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ON A INTEGRAL-TYPE OPERATOR FROM o-BLOCH SPACES
TO Qi(p,q) SPACES

JIANREN LONG

ABSTRACT. Let n be a positive integer, g € H(D) and ¢ be an analytic self-
map of D. The boundedness and compactness of the integral operator C7 ,,
which is defined by

(1)) = /0 "1 (p(€))a(E)de, = € D, f e H(D),

from the a-Bloch spaces and little a-Bloch spaces to the Qg (p, q) spaces and
Qr,0(p, q) spaces are characterized.

1. INTRODUCTION

Let D be the open unit disc in the complex plane, and let H (D) be the class of
all analytic functions on D. The a-Bloch space B* (a>0) is, by definition, the set
of all function f in H(D) such that

[z = [fO0)] + Sgg(l — [2)21f ()] < 0. (L.1)

Under the above norm, B® is a Banach space. When a=1, B! = B is the well-
known Bloch space. Let B denote the subspace of B*, for f

By ={f:(1—1z»f(2) = 0as |z| = 1, f € B*}. (1.2)

This space is called the little a-Bloch space. Throughout this paper, the close unit
ball in B* and Bf will be denoted by B and Bpg respectively.

Let 0 < p < o00,—2 < g <00, K:[0,00) = [0,00) be a nondecreasing continuous
function. The space Q(p,q) consists of those f € H(D) such that (see, [21])

I£lna = {500 [ 1FEPQ- PR G 0)AG) <o, (13)
z€D JD

where dA denotes the normalized Lebesgue area measure on D such that A(D) = 1,
g(z,a) is the Green function with logarithmic singularity at a, that is, g(z,a) =

a—z

log m, where p,(z) = for a € D. When p = 2,¢q = 0, the space Q(p, q)
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equals to Q, which was studied, for example, in [3, 10, 20]. When K(z) = x°,s >

0, the space Qk(p,q) equals to F(p,q,s), which is introduced by Zhao in [23].
. a+2

Moreover (see, [23]), we have that, F(p,q, 5):B$ and Fy(p,q,s)=B," fors>1,

qa+2

F(p,q,s)gB% and Fy(p,q,8)CB," for 0 < s < 1. When p > 1, Qx(p,q) is a
Banach space with the norm

1 llxma) = 1FO) + 1 fllk.p.q-
From [21], we know that Qx(p, q)gB%Z, Qk(p, q):BqTJ?Z if and only if
1
1
/ K (log ;)(1 — ) ?rdr < 0.
0

Moreover, ||f||BM < Cfllgup.q) for f € Qr(p,q)(see, 21, Theorem 2.1]).

We say that an f € H(D) belong to the space Q. 0(p, ¢) if
lim / [f'(2)P(1 = [2[*) 7K (g(2, a))dA(z) = 0. (1.4)
la|l=1Jp

Qr.0(p,q) is the subspace of Q(p,q). Throughout the paper, we always assume
that K satisfies the following conditions:

(a) K is nondecreasing;

(b) K is two times differentiable on (0, 1);

(d) Kt)=K(1) >0,t>1;
(e) K(2t) = K(t), t > 0.
Also, we assume that

Jj s
K(log =)(1 — r*)rdr < oo, (1.5)
0 T

otherwise Qk(p, q) consists only of constant functions(see, [21]). In order to obtain
the main results in this paper, we further assume that

1
ds

/ wr(s)— < oo,
0 S

K(st)
s)= sup ——=, 0 <s < .
or(s) O<tI§)1 K(t)
For a subarc I C 0D, the boundary of D, let
S(I)={réeD:1-|Il<r<1,§eT},

where |I| denotes the arc length of I € dD. If |I| > 1 then we set S(I) = D. A
positive Borel measure p on D is said to be a K —Carleson measure if

where

1—
sup K( |Z|)d,u(z) < 0.
1eap Jsn 1]
If
. 1— 2|
lim du(z) =0,
l11=0Js(1) 1] Jdu(z)
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then we say p is a vanishing K —Carleson measure. Clearly, if K(t) =t?,0 < p < oo,
then p is a K—Carleson measure if and only if (1 — |2z|?)Pdu(z) is a p—Carleson
measure. Note that p =1 give the classical Carleson measure.

