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A COVARIANCE INEQUALITY WITH A NON-MONOTONE
FUNCTION

MARTIN EGOZCUE

ABSTRACT. In this note, we derive a new covariance inequality for non-monotone
functions and for skew-normal distributions.

1. INTRODUCTION

Many problems of choice under uncertainty involve studying the sign of the
following covariance
Cov[X, 8(X)], (1.1)
where £ is a real function and X is a random variable (cf., e.g., Dalal, 1983). This
sign is deduced with the following argument: If 3 is increasing, then its sign is
non-negative, and it is non-positive if § is decreasing. This argument relies on
Chebyshev’s integral inequality (Mitrinovic & Vasic, 1970). However, sometimes
it is necessary studying the covariance sign with non-monotone functions (cf., e.g.,
Wagener, 2006). In this note, we get a new covariance inequality for non-monotone
functions and skew-normal distributions.

2. MAIN RESULTS

We shall restrict the analysis of (1.1)) for skew-normal distributions (Azzalini,
1985), since the sign of (|1.1)) for symmetric random variables has been studied by
Egozcue et al. (2009; 2011). Now, we define skew-normal distributions.

Definition 1. A skewed normal distribution is a continuous random variable, X
with the following density function

f(z) = 2¢(z)®(Az), (2.1)

where ¢ and ® are the standard normal density and distribution functions, respec-
tively, and A € R s the skewness parameter.

o When X\ = 0, then the density f(x) reduces to the (symmetric) standard
normal density ¢(x).
e When X\ > 0, then the density f(x) is skewed to the right.
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o When A <0, then it is skewed to the left.
The following identity shall play an important role to prove our main result.

Lemma 2.1. Let X be a skewed normal distribution and Y a standard normal
random variable. Consider B € C* be a bounded odd real function, then

Cov [X, B(X)] = E[§(X)] — 4Cov [V, 6(AY)] Cov [B(Y), ®(\Y)]  (2.2)
Proof. Using covariance definition we obtain
Cov [X, B(X)] = E[XB(X)] - E[X]E [3(X)]
=2E[YB(Y)P(\Y)] — 4E[YO(\Y)|E[S(Y)P(aY)] (2.3)
Integrating by parts E[8'(X)], we get

) =2 / 7 B (@)é(@)@ ()

= 2[B(x)d(x)(Ax)|, — 2 / B(z) [¢/ (1)(\a) + Ab(x)d(Aa)] da
. / " B(a) [wd(@)®(Ar) + Ab(@)p(\x)] da

= 2/ B(x)xd(x)P(Ax)dx — 2\ /_00 B(x)d(x)p(Ax)dx
= 2E[YB(Y)R(AY)] = 2AE[3(Y)$(AY)]

Since (8 is an odd function and Y is symmetric about zero, implies that

E[B(Y)o(AY)] = E[(B(Y) 4+ B(=Y)) o(AY) - I{Y > 0}] = 0.

Thus,
E [5/(X)] = 2E[Y B(Y)®(AY)]. (2.4)
Similarly, using the fact E[3(Y)] = E[Y] = 0, we have the following identities
E[p(Y)®(aY)] = Cov [5(Y), 2(AY)], (2.5)
and
E[Y®(\Y)] = Cov [V, d(\Y)]. (2.6)

Hence, substituting (2.4), (2.5) and (2.6) in (2.3) we obtain
Cov [, 8(X)] = E[#'(X)] — 4Cov [V, B(AY)] Cov [3(Y), B(\Y )]
which is the desired result. [

Now, we present the sign of (|1.1]) relaxing the monotonicity of 3.

Proposition 2.2. Let X be a skewed normal distribution. Consider B € C' be a
bounded odd real function, then:

(1) If x>0, B(x) >0 forx >0 and E[f'(X)] <0 then Cov [X,(X)] <0
(2) If A <0, B(z) <0 for x >0 and E[f'(X)] > 0 then Cov [X,8(X)] >0

Proof. We prove the first case. Since A > 0 then ®(\Y) is an increasing function
and, invoking Chebyshev’s integral inequality, implies that

Cov [Y, ®(\Y)] > 0. (2.7)
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Similarly, as 5 is an odd function, it follows that
Cov [5(Y), ®(AY)] = E[B(Y)(AY)]
—B[B(Y) (B(\Y) — D(-AY)) - 1{Y > 0}].
Since, B(y) > 0 for y > 0 and ®(A\y) is an increasing function, we conclude that
Cov [B(Y), ®(\Y)] > 0. (2.8)
Combining, E [#'(X)] <0, (2.7) and (2.), it yields that
Cov [X,8(X)] < 0.
Now, we prove the second case. Note that since A < 0, then ®(\Y') is a decreasing
function. Thus,
Cov [V, ®(\Y)] < 0. (2.9)
As, B(y) <0 fory >0, A <0 and ®(\y) is a decreasing function, we conclude that
Cov [B(Y),2(\Y)] =E[B(Y) (2(\Y) — &(—=\Y)) - 1{Y > 0}] > 0. (2.10)
By combining, E[8'(X)] > 0, (2.9) and (2.10), it yields that
Cov [X, 3(X)] > 0.
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