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SOME DIFFERENCE SEQUENCE SPACES DEFINED BY A
MODULUS FUNCTION AND AN INFINITE MATRIX

KULDIP RAJ , SURUCHI PANDOH

ABSTRACT. In this paper we introduce some difference sequence spaces defined
by a modulus function and an infinite matrix. We also make an effort to study
some topological properties and inclusion relations between these sequence
spaces.

1. INTRODUCTION AND PRELIMINARIES

The notion of difference sequence spaces was introduced by Kizmaz [9] who
studied the difference sequence spaces lo(A), ¢(A) and co(A). The notion was
further generalized by Et and Colak [3] by introducing the spaces lo (A™), ¢(A™)
and ¢g(A™). Let w denote the set of all real and complex sequences and n be a
non-negative integer, then for Z = ¢, ¢y and [, we have sequence spaces

Z(A™) ={x = (zx) € w: (A"zy) € Z},

where A"x = (A"zy) = (A" 1oy, — A" 1oy, ) and A%z = 2y, for all k € N, which
is equivalent to the following binomial representation

n _ . _1\v n
A xk—;)( 1) ( v )karv.
Taking n = 1, we get the spaces studied by Et and Colak [3].
Let X be a linear metric space. A function p : X — R is called paranorm, if
(1) p(x) >0 for all z € X,
(2) p(—z) =p(x) for all z € X,
(3) p(z+vy) < p(x)+p(y) for all z,y € X,
(4) if (M) is a sequence of scalars with A,, = X\ as n — oo and (x,,) is a sequence
of vectors with p(x, —z) — 0 as n — oo, then p(Apz,—Ax) = 0 asn — oo.

A paranorm p for which p(x) = 0 implies = = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [26], Theorem 10.4.2,
pp. 183).

A modulus function is a function f : [0,00) — [0, 00) such that
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f(z) =0if and only if z =0,

fa+y) < fx) + f(y), for all 2,y >0,
f is increasing,

f is continuous from the right at 0.

(
(
(
(

Since |f(z)— f(y)] < f(Jz—y]), it follows from condition (4) that f is continuous on
[0,00). The modulus function may be bounded or unbounded. For example, if we
take f(z) = ;75, then f(z) is bounded. If f(z) = 2P,0 < p <1 then the modulus
function f(x) is unbounded.

By a ¢—function we understood a continuous non-decreasing function ¢(v) defined
for v > 0 such that ¢(0) = 0, ¢(v) > 0 for v > 0 and p(v) — co as v — 0.

A p—function ¢ is called no weaker than a p—function 1 if there are constants
¢, b, k, 1 > 0 such that cip(lv) < bp(kv) (for all large v) and we write 1 < .
p—functions ¢ and v are called equivalent and we write ¢ ~ 9 if there are positive
constants by, ba, ¢, k1, ko, | such that byp(ki1v) < ep(lv) < bap(kav) (for all large v).
A p—function ¢ is said to satisfy (Ag)—condition (for all large v) if there exists a
constant N > 1 such that ¢(2v) < No(v).

By I and ¢, we denote the Banach spaces of bounded and convergent sequences
x = (x1), normed by ||z|| = sup,, ||, respectively. A linear functional £ on I, is
said to be a Banach limit if it has the following properties:

(1) L(z) > 0if n >0 (i.e. 2, > 0 for all n),

(2) L(e) =1, where e = (1,1, ...),

(3) £(D) = L(x),

where the shift operator D is defined by D(x,) = {zn41} (see [1]).

Let B be the set of all Banach limits on l,,. A sequence x € [, is said to be almost
convergent if all Banach limits of = coincide. Let ¢ denote the space of almost
convergent sequences. Lorentz [11] has shown that

1)
2)
3)
4)

¢ ={z €l : limt,, ,(x) exists uniformly in n},
m

where
Ty +Tpt1+ oo F Tpam
t =1t T) =
m,n m,n( ) m+ 1
The space of lacunary strong convergence have been introduced by Freedman et
al. [5]. A sequence of positive integers 6§ = (k) is called lacunary if kg = 0,

0 < kr < kyy1 and h, = k. — k,—1 — 00, as r — 0o. The intervals determined by 6
are denoted by I, = (k,_1, k| and the ratio kfil will be denoted by g,. The space

of lacunary strongly convergent sequences Ny is defined by Freedman et al. [5] as
follows:

