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YOUNG’S CONVOLUTION INEQUALITIES FOR WEIGHTED
MIXED (QUASI-) NORM SPACES.

YEVGENIY V. GALPERIN

ABSTRACT. Young’s Convolution Inequality is extended to several cases of
discrete, semi-discrete and continuous convolution of sequences and functions
that belong to weighted mixed quasi-norm spaces and amalgam spaces.

1. INTRODUCTION

Convolution relations play a central role in the study of the Wiener-type spaces.
Under the assumption that 1 < p,q,r < oo, Young’s Convolution Inequality states
that for both the function and the sequence spaces,

1f = gllr < Clp, DIIflp - lgllq (1.1)
if and only if
1 1 1
-4+ - =14+ -. (1‘2)
p q r

Young’s Inequality allows for various generalizations, particularly for mixed-norm
spaces. For example,

||F * G||7"177“2 S C(pa Q) : HFthpz : ||G|IQ17(12 (13)
if and only if
1 1 1
—+—=14—, 1€{1,2}, 1.4
Pi 4 T { } (1.4)

where the norm||F||,, p, is defined by

p1 p2/P1 1/p2
Fll = ([ (] ar)" a0 "
R4 R4

When 0 < p < 1, the inequality (|1.1) is not valid. Moreover, in this case, f € L?
does not imply local integrability of f and, therefore, f * g is not even defined.
However, in this case the sequence space ¢P enjoyes the inequality

LF* gller < 1Fllew - [1gller, (1.5)

F(z,w)
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2 YEVGENIY V. GALPERIN

which means that is a quasi-Banach algebra under convolution. Moreover, if we
(formally) define the semi-discrete convolution of a sequence a € ¢ and a function
feLP by (ax f)(z) =3 ez a(k)f(z — k), we have the convolution inequality

lla " fllee < llaller - [1f]]Lr- (1.6)

In this paper we investigate the question of how the convolution inequatlities
and can be extended to the case of weighted mixed (quasi-)norm sequence
and function spaces and derive several generalized versions of the inequality .
Several particular cases of our results have been used in time-frequency analysis,
particulary in the theory of modulation spaces (for example, in [4, [7]) . The case
0 < p <1 is of particular interest there because then the modulation space (quasi-
Jnorm provides a flexible lower bound in a class of uncertaincy principles [3].

2. DEFINITIONS AND PRELIMINARY RESULTS

When working with convolution inequalities, it is convenient to use moderate
weights on R?? and Z?? defined as follows:

Definition 1. Let m be a weight function on R?? (or on Z*¢). We call it v-moderate
if m(z1 + 22) < Cv(z1)m(22), for all 21, 2o € R2? (or for all 21,z € 7*%).
We will measure the decay and and integrability of functions on the R2? plane by

means of weighted mixed (quasi-)norms as follows:

Definition 2 (weighted mixed-norm spaces). Let m be a weight function on R??
and let 0 < p,q < oco. Then the weighted mized (quasi-)norm space LP;4(R?d)
consists of all Lebesque measurable functions on R??, such that the (quasi-)norm

WPl = ([ (]

is finite. If p = oo of ¢ = oo, then the corresponding p-norm is replaced by the
essential supremum.

p

a/p 1/q
F(z,w) m(x,w)pdm) dw)

LP:4 is a translation-invariant quasi-Banach space (Banach space if both p > 1 and
g > 1). The theory of mixed-norm spaces is developed in [I].

We will measure the decay and summability of sequences by means of diiscrete
mixed (quasi-)norms as follows:

Definition 3 (discrete mixed (quasi-)norm spaces). The space ¢2:4(Z2%) consists
of all sequences a = (agn)g neza for which the (quasi-)norm

llallepe = ( ) ( > Iaknlpm(k,n)p)Q/”>1/q

n€Zd keZd

is finite. If p = oo of ¢ = oo, then the corresponding p-norm is replaced by the
supremum.

