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SEVERAL INEQUALITIES WITH POSITIVE LINEAR
FUNCTIONALS

ZLATKO PAVIC

ABSTRACT. In this paper, we combine the application of different forms of
Jensen’s inequality to convex and affine combinations. Using this approach we
obtained several extensions of the functional form of Jensen’s inequality for
affine combinations of real valued functions. One of the resulting inequalities
is applied to quasi-arithmetic means.

1. INTRODUCTION

Let X be a real linear space. We specify three types of combinations of points
(vectors) from X and coefficients (scalars) from R. The simplest way is to start
with the binomial combinations

aa+ Bb (1.1)
of points a,b € X and coefficients a, g € R.

The combination in equation ([L.1)) is called linear. A set L C X is linear (usually
called a linear subspace) if it contains all binomial linear combinations with points
from L. A function L : L. — R is linear (usually called a linear functional) if the
equality

L(aa + 8b) = al(a) + BL(b) (1.2)
holds for all binomial linear combinations aa + 8b of the linear subspace L.

If a + B = 1, the term linearity becomes affinity using the adjective affine for
combinations, sets and functions.

The combination in equation (L.1)) is called convex if & + 8 =1 and «, 58 > 0.
A set C C X is convex if it contains all binomial convex combinations with points
from C. A function f:C — R is convex if the inequality

flaa+ Bb) < af(a) + Bf(b) (1.3)

holds for all binomial convex combinations aa + 8b of the convex set C. A function
f is concave if the function —f is convex. Thus, a function is affine if, and only if,
it is convex and concave.
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Using the mathematical induction, the above binomial combination properties
can be extended to all finite combinations

n
> aia, (1.4)
i=1

of points a; € X and coefficients «; € R, assuming that 2?21 a; = 1 in the affine
case, and additionally assuming that all a; > 0 in the convex case.

Using the inductive method, Jensen presented in [2] the discrete form of the

inequality relating to convex combinations and convex functions. Adapted to our
needs, this inequality reads as follows.

Theorem A. Let C be a convex set of a real linear space, let ay,...,a, € C be
points, and let Y ., a;a; be a convex combination.
Then every convez function f :C — R satisfies the inequality

/ (Zai%') < Zaif(ai)- (1.5)

If f is concave, then the reverse inequality is valid in equation (L1.5)). If f is
affine, then the equality is valid in equation (L.5)).

In more than one hundred years of its existence, the famous Jensen’s inequality
in equation (1.5) has entered into many areas of mathematics.

2. INEQUALITY FOR TRINOMIAL AFFINE COMBINATION

If a,b € R are different numbers, say a < b, then every number z € R can be
uniquely presented as the binomial affine combination
bz r—a
“h—a” * b—a
which is convex if, and only if, the number z belongs to the closed interval [a, b].
Given the function f: R — R, let F;%} : R — R be the function of the chord line
passing through the points A(a, f(a)) and B(b, f(b)) of the graph of f. Applying
the affinity of fg‘e to the combination in , we get

x b (2.1)

b}
: b—=x r—a
lin _
5 0) = 2= fa) + 2 (b, (22)
If the function f is convex, then we have the inequality
fla) < [y (@) (2.3)

for every z € [a,b]. The reverse inequality is valid in equation if z ¢ (a,b).

Our main results are based on the discrete variant of the inequality relating to the
trinomial affine combination. Let «, 8, € R be coefficients such that a+5—~ = 1.
Let a,b,¢ € R be points such that ¢ € [a,b]. We consider the affine combination
aa + Bb — ye. Inserting the affine combination ¢ = Aa + pb, that is, assuming that
A+ pu =1, we get the binomial form

aa+ Bb—yc = (a—vA)a+ (B —yu)b. (2.4)

Relying on the above form and the inequality in equation (2.3]), we attain the
following simple result for trinomial affine combinations and convex functions.
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Theorem B. Let a,b,¢c € R be points such that ¢ € [a,b]. Let o, B,y € [0,1] be
coefficients such that o + 3 — v = 1.
Then the affine combination

aa+ Bb— e (2.5)
is in [a,b], and every convex function f : [a,b] — R satisfies the inequality
f(aa+ Bb—~c) < af(a) +Bf(b) —vf(e). (2.6)

If f is concave, then the reverse inequality is valid in equation (2.6)). If f is
affine, then the equality is valid in equation (2.6]).

Theorem B is trivially valid if @ = b. It is also valid for v € [—1,1] because
then the observed affine combinations with v < 0 become convex, and associated
inequalities follow from Jensen’s inequality. The similar combinations including
v € [-1,1] were observed in [6, Corollary 11 and Theorem 12] additionally using a
monotone function. If @ = f =« = 1, then the inequality in is reduced to the
simple case of Mercer’s variant of Jensen’s inequality obtained in [4].