1
Ny = {.’L‘ = (x) : im — Z |xx — le] =0, for some Z}.
v h,
kel,
There is a strong connection between Ny and the space s of strongly Cesaro sum-
mable sequences which is defined by

n

1
s = {x = (zg) : liTILn - Z |xx — le] =0, for some l}.
k=0

In the special case where § = (2"), we have Ny = s. For more details about sequence
spaces and lacunary sequence spaces (see [2], [10], [13], [14], [15], [17], [18], [19],
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[22]) and references therein.
Ruckle [16] used the idea of a modulus function f to construct a class of F K spaces

£() = {o = (@) 3 Fllaul) < ).
k=1

The space L(f) is closely related to the space I3 with f(z) = « for all real z > 0.
Maddox [12] introduced and examined some properties of the sequence spaces
wo(f), w(f) and we(f) defined using a modulus f, which generalized the well-
known spaces wg, w and ws, of strongly summable sequences.

Recently Savag [21] generalized the concept of strong almost convergence by using
a modulus f and examined some properties of the corresponding new sequence
spaces.

Waszak [25] defined the lacunary strong (A, ¢)—convergence with respect to a mod-
ulus function.

Let f be a modulus function and let the p-function ¢(v) satisfy the condition (Ay).
Let 6 be a lacunary sequence, A = (anx(i)) be the generalized three parametric
real matrix, p = (px) be a bounded sequence of positive real numbers and u = (ug)
be a sequence of strictly positive real numbers. In the present paper we define the
following sequence space:

NO(A ©, U, p, A", f)_

{x—(xk) cw: hm— > f(Z

p.
ank(i)go(uﬂATka’ k) = 0 uniformly in z}
" nel, k=1

Ifx € N§(A, p,u,p, A", f), the sequence z is said to be lacunary strong (4, ¢, u, p, A”)-
convergent to zero with respect to a modulus f.

When ¢(z) = z, for all z, we obtain

N§ (A u,p, A", f) =

{I = (zr) Ew: hm* > f(Z ank(i)(uﬂArﬂka‘pk) =0 uniformly in z}

" nel, k=1
If we take u = (ug) = 1, for all k¥ € N, we have,

Ng(A,o,p, A7, f) =

{x = (z) Ew: hm* Z f(Z ank (i |Ar$k|)‘pk> = 0 uniformly in z}

" nel, k=1
If we take p = (px) = 1, for all k € N, we have,
Ng(A7Q07u7ATuf) =

{m:(xk) ewzliphi Z f(Z
" nel, k=1

If we take f(x) = x, we write
NG (A, ,u,p,A") =

1 - , N . o
{x = (z) Ew: hlnh—T ,; <kz_l ank (1) (uy| A $k|)‘ ) = 0 uniformly in z}.
If we take A = I and p(z) = = respectively, then we have

k(i uk|A xk|)’> = 0 uniformly in z}

N§(u,p, A", f) = {x = (z) Ew: hm— Z f(Z ’Uk\ATUCH‘ ) = 0 uniformly in z}
nel,
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If we define the matrix A = (a, (7)) as follows, for all 4,

(i) = %, ifn >k,
R0, otherwise,

then we have NJ(C, ¢, u,p, A", f) =

1 1 NN . o
{x_ (zr) € w:h;nh—r Z f(n;'ga(ukA fEkD’ ) = 0 uniformly in 2}.

nel,
If

1 . . .
N o i<k <i+n—1,
ank (1) = { 0, otherwise,

then we have Nao(a @, U, P, A7'7f) =

i+n

{x = (zp) Ew: hlnh%. Z f(rll Z ‘w(uklekl)’pk) = 0 uniformly in z}
nel, k=1

If we take p = (pr) = 1, u = (ug) = 1 for all K € N and r = 0, then the above space

reduces to NJ(A, ¢, f) which were introduced and studied by Savas [23].

The following inequality will be used throughout the paper. If 0 < pr < suppy = H,

K = max(1,2771) then

|ak + be[P* < K{lag [ + [bx["*} (1.1)
for all k and ag, b € C. Also |a|P* < max(1, |a|) for all a € C.

The main purpose of this paper is to introduce the sequence spaces N§ (4, ¢, u, p, A", f).
We also make an effort to study some topological properties and inclusion relations
between these sequence spaces.