Let ¢ be an analytic self-map of D. The composition operator C, is defined by

(Cof)(2) = f(p(2)), [ € H(D).

The composition operator has been studied by many researchers on various spaces
(see, e.g.,[1, 5, 13] and the references therein).

Let ¢ € H(D) and ¢ be an analytic self-map of D. In [7], the authors defined
the generalized composition operator as follows:

(C9f)(= /f ¢)d¢, z € D, f e H(D). (1.6)

When g = ¢, we see that this operator is essentially composition operator C,.
Therefore, CY is a generalization of the composition operator C,. The boundedness
and compactness of the generalized composition operator on the Zygmund space,
the a-Bloch space and the little a-Bloch space was investigated in [7]. Some related
results can be found, for example, in [8, 9, 18, 22].

Let n be a positive integer, g € H(D) and ¢ be an analytic self-map of D. Here
we study the following integral-type operator

=Aaﬂmw@»mo%,z60,feHu». (L.7)

When n =1, C’glp’g is generalized composition operator C. Operator (1.7) extends
several operators which has been introduced and studied recently (see, e.g.,[7, 8,
12]). For related operators in n—dimensional case, see, for example, [15-17, 19].
Operator (1.7) has been studied by many researchers on various spaces (see, e.g.,[6,
11, 25] and the references therein). The purpose of this paper is to study the
operator C7 ;. The boundedness and compactness of the operator C7 / from the
B® and B§ spaces to Qi (p, ¢) and Qx0(p, ¢) spaces are completely characterized.

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A ~ B means that there is a
positive constant C such that g <A<CB.

2. AUXILIARY RESULTS

Here, we quote several lemmas which will be used in the proofs of the main
results in this paper. The following lemma is obtained in [4].

Lemma 2.1. Let o > 0. Then there are two functions f1, fo € B* such that
THEIRAT IS E———y ) (21)
(1—lz?)e
We also need the following results of Wulan and Zhu in [20], in which Qj, space
are characterized in terms of K —Carleson measures.
Lemma 2.2. A positive Borel measure y on D is a K—Carleson measure if and

only if
sup [ (1= pa()P)d(z) < .

acD JD
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Also, 1 is a vanishing K— Carleson measure if and only if

tim [ K(1 = fgu(2)dn(z) = 0.

la]—1

Lemma 2.3. [22] Let 0 < p < 00, —2 < g < 00. Assume that K is a nonnegative
nondecreasing function on [0,00). Then

10 s1p [ £ PO DK [eP)AG,  (22)
and f € Quo(p,q) if and only if
tim [ 7P K (L lpa(2)P)dA() = 0. (2:3)
lal=1Jp

By modifying the proof of Theorem 3.5 of [10], we can prove the following lemma.
We omit the details.

Lemma 2.4. Let 0 < a < 00, 0 < p <00, —2< qg< o0, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function

n [0,00). Then C} , @ BY — Qko(p,q) is compact if and only if C} , : B* —
Qro(p,q) is bounded and

lim  sup / (G5 o /) (2)P(L = |2*) 7K (9(2, a))dA(2) = 0. (2.4)
lal =1 f|| pa <1

Lemma 2.5. Let 0 < a < 00, 0 < p <00, =2 < g < o0, g € H(D) and ¢ be an

analytic self-map of D. Assume that K is a nonnegative nondecreasing function on

[0,00). Then C3 , : B§ = Qr(p,q) (or Qk0(p,q)) is weakly compact if and only if

it 15 compact.

Proof. By a known theorem Cy , : B§ — Qk(p, q) (or Qko(p, ¢)) is weakly compact
if and only if (C} ,)*: (Qk(p q))* (or (Qr.o(p,q))*)—(Bg)* is weakly compact.
Since (B§)* = A! (the Bergman space) and A! has the Schur property, it follows
that it is equivalent to (C7 ;)*: (Qk(p,q))* (or (Qk,0(p,q))*)—(Bg)" is compact,
which is equivalent to Cy , : B§ — Qk(p,q) (or Qk,0(p, q)), is compact, as claimed.

O

Lemma 2.6. Let 0 < a < 00, 0 < p <00, =2 < qg< o0, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function
n [0,00). Then C7 ,: B* (or B )—=Qk(p,q) is compact if and only if for any
bounded sequence {fi}ien in B® (or B§) which converges to zero uniformly on
compact subsets of D as | — oo, we have ||C, , fill g (p.g)— 0 as | — oo.

