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MULTIPLE INTEGRAL TRANSFORMS INVOLVING
I-FUNCTION OF SEVERAL COMPLEX VARIABLES

PRATHIMA J, VASUDEVAN NAMBISAN T.M.

ABSTRACT. In the present paper we establish a theorem on multiple Mellin
transform. This result is then used to evaluate a multiple integral transform in-
volving a product of a generalized Kampede Fereit function and two I-functions
of r variables with different arguments. A multiple Laplace transform of prod-
uct of two I-functions of r variables with different arguments is obtained as a
special case.Special cases involving H-function of several variables, I-function
of two variables and H-function of two variables are also considered.

1. THE I-FUNCTION OF SEVERAL COMPLEX VARIABLES

In 1997, Rathie introduced the generalization of the well known Fox’s H-function[3]
which has very recently found interesting applications in wireless communication
[T} 2, 14]. Motivated by the I-function, Shantha Kumari, Nambisan and Rathie
introduced I-function of two variables[I2] which is a natural generalization of the
H-function of two variables introduced earlier by Mittal and Gupta[7] and discussed
some of its important properties.Very recently We have introduced and studied an
extension of the I-function of several complex variables. This function is defined
and represented in the following manner[J].
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where i = 1,...,7.

Also

zi =0, fori=1,...,r;

i=+/-1;

an empty product is interpreted as unity ;

the parameters m;,n;,p;,q;(j =1,...,7), n,p, ¢ are non-negative integers
suchthat 0 <n<p,¢>0,0<n; <p;,0<m; <g;(j=1,...,7) (not all
zero simulataneously).

AV G=1 o pi=1 ), B0 =1 g =1, (=
1,..,pit = 1,...,1), 6;0 (j=1,...,q;,i = 1,...,r) are assumed to be
positive quantities for standardisation purpose. However, the definition of
I-function of ‘r’ variables will have a meaning even if some of the quantities
are zero or negative numbers.

aJ(j = ]‘7"'7p)7 b](j = 17"'7q)7 C‘gl)(j = 17"‘7pi7i = 1’...77")’ d‘gl)(j =

1,...,q;,4=1,...,r) are complex numbers;
The exponents A;(j = 1,...,p), Bj(j = 1,...,q), C;l)(j =1,...,p;,i =
1,...,7), Dg»i)(j =1,...,q;,t = 1,...,r) of various gamma functions in-

volved in (1.2) and (1.3) may take non-integer values.
The contour £; in the complex s;-plane is of Mellin-Barnes type which runs
from ¢ — ico to ¢ + ico, (c real) with indentation, if necessary, in such a

() i i . .
manner that all singularities of b (dg ) 6§ )si), j=1,...,m; lie to the

right and FCJ('” (1 — c§i) + 'yj(»i)si), j=1,...,n; are to the left of L;.

Following the results of Braaksmal[d] the I-function of ‘r’ variables is analytic if

P q Di q;
pi =Y A0l = ST BAY 430N N D8 <0 i=1, 0 (14)
j=1 j=1 j=1

Jj=1

2. CONVERGENCE CONDITIONS

The integral (1.1) converges absolutely if

where

1
larg(zx)| < QAmr, k=1,...,r (2.1)
- k : ) LS (k) sk
O R ST oL AR S
j=n-+1 =1 1
S (k) s(k) S (k) (k) S (k) , (k)
=2 DYEY > Py - Y oY >0 (2:2)
mp+1 =1 J=mat1

and if larg(z)| = 2 Axm and A > 0,k = 1,...,r then integral (1.1) converges absolutely
under the following conditions.



MULTIPLE INTEGRAL TRANSFORMS INVOLVING I-FUNCTION OF SEVERAL COMPLEX VARIABLHS

(i) pr =0, Qi < —1 where ug is given by (1.4) and

P q
1 1
Q=) {5 - §R(aj)} A= {5 - §R(bj)] B;
j=1 j=1
% rq
+Z{**§R }C(’” 2[57%@;’“))} DM, k=1,...,r (23)
j=1
ii) pr # 0 with sy = o + itk, (or and ty arereal, k = 1,...,7), o are so chosen that for
i) pr # h d 1, k h hat f

[tx| — oo we have Qi + opur < —1 .

We have discussed the proof of convergent conditions in our earlier paper[9].
Remark 1: If DJ(-Z) =1(j=1,...,my,i=1,...,r) in (1.1), then the function will
be denoted by
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Remark 2: If C](i) =1(j=1,...,n:), Dgi) =1(=1,...,m;), where i =1,...,r
and if n» =0 in (1.1), then the corresponding function will be denoted by

e (1) . (T)A . (1) (1), 1D)1m,
P N N

I . IO 0: mp,ny; ...;my, Dy
1 . — 4P, 41 P1, 415 --iPr, Ar

Z1 z1
‘ i

Zr Zr

1 r T
(CE' : 21) C(ﬂ))nﬂrl,m; (e (T); ’73(<)7 D1,ngs ( ‘( )7>'Y]:) C(T())nrﬂrl,pr
(5,675 D) p1as -3 (dS7,6575 1)1, (A7, 857 DS ), 41,