The most basic tool we will use when working with sequence spaces is the following
variation of Young’s Inequality:

Lemma 2.1 (Young’s Inequality). Assume that m is a v-moderate weight on Z2,
0<p<oo, andr =min{l,p}. Then for all a € ¢}, and all b € (&,

[la*bl[ez, < Cllalle;|10]]ez, (2.1)
where C is independent of p, a and b. If m=v =1, then C = 1.
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Proof. In the case 1 < p < oo the result is well known. If 0 < p < 1, we use the
inclusion ¢? < ¢! and the fact that m(n) < Cv(k)m(n — k) for all k,n € Z% to
obtain

lasbll, = (3| 3 atkppin - k>|pm<n>P)”p

nezZd keZd

< (D23 latk)p(n— k)P v(k)'min - k)"

neZ keZa

1/p

as desired. O

In order to describe the space of functions defined by local integrability and
global summability, we define the so-called Wiener-type amalgam spacesas follows:

Definition 4. Assume that m is a weight function on Z** and that
0 <p,q < 0o. Denote Q= [0,1]%¢ and x = Xq- The Wiener-type amalgam space
W (LP, LL") consists of all measurable functions f for which the (quasi-)norm

Wlwarzsn = (X (1 Tempeligmiem) ")

nezZd keZd

where T(y, ) is the 2d—dimensional translation, is finite. In particular, W (L, LF?)
consists of all measurable functions F on R2¢, so that the sequence of local suprema

agn = ess sup |F(z +k,w+n)| = ||F - T n X0
z,w€e(0,1]4

where x = X[o,1]24, belongs to 5,9, The (quasi-)norm on W (Lp:4) is
I[F'lw(zzay = llall e

We also use the notation W (LE9) = W(L*>°, LP:7).

Remark 5. We note the following inclusion relation for Wiener-type spaces: If
0 < p1 < py < oo, then W(LP2, LL") C W(LPr,LL"). In particular, W(L%L") C
W (L, L&),

Remark 6. Given o, > 0, an equivalent quasi-norm on W (LE:?) is defined by
HF.T(]C(X,TL,B)XQQXQB||Z%Q7 where Qo = [Oaa]) Qﬁ = [035]’ and ﬁl(k,n) = m(na,nﬁ).

In addition to the continuous convolution of functions and the discrete convolution
of sequences, we will consider the semi-discrete convolution of a sequence and a
function defined as follows:

Definition 7 (Semi-discrete convolution). Given the lattice parameters a, f > 0,
formally define the semi-discrete convolution of a complex-valued sequence a =
(a(k,n) : (k,n) € Z*?) and a continuous function F on R*?, by

(ax'F)(x Z Z F(z—ka,w—np) = Z Z (k,n) ThansF (z,w),
kezZd nezd keZd neZd

where Tia npF(x,w) is the 2d-dimensional translation of F.
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3. MAIN RESULTS.

Our first result is a generalization the inequality for sequence spaces for the
case 0 < pj,qj,7; < 0o. We establish that under a certain range of parameters the
generalization is exact, while for the remaining case it is almost exact (up to the
interchange of the indices and the order of summation).

Theorem 3.1. Assume that m is o v-moderate weight on Z2?. Also assume that
1

—4+ = =1+— for 1<r; <00 (3.1)

and
pi=q; =71; for 0 <ry <1

(a). If either 1 <r; < oo or0<ry <r; <1, then

lax bllgzyrs < Cllallgny el bl] g1 02 (3.2)
(b). If 0 <11 <1y < o0 then

lla xbllgy vz < Cllally e 1Bl oo (3.3)

and

[laxb

v < CllUal gz 0Bl g (3.4
where Ua(k,n) = a(n, k) , Um(k,n) = m(n, k), Uv(k,n) = v(n, k)and, therefore,

1Uallgzr = ( > ( > |a(k7n)|1’2m(k7n)pz)pl/m)

keZd nezd

1/P1

Proof. (a) Since m is v-moderate,

(axb)(l,n)|-m(l,n) <C Y > |all —jn—k) - b, k)| - v(l — j,n — k)m(j, k)

j€Zd keza

=C > > ankll—j) - bi()

JEZA kezd

=C ) (n—k *bi)(0), (3.5)

kezZd
where ax(j) = |a(j, k) - m(j, k)| and bi(j) = |b(j,k) - v(j, k)|. We can therefore

estimate the £]!""2-norm of a * b by

||a* b||g:%m2 - C( Z (Z |(a’* b)(l,n) 'm(l’n)rl)m/h)l/m

neZd 1eZd
7‘1)7‘2/7‘1)1/7‘2 (3.6)