3. FUNCTIONAL FORM OF JENSEN’S INEQUALITY

Let X be a non-empty set. Let X be a subspace of the linear space RY of all
real functions on the domain X. We suppose that the space X contains the unit
function ey defined by eg(z) = 1 for every © € X.

A linear functional L : X — R is said to be positive (non-negative) or monotone
if L(g) > 0 for every non-negative function g € X. We use the positive functional
L satisfying L(eg) = 1. Such functional is called unital or normalized. For any
function g € X, the number L(g) is located in the closed convex hull of the set
{g(z) : ® € X'}, that is, in the closed interval of real numbers which contains the
image of g.

Cite an example of a unital positive linear functional. Given the n-tuple of
non-negative coefficients ; € R satisfying Y. ; @; = 1, and the n-tuple of points
x; € X, we define the summarizing linear functional L on the space X by

L(g) = aiglx;). (3.1)
=1

Obviously, the functional L is positive, and since L(eg) = 1, it is unital.

Let Z C R be an interval. The subset Xz of the space X which contains all
functions of X with the image in the interval Z is convex. Indeed, if > | a;g; is the
function convex combination with g; € Xz, then the number convex combination
Soraigi(z) € T for every x € X, that is, > ; a;g; € X7. Note that Xg = X in
terms of the above notation.

In further work we only use the closed interval Z C R, as well as the related
convex set X7 C X,

Jessen formulated in [3] the functional form of Jensen’s inequality for convex
functions of one variable. Finishing version of this inequality stands as follows.

Theorem C. Let g € Xz be a function. Let f : T — R be a continuous convez
function such that f(g) € X.
Then every unital positive linear functional L : X — R satisfies the inclusion

L(g) €T, (3.2)
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and the inequality

f(L(g)) < L(f(9))- (3.3)
If f is concave, then the reverse inequality is valid in equation (3.3). If f is
affine, then the equality is valid in equation (3.3).

If L(g) is the interior point of the interval Z, to prove the inequality in equation
we use the support line of the function f at L(g). If L(g) is the end point of
the interval Z, to prove this inequality we rely on the continuity of f applying the
support line at a point which is close enough to L(g).

Point out the two important facts in Theorem C. If the interval Z is not closed,
it could happen that L(g) ¢ Z as mentioned in [5]. Here is an example.

Example 3.1. Let X =7 = (0,1], X = {g : (0,1] — R lim,_,04+ g(x) € R}, and
let L:X — R be defined with L(g) = limg_04 g(x). Then the identity function g
onZisinX, and g(x) =x € T for every x € X, but L(g) =0 ¢ T.

If the function f is not continuous, it could happen that the inequality in (3.3))
does not apply as noted in [8]. We have the following example.

Example 3.2. Consider the previous example with X =T = [0,1]. Take the convex
function f :[0,1] = R defined with f(0) = 1 and f(z) = 0 for x € (0,1]. Then
f(L(g)) = f(0) =1>0=L(f) = L(f(9))-

4. MAIN RESULTS

The first part of the section refers to the generalizations of Theorem C, presented
in the next two corollaries. The second part deals with the functional variants of
Theorem B.

Theorem C can be presented with several functions g;. The following corollary
is a consequence of the discrete and functional form of Jensen’s inequality.

Corollary 4.1. Let g1,...,9, € Xz be functions, and let Y .| a;g; be a convex
combination. Let f : T — R be a continuous convex function such that all f(g;) € X.
Then every unital positive linear functional L : X — R satisfies the inclusion

ZaiL(gi) ez, (4.1)

and the double inequality

f (Z aiL(gi)> <D aif(Lg) <Y ail(f(g:))- (4.2)
=1 i=1 i=1

Theorem C can also be presented with several linear functionals L;. Such a
generalization is considered as follows.

Corollary 4.2. Let g1,...,9, € Xz be functions. Let f : T — R be a continuous
convex function such that all f(g;) € X. Let Ly,..., Ly, : X — R be positive linear
functionals such that all L;(eg) > 0 and Y., L;(eg) = 1.