2. Main Results

Theorem 2.1. Let [ be a modulus function, A = (anr()) be the generalized three
parametric real matriz, p-function p(v) satisfy the condition (As), p = (px) be a
bounded sequence of positive real numbers and u = (ug) be a sequence of strictly
positive real numbers. Then N§(A, ¢, u,p, A", f) is a linear space over the field of
complex numbers C.

Proof. Let © = (z1), y = (yx) € N§(A4,,u,p, A", f) and o, 3 € C. Then there
exist integers M, and Ng such that |a| < M, and |3| < Ng. By using inequality
(1.1) and the properties of modulus function, we have

hi Z f(Z ank(i)gp(uﬂaArxk + ﬁAT’ykD‘pk)

nel, k=1
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1 (oo}
< I Z f( ank (1) (oup | ATz | + Bug| AT ykl)‘ )
nel, k=1
1 > Pk
nel, k=1
1 > - Pk
+ KfTr Z f Z ‘Nﬂank o (ur|A yk|)’
nel, k=1
1 > P
< KM f<z (i Uk\kaD‘ k)
hr nel, k=1
s r Pk
+ Z ank (1) (ur| A yk\)‘
hr nEI k=1
— 0, uniformly in i.

Thus az + By € NJ(A, p,u,p, A", f). This proves that N§(A, ¢, u,p, A", f) is a
linear space over the field of complex numbers C. O

Theorem 2.2. Let [ be a modulus function, A = (anr()) be the generalized three
parametric real matriz, p-function p(v) satisfy the condition (As), p = (px) be a
bounded sequence of positive real numbers and u = (ug) be a sequence of strictly
positive real numbers. Then the space Ng(A,ga,u,p, A", f) is a paranormed space
with the paranorm defined by

9(@) —Sup< Zf(Z

" ner k=1

ank ) (uk|ATa:k|) ‘Pk>>

Proof. Clearly g(—x) = g(x). It is trivial that ug|A"z;| = 0 for & = 0. Hence
we get g(0) = 0. Since & < 1 and M > 1, using the Minkowski’s inequality and
definition of modulus function, for each x, we have

(EG )

nel

where M = max(1, sup, px).

ank (1) (uk| A"z, + ATyl

= ( > f( ank (1) (ur) A2k |) + @ (8) o (ur] A"yx|) p’“))
T nel, =1
= < Z f(Z ank(i)ap(uk|ATxk|)’pk>>
" nel, k=1
( Z f(Z ank (1)@ (ur| A"yx) pk)) .
" nel, k=1

Now it follows that g is subadditive. Finally, to check the continuity of scalar
multiplication, let us take any complex number A. By definition of modulus function
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f, we have

o) = sup( zf(z

" nel

S8

ank ) (’U,k |)\AT{IJ}C D

< Kirg(x),

where K = 1+ [|A|]], ([|A]] denotes the integer part of A). Since f is a modulus
function, we have © — 0 implies g(Az) — 0. Similarly 2 — 0 and A — 0 implies
g(Ax) — 0. Finally, we have for fixed  and A — 0 implies g(Az) — 0. O

Theorem 2.3. Let [ be a modulus function, A = (anr()) be the generalized three
parametric real matriz and the sequence 0 be given. If

s(A, o, u,p, A", f) =

{x = (xx) hm— Z f(Z ‘ank (uk|Ar$k)‘pk> = 0 uniformly ini},
k=1

n=1

then the following relations are true.
(a) If liminf, g, > 1, then we have

s(A, 0, u,p, A7, f) C Ny (A, 0,u,p, A", f).
(b) If limsup,. ¢, < oo, then we have

Ny (A, 0,u,p, A7, f) C s(A, 0, u,p, A7, ).
(c) 1 < liminf, ¢, <limsup, g, < oo, then we have

Ng (A, 0,u,p, A", f) = s(A, 0, u,p, A", f).