SC(Z (Z‘ > (an—k*be) (D)

n€ezd 1ezd kezd

and consider the following cases:
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Case 1 (1 <1 <o00,0< 1y <00). We use Minkowsky’s Inequality and Young’s
Inequality to estimate the inner double sum in (3.6)) by

~ riy\ 1/m1 ~
(3| D @ur b)) <C Y Nans bl (3.7)
leZd  kezd kezd
<C Y Man-rllps - 1B)llas = C - (A BY(n),
kezd

where we denoted A(k) = ||ag||,, and B(k) = ||by)||,,- By substituting (3.7) into
(3.6) and using Young’s Inequality, we obtain

/72
laxbllgr < (D I B)(n)rz)l

nezad

= Cl|Allp, - | Bllg, = Cllallgzy-r2 - [[b][gg2-2-

Case 2 (0 < ry <r; < 1). We use Young’s Inequality and interchange the order of
summation to estimate the inner double sum in (3.6)) by

ST s b)®] < 30 Y k= b

ez keZd keZ ez
= > Man—n * bi)ll}
kezd
<Y Man—gll7t - 1bell7 = (Ax B)(n), (3.8)
kezd

where we denoted A(k) = ||ax|[;} and B(n) = ||Z~)k\|ﬁ By substituting 1' into
(3.6) and using Young’s Inequality, we obtain

/Tz
lla s b|gryma < c( 3 |(A*B)(n)|r2/n)1

nezd

= C|Allrasry - 1Bllrasr)™ = Cllallgmyvz - |[bll g1

(b) Case 3 (0 <71 < 1andr; <ry <oo). We again substitute (3.8)) into (3.6) and
this time use Minkowsky’s Inequality with the exponent ro/r1 > 1 to obtain

laxbllggrs < O( X (3 lanal - i) )"

nezd kezd
~ ri/raN 1/7m1
<o bl (S tanliz )
kezd neze

= Cllallgzy 72 - [Bllgaon-
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In order to derive (3.4), we redefine a;(k) = |a(j, k) - m(j, k)| and b;(k) = |b(j, k) -
v(j, k)| and estimate a * b by

(axb)(l,n)|-m(l,n) <C Y > |a(l = jn — k) - b(j, k)| - v(l = j,n — kym(j, k)

keZzd jez

—CZZal]n— ) - bj(k)
jEZ4 kezd

=C > (a—; *b)(n). (3.9)
JjEZ

Next, applying Minkowsky’s Inequality with the exponent r5/r1 > 1 and substitut-

ing we obtain
||a*b|\e:&,r2 = (Z (Z (@ *b)(,n) - m(l,n)[" )rz/n)l/rz

n€zd lezd
< C( Z ( Z |(a % b)(l,n) .m(l’n)‘w)h/w)l/rl
l€zd  nezd

IN

C( > ( Doy Bj)(n)\m)mm)l/n (3.10)

l€Zd nezd jezd

and consider the following two cases.
Case 1 (0 < r; < ro < 1). We use Young’s Inequality and change the order of
summation to estimate the inner double sum in (3.9)) by

DI (g b)) < YN (@ +bj)(n)]"

nezd jezd JEZI nezZd
<Y @52 - 1151152 = (A= B)(D), (3.11)
jezd

where we denoted A(j) = [[(a;l[;2 and B(j) = H@HQ; Substituting 1) into
(3.10) we estimate

fas bl <X (1= mr) "

lezd
1/r
=C-[|A=B|,
1/7ro 1/7ro
<A, - IBI G, = CllUal | g [[UB] g2

Case 2 (1 <7y < 00). We use Minkowsky’s Inequality to estimate the inner double

suminby
(Z | Z ar_j *bj)( )UT <CZ @i % 0;)(n)|]ry (3.12)

nezZd jezd jezad

<C Y Marillps - 1bslle. = C - (A% B)(Y),

jezd
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where we denoted A(j) = ||@j|lp, and B(j) = ||bj]|4,- Substituting (3.12) into
(3.10) we obtain

lla*bl|grm < C- ( Z |(A*B)(l)‘r1)1/n

lezd
< Cl|Allp,[I1Bllg, = Cl|Ual| gz 21 [|UD| ga2.91.

