a + T, a + 27" contains n
extreme values z},x3, -, 2l as follows:

i <axh <<zl elatT,a+ 27T (1.8)

Now, from this last relation (L), it follows that 1 = z1 + T If we suppose, on
the contrary, that (for example) x1 + 7T = x1, then the above relations would yield

x}<x%<a:3:3:1—|—T<a:2—|—T<~-~<:17n+T,

which shows that the function f(x) has n + 2 extreme values. This evidently
contradicts the assumption that the function f(z) has exactly n extreme values.
Thus, if we suppose that z; + T is equal to any one of the extreme values of the
function f(x), different from x5, we will get a contradiction. In the same way. we
see that

v =ap +T (ke {1,2,---,n}).
So we have
=2, 4+T
and
v —x =T.
The following examples will prove that the converse is not true.

Example 3. Let the function f(z) be given by

x 0sz<1)
“w 43 (122<3)
TO=Y o5 Bozs) 9

with the following graphical representation for y = f(z) :
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The function f(x) given by ([L9) has the same difference between every two
successive extreme values, but it is obviously not periodic. (|

Example 4. We show that f(x) = cos(z®) is not a periodic function. Let us
suppose, on the contrary, that the function cos(z3) is periodic with period T. We
also assume that z; and z2 are the extreme values of the function f(x) = cos(z?)
in the closed interval [a,a+T] (T > 0) for some fixed a € R. Then, from Theorem
[L2 there exists an index s € N such that

Tg — X1 = Ts41 — T2
and
Vs — /m =3/ (s + 1)m — V2m.
But this last relation does not hold true for s € N'\ {1}, which is a contradiction.
We have thus proved that the function f(z) = cos(z®) is not periodic.
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3. Concluding Remarks and Observations

Theorem [[L3] below would provide yet another set of necessary conditions for
periodic functions.

Theorem 1.3. If the function f(x) is monotonic and periodic with period T in a
segment [a,a+ T] (T > 0) for some fized a € R. Then, for every derivative of the
function (if it exists), the difference between every two roots, which are in successive
segments (related to the length of the period) and in the given order (if they exist),
is a constant. The converse is not true.

Proof. The necessary condition asserted by Theorem would follow from Theo-
rem [[LT] and Theorem The details involved are being omitted here. O

In conclusion, we remark that the necessary conditions, which we have presented
as Theorems [T1] and [[.3] in this article, are potentially useful in many differ-
ent situations. The illustrative examples considered here are also believed to be
worthwhile and sufficiently interesting.
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