1 S S
:W/ D1(815.-58r) 01(51) .. Or(sr) 278 .. 277 ds1... dsy (2.6)
L1 Ly

where

¢1(817...,Sr): 1

P T q r
11 i (aj - Za§1)5¢> []r <1 —b; + Zﬂjm&')
Jj=1 =1 Jj=1 =1

(2.7)




16 PRATHIMA J, VASUDEVAN NAMBISAN T.M.

and
H T (1 - cg.i) + 'yj<.i)si) H T (dg“ - 5J<.i)si)
Bilsi) = —5— (28)
H < ( ;’) ,YJ(Z) ) H rPi (1 - dg-” + 5;1)&)
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3. DEFINITIONS

1. If F(ty,...,t.) is the Laplace transform[5] of f(z1,...,z,) then

F(ty,...,t, / / “hr et f(py o wy)dey . de (3.1)

2. If G(s1,...,8) is the Mellin transform[5] of f(z1,...,,) then

G(S1,---, 8 / / et (e, ) dey L de, (3.2)

3. The generalized Kampe de Feriet function given by Karlsson [6] is

r T1
pumse | (@0): @i (@) |
| s @) |
Ly

o e U . U1 @) A B (r) S1 Sp
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51=0 s7=0 HJ 1( )51+~--+sr Hj1:1(d§' ))51 T Hj:l(d; ))sr sil... sl
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U+ui+-+u <V4+uvi+---+ov.+1land |z;| <1, j=1,...,r

4. RESULTS REQUIRED

We shall use the following result given by Reed[1T]
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(4.1)
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We have proved the following result[10].
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1<j<n; ; 1<5<n; Y4
and the I;-function involved in (4.2) exist.
5. A THEOREM BASED ON MELLIN TRANSFORM
If G(s1,...,s,) is the Mellin transform of f(x1,...,z,) then
—t1$1
e’} o) 1 T
/ B / F‘I/].:ul‘;....;ur (GU> (CSLll)), cee (C'ELT)) : f(xl . xr)dxl . dxr
o o VTR ) i) s @) |
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the series on the R.H.S of (5.1) converges

and

f(z1,...,2,) is such that the integral on the L.H.S of (5.1) and the Mellin trans-
form of f(x1,...,x,) exists.

Proof. Express y Fy in the L.H.S of (5.1) as an infinite series using (3.3), change the
order of integrations and summations and use (4.1) to get the R.H.S of (5.1). O

5.1. Special cases. In (5.1),put U =u; = =u, =V =v; =--- =0, =0, we
get

tr)ST,
F(ty,... t, Z Z = G(sy + 1,...,8. + 1) (5.2)
s1=0 s,-=0
where F'(t1,...,t,) and G(s1+1,...,s.+1) are given in (3.1) and (3.2) respectively
provided the series on the R.H.S of (5.2) converges and the two transforms exist.
When r = 1, (5.2) reduces to a result given by Nair and Samar [g].

6. MULTIPLE INTEGRALS INVOLVING THE PRODUCT OF GENERALIZED KAMPEDE
FERIET FUNCTION AND TWO [-FUNCTIONS OF SEVERAL COMPLEX VARIABLES
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provided

U+tur+-4u < V4o +-+uv+1 R#t;) >0,i=1...r and the I;-
functions involved in (6.1) exist.

Proof. In (5.1) put f(z) = Ii[h12]", ..., hp2lr] X Ti[klxﬁbl, .oy kyxtr] and use (4.2)
to get the R.H.S of (6.1) O

6.1. Special cases. When all the exponents A;(j = 1,...,p), B;(j = 1,...,q),
OV =ni+1,....pi=1,...r)and D\(j = m; + 1,....q:0 = 1,...,r) are
equal to unity, (6.1) reduces to a corresponding result involving two H-functions of
several variables.

If we put r = 2 in (6.1), we obtain a double integral involving the product of Kampe’
de Feriet function of two variables and two I-functions of two variables.Further tak-
ing all exponents unity, it reduces to a corresponding result involving H-functions
of two variables.

When U =uy = =u =V =v; = -+ = v, = 0in (6.1) we obtain multi-

ple Laplace transform of product of two I-functions of several complex variables as
follows:

00 %) .
/ .. / e et et L healr] x L[kt ket day . d,

S1

Sr
—t —t,
R R e
kT

;1 n 0 0 K1
= 7k1 e 2 A
— = s1!... 8,
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H1
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IO ,0: ml"l‘”p”l"l‘mlv My +77,,,’I’L7 +m . (6 2)
p+4q’,q+p":p1+41,q1+P1 5 5pr+ 4], D) : :
—ox | D:Dq;...;D,

where C, Ci, D and Di are given in (3.1) provided R(¢;) > 0, i=1,,r and the I;-
functions involved in (6.2) exist. In (6.2) if we take all exponents unity, we get
multiple Laplace transform of product of two H-functions of several variables.
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If we put r = 2 in (6.2) then we obtain double Laplace transform of product of
two I-functions of two variables.Further taking all exponents unity, we get double
Laplace transform of product of two H-functions of two variables.
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