The theorem is proved completely. (I
Convolution relations for general Wiener-type amalgam spaces were first proved in

[2]. We refer the reader to [6] for an introduction to the theory of W (L?, L%,). With
the help of Theorem we can prove the following result:

Corollary 3.1. Denote X = LM Y = Lr#r2 and Z = L2, Choose the
values for \j, pj and oj,j € {1,2} so that X xY — Z. Assume that m is a
v-moderate weight on Z*?, and that

pi=qi=1r; for 0<r; <1

and
1 1 1
—4+—=1+— for r;>1.
Di qi T
(a). If either 1 <1y <00 and 0 < ry < o0, or 0 <ry <ry <1, then
1P+ Gl () < Ol s Gllwagny (313)
(b). If 0 < ry <ry < oo then
|| F" GIIW<Z7L;3,T2> < OlFlw (x, L0 72) [|Gllw (v,p ) (3.14)
and
|| £ Clly (z.27m2) = CllUallgpzea [[UD||gaz:, (3.15)

where Ua(k,n) = a(n,k), Ub(k,n) = b(n, k), ap, = ||F - T(k,n)X[0,1]2d||X; and
bin = |G - Tk,n) X[0,172¢] [y -

Proof. A particular case of Corrolary with p;,q; = r; > 1is given in [6 Section
11.8]. The proof of the general case follows the same steps, relies on Theorem [3.1
and does not contain any new ideas. O

Remark 8. Several particular cases of Corollary [3.1] have been used extensively
in time-frequency analysis, particulary in the theory of modulation spaces. We
refere the reader to [4] and [7]. For a comprehensive introduction to time-frequency
analysis we refer to [5].

When 0 < p < 1, f % g is not even defined in general because, in this case, f € L?
does not imply local integrability of f . However, under additional assumptions
(for example, when f and g are assumed to be band-limited), we are able to extend
Young’s inequality even in the case of 0 < p < 1.

Corollary 3.2. Suppose that 0 < A\ < 1, I',T” are compact subsents of R*? and
that supp(F) € T and supp(G) € T'. Assume that m is a v-moderate weight on
Z*¢, and that the exponents Dj, 45, and r; satisfy the conditions of Theorem .

(a). If either 1 <r; < oo and 0 < ry < o0, or 0 <719 <711 <1, then

||F*GHW(L%,LQ}”2) < C||F||W(LX,L€1"’2)||G||W(LX,LZ,}}‘*2)~ (3.16)



8 YEVGENIY V. GALPERIN

(b). If 0 < ry <1y < o then
HF*G”W(L)\’L;%WZ) < CHFHW(L%,LZWZ)||GHW(L%,L;’71"‘1) (3.17)

and

17 Gl < O||Ual| a1 [[UB gz 1, (3.18)

LA L1"2)
where Ua(k,n) = a(n, k), Ub(k,n) = b(n, k), arn = |[F' - Tirm)X[o,1)2¢|>, and
bin = ||G : T(k,n)X[O,l]"’d”L)‘-

Proof. The proof relies on Theorem|3.1} on a convolution inequality for band-limited

functions which can be found in [7, Lemma 2.6], and follows the steps of [6, Theorem
11.8.3]. O

We next establish several versions of Young’s inequality for the semi-discrete con-
volution a ' F. In view of Remark [6] for F € W (L%%2), replacing the function
F with the step function defined by the sequence of the local suprema of F', yields
the following corrolary to Theorem

Corollary 3.3. Assume that m is v-moderate, and that the exponents p;, q;, and
r; satisfy the conditions of Theorem @
(a). If either 1 <r; < oo and 0 < ry < o0, or 0 <719 <711 <1, then

lla ' Fllw gy < Cllall g || Flly pa102). (3.19)
(b). If 0 <1y <1y < oo then

lla ¥’ Fllw(zrey < Cllallgoa [ Fllwpavor (3.20)
and

lla ¥ Fllyzzray < CllUall gz [U8] gz, (3.21)
where Ua(k,n) = a(n, k), Ub(k,n) = b(n, k), and bxn = ||F - T(x,n)X[0,1)2¢] 0o
If we drop the assumptionthat F' € W(L%-9) and only assume that F' € L3192

we are still able to generalize Young’s Inequality for the semi-direct convolution as
follows:

Theorem 3.2. Assume that m is v-moderate, 0 < p,q < 0o, and «, 3 > 0.
Let r = min{p, 1}, ¢t = min{q, 1}, and s = min{p,¢,1}. If F € L}7 and a € {3,
where U(k,n) = v(ka,npB), then a ' F € LP:% and

la ¥’ Fllgge < Clla

e[l s (3.22)
Moreover, in the case 0 < p < g < 00, the inequality

la¥' Fllgo < CliUallse [[UF |0 (3.23)
also holds.