Then we have the inclusion

Z Li(9:) € 1, (4.3)
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and the double inequality
f (Z Li(ﬂi)) < Z f(Ligi)) < ZLi (£(9))- (4.4)
i=1 i=1 i=1

Proof. Taking positive coefficients cr; = L;(eg), and unital positive linear function-
als

1
M; = —Li, (4.5)
we have the convex combination
> Lilgi) =Y aiMi(g;) (4.6)
i=1 i=1
to which we can apply the inequality in equation (4.2)). O

Now we focus on the functional variant formulation of Theorem B. First we
will analyze the special case of the equality in equation for an affine function
h: R — R. Using the equation h(x) = Az + p with real constants A and u, we have
the equality

h(L(g)) = AL(g) + i = AL(g) + pL(eo) = L(Ag + peo) = L(h(g)).  (4.7)
The above equality, with the function h as the chord line, will be applied in the

proof of the following functional variant of Theorem B. Among others, we use the
functions a, b, c € X.

Lemma 4.3. Let a,b,c € Xz be functions, and let L : X — R be a unital pos-
itive linear functional so that ¢ € Xg where T' = [L(a),L(b)]. Let f : T — R
be a continuous convex function such that compositions f(a), f(b), f(c) € X. Let
a, 8,7 € [0,1] be coefficients such that o+ — v = 1.

Then the affine combination

I = L(aa—i—Bb—vc)

(4.8)
= al(a)+ BL(b) — yL(c)
is in the interval [L(a), L(b)], and we have the inequalities
f() < af (L(a)) + BF(L(D)) —vf(L(c)) (4.9)
and
f() < aL(f(a)) + BL(f (b)) = vL(f(c))- (4.10)

Proof. Since L(c) € [L(a), L(b)], the affine combination in equation belongs
to [L(a), L(b)] by Theorem B. Then the inequality in equation (4.9)) follows from
the inequality in equation . Prove the inequality in equation

If L(a) = L(b), the function ¢ is constant. Using the presentation ¢ = L(a)ey =
L(c)eg, we get that

fle) = F(L(c))eo. (4.11)
In this case follows from because f(L(a)) < L(f(a)) and f(L(b)) <
L(f(b)) by (3.3), and L(f(¢)) = f(L(c)) by (&11).

If L(a) # L(b), we can use the chord line function f?i"(aa),L(b)}. Since the number
inequality f?i‘?a)yL(b)}(c(x)) > f(e(x)) holds for every x € X, we have the function
composition inequality _

f?f?a),L(b)}(C) > f(e). (4.12)



6 ZLATKO PAVIC

Applying the convex1ty of f, the affinity of fHir (L( a) L®)} as well as the formulae in

equations (2.3 , . and -, we get the series of inequalities
) < f{fﬁa),L(w}(aL(ﬂa)) + BLU(B)) = 1L (f ()
af(L(a)) + BFLD) = vf{E, ey (L(e)

(4.13)
= af(L(a)) + BF(LD)) = YL(f{F5w) L (©)
< aL(f(a)) + BL(f(b)) —=vL(f(c))
concluding the proof of the inequality in equation . O

Remark 4.4. If the functions a,b, ¢ € X satisfy the conditions of Lemmal[{.3, then
the inclusion aa(z) + Bb(x) — ve(x) € [L(a), L(b)] does not necessarily be valid for
every x € X.

Lemma [£.3] can be extended to the convex combination of functions ¢; satisfying
the same condition as the function c. It will be affirmed in the following theorem.

Theorem 4.5. Let a,b,cq,...,cm € Xz be functions, and let L : X — R be a unital
positive linear functional so that all ¢; € Xz where I' = [L(a), L(b)]. Let f : 7 — R
be a continuous convex function such that all compositions f(a), f(b), f(c;) € X. Let
o, B,7,7; € [0,1] be coefficients such that c+  — v = ZFl v; = 1.

Then the affine combination

m
L|aa+ Bb— ’YZ’YjCj
i=1 (4.14)

( +6L 727] C]

o~

is in the interval [L(a), L(b)], and we have the mequalztzes
F() < af(L(@) + BF(L vZ% (4.15)

and

f() <aL(f(a)) + BL(f VZ% (4.16)

Proof. The convex combination c(z) = Z;nzl v;ci(z) belongs to [L(a), L(b)] for
every x € X. Therefore, respecting Lemma the same is true for the affine

combination [ in equation .

The series of inequalities in equation can be applied to the proof of the
inequality in equation because the formula in equation holds for every
function ¢;. O

Combining Theorem and Corollary we get the following generalization.