Proof. (a) Let us suppose that « € s(A4, ¢, u,p, A", f). There exists 6 > 0 such that
gr > 140 for all » > 1, and we have h,./k. > §/(1 4 §) for sufficiently large r.
Then, for all ¢,

v
| =
3
m
~

k&
/N
[]#

he 1 > v
- &L f(Zanw)so(ukiA )| )
T nel, k=1
51 -
> T55h f<z ani (1) (k| A" i) pk)
nel, k=1

Hence x € Ng(A#P,%P,A )

(b) If lim sup, ¢, < oo, then there exists M > 0 such that ¢, < M for all r > 1. Let
T € Ng(A, w,u,p, A", f) and € be an arbitrary positive number, then there exists
an index jy such that for every j > jo and all 4,

32

J ner

ank()p (uk|AT'xk|)‘pk> < €.
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Thus, we can also find K > 0 such that R; < K for all j = 1,2, ...
any integer with k,_1 < m < k,., then we obtain, for all ¢,

- if(z

nl k=1

= Il —|—Ig, where

J 1nel; (k—

: (z

It is easy to see that

Jo
L = Z

D

nl(kl

ank

(uk|AT$k|)

)

ank (UHAT{E]CD ‘pk>

Zf
€l; k=1
- = (z &) )
k=1
+ kr_lz (z i) )
nels k=1
1
et o ank o (uk|A Ik|)
r—1
nEIJU =1
1
< (h1Ry + hjo Rj,)
r—1
1 .
< —Jokj, sup R,
kr_1 1<i<jo
Jokj,
< —2 K.
- kr—l
Moreover, we have, for all 7,
m o0
- L% zf<zank oluclA%a) )
1= =jo+1nel; k=1
1 m oo
- Z[ > 5 3 oot
r=1 o4 L' ner k=1
< Z hj,
N J =jo+1
< Fr
€ ’
o k7—1

27

Now, let m be

)]
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Thus I < %K + eM. Finally, x € s(A, p,u,p, A", f).
The proof of (c) follows from (a) and (b). This completes the proof. O

Theorem 2.4. Let f be a modulus function, A = (ani(2)) be the generalized three
parametric real matriz, and let the @-function p(v) satisfy the condition (Az). Then
the following conditions are true.

(a) If x = (z) € s(A,p,u,p, A", f) and « is an arbitrary number, then ax €
s(A, ¢, u,p,

AT, f).

(b) If x,y € s(A, o, u,p, A", f), where x = (zx),y = (yx) and a, B are given num-
bers, then ax + By € s(A, o, u,p, A", ).

Proof. The proof is easy so we omit it. (I
Theorem 2.5. Let f be a modulus function. Then NJ (A, ,u,p, A") C NJ(A, p,u,p, A", f)

Proof. Let x € NS(A7g0,u,p, AT"). Let € > 0 be given and choose 0 < § < 1 such
that f(z) < € for every x € [0,0]. We can write

h Z f(z ‘ank: ) (Uk|A7..’L'k|)’pk> — 5’1 _;'_512,

nel,

where

EP 0>

Akl ) (’U,k|AT£L'k|) ‘pk> s

and this sum is taken over

et

Pk
f :
nel,. k=1

ank uk|ATxk|) S 1)

and

ank(i)w(uﬂArka
and this sum is taken over

>

k=1

ank uk|Ar$k|)’ >0

By the definition of the modulus f, we have S; = % Z f(o) =

nel,
> P
and further Sy = f(l)%h% Z Z (ank(i)w(uk\A’“ka) *. Therefore we have z €
nel, k=1
N2(A, p,u,p, A", f). This completes the proof. |

3. A- STATISTICAL CONVERGENT

The idea of convergence of a real sequence was extended to statistical convergence
by Fast [4] (see also Schoenberg [24]) as follows: If N denotes the set of natural
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numbers and K C N, then K(m,n) denotes the cardinality of the set K N [m,n].
The upper and lower natural density of the subset K is defined by

d(K) = lim sup K(1,n) and d(K) = lim infM.
n

n— 00 n n—00

If d(K) = d(K), then we say that the natural density of K exists and it is denoted
simply by d(K). Clearly, d(K) = lim M

n— 00 n
A sequence (zy) of real numbers is said to be statistically convergent to L if for
arbitrary € > 0, the set K(e¢) = {k € N : |z — L| > €} has natural density zero.
Statistical convergence turned out to be one of the most active areas of research in
summability theory after the work of Fridy [6] and Salat [20].
In another direction, a new type of convergence, called lacunary statistical conver-
gence, was introduced in [7] as follows.
A sequence {z,, }nen of real numbers is said to be lacunary statistically convergent
to L (or Sp—convergent to L) if for any € > 0,

1
lim h—|{k €l |z —L| > €} =0,

T—00

where | A| denotes the cardinality of A C N. In [7] the relation between lacunary sta-
tistical convergence and statistical convergence was established among other things.
Moreover, Kolk [8] defined A—statistical convergence by using non-negative regular
summability matrix.