Proof. We denote G = a ' F, and use a periodization idea to write

1G]]z = (/[o g) > ( (0,04 > |G($+j04aw+15)|pm($+j04aW‘i'lmpdx)q/pdw)l/q'

lezd jezd
(3.24)
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|G(z + jo,w +16)| - m(z + jo,w +16) <C’Z Zan le n(j — k)

neZd keZd
=C Z (@ * FI,W,l—n)(j)v (3.25)

nezd

where we denoted a, (k) = |a(k,n)| - #(k,n) and Fy (k) = |F(z + ko,w + nf)| -
m(z + ko, w + n3). We next use ([3.25) to estimate the L2;%-norm of G by

|\G||Lm<c/ Z /Oa Z‘Z(dn>(<Fz,w,lfn)(j)‘pdx)q/pdw)1/‘1

¢ 1eza V1 jezd nezd
(3.26)
and consider the following two cases:
Case 1: p > 1. We use Minkowski’s Inequality and Young’s Inequality to estimate
the inner integrand in by

Z‘Z n * Frwin) ‘ (Z || * Fyi— nHEp)

JEZL neZd nezd
~ P
< (3 anllerl Frsialler) (3.27)
nezd

We next use (3.27) and Minkowski’s Inequality to estimate the inner integral in

(3.26) by
= /
([ S S bcifan) < ([ (S bl i) w) "

d
Ny jezd nezd nezd

~ 1/p
(/ HFr,w,l—nH?pdx)
neZd 0,a]

=Y A(n)Bu(l—n) = (A= B,)(), (3.28)

nezd

where we denoted A(n) = ||an||¢r and By (n) = (f[o ad Hl*:’x,w,nﬂfpdx)l/p.
Substituting (3.28)) into (3.26)) and using Young’s Inequality, we obtain

1/q
IGllge ([ lAxBUlhd)
[0,8]¢

1/q
05 B, ||, dw
(/[O,ﬂ]d || HEq )

e | Flzpa

= Clla

Case 2: p < 1. We use the inclusion /7 — ¢! and Young’s Inequality to estimate
the double sum in (3.26)) by

ST Y s Froa)G)] €30 Y [ # Pt ) (I

JEZI neZd neZd jezd

< Z Han”%HFx,wl—anr (3.29)

nezd
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Using (3.29)), we estimate the inner integral in (3.26) by
p ~ -
/ Z Z n * Frwin)(j )’ dx S/ ) Z w5 || Fa wo,i—n|[fn de
[0,a]d [0

JEZL nezd M nezd

= Z ||an gr/ ||Fw,w,l7n||§pdm
0,a]d

nezd

= 3 Am)BL(I-n) = (A* BL)(1),

nezd

(3.30)
where we denoted A(n) = ||@,|[}, and By, (n) = f[o,a]d | Fr oo B daz.

Substituting (3.30) into ( -7 we obtain

1/q
||G|\L$,;‘ISC</ 14+ B 217, )
[0,8]¢

1 1/q
=l (f ) Imalinas)
’ [0,5]¢

= Cllallep=|[Fl| ;s
In order to derive ([3.23)), we use Minkowsky’s Inequality with the exponent ¢/p > 1

1G5 < (/Rd ( |G(ac,w)|qm(x,w)qdw)p/qu)l/p

r/q 1/p
- (/ / > G + joyw +18)[ m(a + jayw + 18)dw)  dx) .
[O,Q]d [0,8]¢

leza
(3.31)