Corollary 4.6. Let a;,b;,c;; € Xz be functions, and let L; : X — R be positive
linear functionals so that all L;(eg) > 0, Y." | Li(eg) = 1, and for every i all
cij € Xz where I = [Li(a;), Li(b;)]. Let f : T — R be a continuous convex
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function such that all compositions f(a;), f(b:), f(cij) € X. Let oy, Bi, Vi, vij € [0, 1]
be coefficients such that a; + B; —v; = Z;"zl vij = 1 for every i.
Then the affine combination

M=

m
L | cia; + Bibi — i Z VijCij
1 j=1

o
I

R (4.17)
- Z asz(@z) + Bz z — % Z rYz_] Czj
i=1
is in the interval [min L;(a;), max L;(b;)], and we have the inequalities
< Z az + 6z z — % Z'W]f Cz] (418)

and

Z a’LL’L + 61 1 — Y Z ’ylj Czy . (419)

i=1

5. APPLICATION TO QUASI-ARITHMETIC MEANS

The Jensen inequality in equation contains two means expressed as the
convex combination centers, @ = Y., a;a; on the left-hand side and fla) =
¢, a;f(a;) on the right-hand side. Accordingly, Jensen’s inequality is applied
to means. Basic facts on means and their associated inequalities are written in [I].
Among other means, the quasi-arithmetic functional means were investigated in [5].

Inequalities for quasi-arithmetic means can be obtained from Jensen’s inequality
and related inequalities. For this purpose we use strictly monotone continuous real
functions ¢ and ¢ such that the function v o ¢~! is convex, in which case we say
that 1 is ¢-convex. The same notation is used for concavity. This terminology
is taken from [7, Definition 1.19]. Jensen type inequalities can be transferred to
quasi-arithmetic means by applying the above functions ¢ and .

Take an affine combination
I = aL(a)+ BL(b vaj (¢5)- (5.1)

that satisfies the assumptions of Theorem and strictly monotone continuous
function ¢ : T — R. We define the gp—quasi—arithmetic mean of the combination [
as the point

My(l) =" | ap(L(a)) + Be(L W’Z%@ : (5.2)
The mean M (1) is contained in [L(a), L(b)] because the point

lp = ap(L(a)) + Be(L WZ%@ (5.3)
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is contained in ¢([L(a), L(b)]). The quasi-arithmetic means defined in (5.2)) are
invariant with respect to the affinity, that is, the equality

Mg iu(l) = My(1) (5-4)

holds for all pairs of real numbers A # 0 and p. Indeed, if (x) = Ap(x) + p (using
the above terminology we can say that 1 is ¢-affine), then

ly =Ny +p (5.5)
and
i = (fa- ). (5:6)

and therefore, it follows that
_ (1 _
My =07 1) = o7 (5o =) ) =700 = M0

The order of the pair of quasi-arithmetic means M, and My, depends on con-
vexity of the function 9 o ¢~! and monotonicity of the function . Theorem [.5
can be applied to functional means as follows.

Corollary 5.1. Let I be an affine combination of Theorem[[.5. Let o, : T — R
be strictly monotone continuous functions.

If 9 is either p-convex and increasing or p-concave and decreasing, then we have
the inequality

M, (1) < My (1), (5.7)
If 9 is either p-convex and decreasing or w-concave and increasing, then we have

the reverse inequality in equation (5.7)).
If i) is p-affine, then the equality is valid in equation (5.7]).

Proof. Let us prove the case in which 1 is p-convex and increasing. Put J = ¢(Z).
Applying the inequality in equation (4.16) to the affine combination I, in equation
(5.3) which belongs to 7, and the convex function f = op~!: J — R, we get

o @71(lw) < ly.

Assigning the increasing function ¥~! to the above inequality, we attain the in-
equality

My(1) = o7 (lp) <971 (1ly) = My()
ending the proof of the observed case. (]
Corollary can be further applied to obtain the inequalities of power means.

We will employ the above corollary here just to get the version of the harmonic-
geometric-arithmetic mean inequality for functionals.
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Corollary 5.2. If a closed interval T is the subset of (0,00), and if | is an affine
combination of Theorem[].5, then we have the harmonic-geometric-arithmetic func-
tional mean inequality
-1
@

/6 m
PORSTOREDY
L)L) [
)=

S =YY (58)

J
J

Vi
« L(c;)
L(c;)
1
< aL(a)+ BL(b Z'ij(cj).
=1
Proof. To prove the left-hand side of the inequality in equation (5.8]) we use the
functions p(r) = Inz and ¥ (z) = z~!. The composition ¥ o p~1(x) = exp(—x)
is convex, so 1 is ¢-convex and decreasing. Applying the reverse inequality in

equation (5.7), we have
My (1) > My (1). (5.9)
To prove the right-hand side of the inequality in equation we use the func-
tions p(x) = Inz and 9 (z) = x. Then the composition ¢ o ¢~ !(z) = expz is
convex, thus 1 is p-convex and increasing. Applying the inequality in equation

(5.7) to this case, we get
My (1) < Mo (1). (5.10)

The double inequality in (|5.8)) follows by connecting the inequalities in equations

and (5.10). >
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