In this section we define (A, p,u, p, A")—statistical convergence by using the gen-
eralized three parametric real matrix and the p-function ¢ (v).

Let 6 be a lacunary sequence, A = (a,x (7)) be the generalized three parametric real
matrix, p = (pg) be a bounded sequence of positive real numbers, u = (ug) be a
sequence of strictly positive real numbers and let € > 0 be given. We write, for all
Z,

Kg((Av¢7uap7 Ar)ve) = {n €l : Z (ank(i)w(uk‘Arka)pk > 6}.
k=1

The sequence  is said to be (A4, ¢, u, p, A")—statistical convergent to a number zero
if for every € > 0,

1
lim h—,u(Kg((A7 o, u,p, AT, e)) =0 uniformly in n,

where 1(Kj((A, ¢, u,p, A"), €)) denotes the number of elements belonging to K7 ((4, ¢, u, p,
A"),€). We denote by S§(A, ¢, u,p, A”) the set of sequences z = (z)) which are
lacunary (A, ¢, u, p, A")—statistical convergent to zero. We write

1
SY(A, p,u,p, A") = {x = (z) : lim h—,u(Kg((A,cp,u,p, AT),e)) =0 uniformly in z}

T

Theorem 3.1. If ) < p, then Sy(A, ¥, u,p, A”) C S§(A, ,u,p, A).
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Proof. By assumption we have ¢ (ui|A"zk|) < b @(cug|A"zk|) and we have, for all
1

i (ank uk\A x| )

k=1

(ank o (cup|A” xk\))pk

Z (ank uk|ATka)pk

k=1

8 ﬂMg

for b,c > 0, where the constant L is connected with the properties of ¢. Thus the
(oo} (oo}

Pk

P
condition Z (ank(i)<p(uk|ATxk|)) * > 0 implies that the condition Z (ank(i)gp(ukm%k\)) >
k=1 h—1
€, and finally, we get

n(KG (A, @, u,p, A7) €)) © p(BG((A, 1, u,p, A7), €))

and

: 1 T I . 1 r r
h}ﬂn FM(KQ((Aa¢7u7paA )76)) < 1171:11 hf,u(Kg((A,d),qu,A )76))'

r

This completes the proof. ([

Theorem 3.2. (a) If the matriz A, the sequence 0, function f and ¢ are given,
then

Ny (A, 0,u,p, A", f) C SY(A, @, u,p, A).

(b) If the p-function o(v), the matriz A are given, and if the modulus function f
is bounded for each k, then

Sp(A, o, u,p, A") C Ng (A, @,u,p, A", f).

(c) If the p-function ¢(v), the matriz A are given, and if the modulus function f
is bounded for each k, then

Sp(A, o, u,p, A") = Ng (A, o,u,p, A", f).

Proof. (a) Let f be a modulus function, and let € be a positive number. We write
the following inequalities
pk>

(>

nel,

Ankll ) (Uk‘ATIEkD

ank (1)@ (ur| A"z )

) isds

nell

6)21

nell

> hif(e)u(Kg((fL%%%Ar)vﬁ))

T

v

where

I = {n el, Z (ank uk|Ara:k|)> > e}.
Finally if z € NJ(A, ¢, u,p, A" ,f) then z € SY(A, p,u,p, A").

(b) Let us suppose that z € S§(A, ¢, u,p, A”). If the modulus function f is a
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bounded function, then there exists an integer L such that f(x) < L for x > 0.
Let us take

I’={ncl,: Z (ank(i)go(uHArka)pk .
k=1

Thus we have

oo o0

1 p 1 P
DI S GEICHINE )| I S S O EI N
" nel,  \k=1 " nert \k=1
1 > . Pk
+ . Z f Z ani (1) (up| A"z )
" nerz  \k=1

h%Mu(Kg((A 1, p, A7), ) + f(e).

Taking the limit as € — 0, we obtain that © € NJ(A, ¢, u,p, A", f).

<

The proof of (c) follows from (a) and (b). This completes the proof. O

4. Conclusion

In this paper we have constructed some difference sequence spaces defined by a
modulus function and an infinite matrix. We have studied some topological prop-
erties and interesting inclusion relations between these sequence spaces. The solu-
tions obtained are potentially significant and important for the explanation of some
practical physical problems. The method may also be applied to other sequence
spaces.
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