Since m is v-moderate, we can estimate the inner summand in (3.31) by

|G(z + jo,w +16)| - m(z + jo,w +16) <C’Z Zak Frwi-x(l—n)

n€Z keZd

=C > (an* Fowj-r) (1), (3.32)

kezd

where we denoted ai(n) = |a(k, n)| ~(k; n) and Fy , x(n) = |F(z + ka,w +nf)| -
m(z + ko, w + nB). We next use ) to estimate the L2:9-norm of G by

G e <C / Z / Z | Z ak*waJ k)(m dW)p/qdac)l/p

081" 1eza  keza
(3.33)
and consider the following two cases:
Case 1 (0 < p < g < 1): We use the inclusion £¢ — ¢! and Young’s Inequality to
estimate the double sum in by

Z | Z (ak * Fx,w,j—k)(l)’q < Z ||&k * Fx,w,j—k”?q

lez¢ kezd kezd

< Z ||ak||éq . acw,] k||eq (334)

keza
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Next, we use (3.34) to estimate the inner integral in (3.33) by

/Wd S (ak# Frwjoi)()|'do < Y ||ak||€q/ d\|ﬁ$,w,j_k||quw

1" 1ez4 ke kezd 0.6
= (A*B:)(j)
where A(k) = ||ax||f, and B,(k) = f[o,ﬂ]d ||Fy.k||%adw. Therefore, by Young’s
Inequality with p/q < 1,

\|G||Lgnq<c/ > |(Ax By)( j)]p/qu)l/p

jGZd

1/p
<o AL 1Bl )

)

1 1/p
= cljals, ( /[ 1B/t da) ™ = CllUallegs - |IUFIILE,.
,ald

Case 2 (1 < g < 00): We use Minkowsky’s Inequality with the exponent ¢ > 1 to
estimate the double sum in (3.33)) by

ST s Py )" < (3 Nan # P illen)”

lezd kezd kezd
~ ~ q
< (32 lanlle +11Brolle) (3.35)
kezd
and next use (3.35) and Minkowsky’s Inequality to estimate the inner integral in

by
(/[0/3 Z | Z (a *Fm,w,jkal)’qdw)l/q (/ (Z lai|lor - | Frwj k||eq) dw)l/q

d
Bl lezd kezd 0.5 kezZd

- 1/q
< lanle ([ dqu,w,j_knzqdw)

kezd

= (AxB:)(9),

where A(k) = |lax||;n and B.(k) = (f[o 54 ||Fz,w)j,k||quw)1/q. Therefore, by
Young’s Inequality

/p
Gl <c( [ Y laxmIGPar)
[0,a]¢ jezd
1/p
([ IBalde)
[0,a]¢
= CllUallgr - [[UF || g2 . (3.36)
The theorem is proved completely. O
REFERENCES

[1] A. Benedek and R. Panzone. The space LP with mixed norm. Duke Math. J., 28:301-324,
1961.

[2] Feichtinger, H. G. Banach convolution algebras of Wiener type. Functions, series, operators,
Vol. I, II (Budapest, 1980), 509-524, Colloq. Math. Soc. Jnos Bolyai, 35, North-Holland,
Amsterdam, 1983



12 YEVGENIY V. GALPERIN

[3] Y. Galperin, K. Grochenig. Uncertainty principles as embeddings of modulation spaces. J.
Math. Anal. Appl. 274 (2002), no. 1, 181-202.

[4] Y. Galperin and S. Samarah. Time-frequency analysis on modulation spaces M5?,0 < p,q <
0o. Appl. Comput. Harmon. Anal. 16 (2004), no. 1, 118.

[5] K. Grochenig. Foundations of Time-Frequency Analysis, Birkhduser, Boston, October 2000.

[6] C. Heil. Introduction to weighted Wiener amalgams. Wavelets and Their Applications (Chen-
nai, January 2002) Allied Publishers, New Dehli, pp. 183 - 216.

[7] M. Kobayashi. Modulation spaces M};? for 0 < p,q < oco. J. Funct. Spaces Appl. 4 (2006),
no. 3, 329341.

YEVGENIY V. GALPERIN

DEPARTMENT OF MATHEMATICS

EAST STROUDSBURG UNIVERSITY EAST STROUDSBURG, PA 18301, USA
E-mail address: egalperin@po-box.esu.edu



	1. Introduction
	2. Definitions and Preliminary Results
	3. Main Results.
	References

