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A STUDY ON A FUNCTIONAL INEQUALITY AND ITS
APPLICATIONS

BANYAT SROYSANG

ABSTRACT. In 2009, W. T. Sulaiman presented a new method in order to check
whether a function is (p, ¢)-Ho6lder. In this paper, we generalize this method.

1. INTRODUCTION

For any p,q > 1, % + % = 1, a non-negative function f on an interval I C [0, c0)
is called (p, ¢)-Holder on T if

flay) < (F)7 (Fat)
for all z,y € I. Many examples were presented in [].

In 2009, W. T. Sulaiman [2] proved that for any non-negative function f on an
interval T C [0, 00) and for any p,q > 1, % + % =1, if

" f'(x) _ (f'(2)?
A R
for all z € I — {0}, then f is (p,q)-Holder on I.
n 1

For any pi,pa,...,pn > 1, >0 o= 1, a non-negative function f on an interval
I C[0,00) is called (p1,pa, ..., pr)-Holder on [ if

flziza..xpn) < H (f(zf))l/lh‘

for all z1,xo,...,x, € 1.
In this paper, we generalize the result in 2009 using the (p1, ps, ..., pn)-Holder
definition.

2. MAIN RESULTS

Theorem 2.1. Let f be a non-negative function f on an interval I C [0,00) and

let p1,p2,...,pn > 1 be such that Y, 1% = 1. Assume that

" f@)  (f'(2)?
f (SC) + p — W >0
for all x € I — {0}. Then f is (p1,p2,-..,pn)-Holder on I.
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Proof. Tt is sufficient to show that

f (Haz”) < ﬁf”p"(w )
=1 1=1

for all x1,x3,...,z, € 1.
For fixed zs,...,z, € I, we define

F(zx) = fl/m (2) Hfl/p ( 1/p1 Hxl/l) )
i=2
for all x € I. It follows that

n 1/ pi
/ . 1 1/p Hz 2L / 1/p1 1/pi
Fi(x) = Z" 1/p Hf i 1/pi Hw

=0

fx=x9=..=ux,.
For any s, ...,z, € I, we have

i 1 f" 1/p: (i Ups) (F(@)* TTiy fM/P (22)
F (,T) = l 1/10 Hf / N fz()x) fZ?:z 1/pi ({L‘) ‘|

- 1/pi 1 1/pi
N xl/pi>2 n y H% I’ (Q_’,’ /p1 Hﬁi )
=2 " 1/p1 Pi =2 =2
< i=2

o 171 171 p i 1/pi xai=2/Pi (Z?:z 1/Pi)_1

for all x € I — {0}.

If v =29 =...=uxz,, then

1 _ i | () — (Z?=2 1/pi) (f/(x))2 . i i ") — f'(z)
-2 (1_;1) (i 1ﬁ;))<f’<x>> L (Z 1ipi>f'<:c>1
-1 (Z pl) oy + iU ) (T ) () 1

L \i=2 "

_ i 1P [ n f@)  (f'(2)°
om [f @+ f(=) ]
> 0.

This implies that F(z) > F(0) =0 for all z € I.

Hence,
[/ (x) Hfl/p ( 1/p1 Hxl/P )
=2
for all x, xs,...,x, € 1.
This proof is completed.
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3. APPLICATIONS

Corollary 3.1. Let g : R — R be a convex function and let f : RT — R be such
that f(x) = 9198 ®) for all x > 0. Then f is (p1,p2, ..., Pn)-Holder on R for all

P1,D2;s s Pn > 17 Z?:l i =1

Proof. By the assumption, we have g’ > 0, so

/(x " 2 ezloge:c
(@) + f:(c )_ (ff((mi) = —5¢"(log.2) >0

for all x > 0.
By Theorem fis (p1,p2, ..., pn)-Holder on RT for all py,pa,...,pn > 1,
Z?:l ]% =1 0

Corollary 3.2. Let Id(z) = x and Exp(z) = e€* for all x > 0. Then Id and Exp
are (p1,p2, ..., pn)-Holder on RY for all p1,pa,....pn > 1, >0y

1
Pi
Proof. This follows from Corollary where g = Id or g = Exp, respectively. 0O

In [2], if f is a continuous function on Rt such that f*) > 0 for all k € NU {0},
then

) (z) = /000 the®tdo(t)

for all z > 0 and k € NU {0}, where ¢ is a bounded and non-decreasing function
on R* and the integral converges.

Corollary 3.3. Let f be a continuous function on RY such that f*) > 0 for all
k € NU{0}. Then, for any k € NU{0}, f*) is (p1,pa, ..., pn)-Holder on RT for

all p1,p2,y.cpn > 1, >0 i =1.

Proof. Define Fy(z) = f®*)(z) for all z > 0 and k € NU {0}. Then

Fi(z) = /000 thetdo(t)

for all x > 0 and k € NU {0}.
For any = > 0 and k € NU {0}, we have

o0
F,é(x):/ th e do(t)
0
and
o0
F,g’(m):/ thT2e2t do(t)
0

and, by the Holder inequality,
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and then

i+ ) GHOR [ gy L[ sy - L

/ th et do(t)
0

Y

1
T
0.

Y

By Theorem m Fy is (p1,p2, ..., pn)-Holder on RT for all py,pa,....,pn > 1,
i ;% =L

This proof is completed. O
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