Proof. Tt can be proved by standard way (see, [1, proposition 3.11]). (]

Lemma 2.7. Let 0 < a <00, 0<p <00, —2< q<o00, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Suppose that C7, ; : By — Qk(p,q) is compact, then for every a € D,

lim |9(2)[P(1 = [2]*) 7K (g(2, a))dA(z) = 0. (2.5)

1
" le(z) >
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Proof. Let fi(z) = le, [ € N. Tt is easy to see that (f;);en is bounded sequence in
B{ converging to zero uniformly on compact subsets of D. Hence, by Lemma 2.6,
it follows that [|C3 , fill @, (p.q)— 0 as I — oo. Thus, for every ¢ > 0, there is an
lp € N, lg > n such that for [ > I,

n—1
(L= s [ P laP0 - 1) Kol a)dA) < (26)
j=1 e
From (2.6) we have that for each r € (0,1) and I > [

n—1

ypUi=n) —4))P su 2)P(1 —|2|*)? zZ,a z) <Ee. .
(Me-ars [ WEP0 - PR A <6 (20

Hence, for r € [(H?;ll(lo —j))%-7,1), we have
swp [ gl (1 s) K (gl a)dA) < e
0D Jig(z)|>r

We complete the proof. O

Lemma 2.8. Let 0 < a < 00, 0 < p <00, —2< qg< o0, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Suppose that C7. , : B*(Bg) — Qx(p, q) is compact, then for every a € D,

b [F™ (p(2)Plg(2) [P (1 = [21*) 7K (9(z, a))dA(z) = 0.

"7 e z) >
Proof. We only give the proof of B and the proof for B* is similar. For f € Bpg,
and let fi(2) = f(tz), 0 < t < 1. Then supyeicq | fillBe < || fllBe, fi € BS,
t € (0,1), and f; — f uniformly on compact subsets of D as t — 1. Since C ; :
B§ — Qr(p,q) is compact, ||C%  fi — Cf  fllQ,(p.q) — 0 ast — 1. Hence, for every
given € > 0, there exists a t € (0, 1) such that
sup /D £ (0(2) = £ ()P g()P (1 = ) K (g(z,0))dA(z) <e. (28)

aceD
Combination Lemma 2.7 and (2.8), we have that for such ¢ and each r € [(H;:ll (lo—

D)

Sup/ 11O ()P lg ()P (1= [2*) K (g(2, a))dA(2)
(=) >r

a€D

<27 sup / (=) = F™ (p(2)Plg(2) (L~ |22) 2K (9=, ) dA(2)
a€D Jip(2)[>r

+ 27 sup / L (0(2))P19(2)[P (1 = |2[2)1 K (g(z, @) )dA(z)
a€D J|p(z)|>r
< 2e(1+ | £™M|I%) (2.9)

From (2.9) we conclude that for every f € Bpg, thereis a d € (0,1) and § = 6(f,¢)
such that for r € (4,1)

Sup/ 1FT () Pla(2)P (1 = [2*) K (g(2, a))dA() < e.
le(2)[>r

a€D

We complete the proof. O
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3. MAIN RESULTS AND PROOFS

In this section, we will state main results and prove them.

Theorem 3.1. Let 0 < a <00, 0 <p < o0, —2< qg< o0, g € H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Then the following statements are equivalent.

(1) C’;"g : B* = Qi(p, q) is bounded.

(2) C% 4 = B — Qi(p,q) is bounded.

2)|P 2yq
(3) supaep Io (1‘ﬂ;@z‘)fl)plallﬂ)K(g(z,a))dA(z) <

(4) 1|9|(:()f (|a|+7)zq 5dA(z) is a K—Carleson measure.

Proof. (1)=(2). It is obvious.
(2)=(3). For f € B~ if we set fs(z) = f(sz), 0 < s < 1, then we get f; € B
and || fslle < ||f||ge. Thus, by the assumption for all f € B%, we have

1CZ g Fsllowwa = 15

0 %Qk(pyq)HfS”B" < HCZ’gHBS‘%Qk(p,q)||f||B“' (3.1)

By using Lemma 2.1, there exist f1, fo € B* such that
C
! ; >———— ze€D. 3.2
|fl(z)‘+|f2(z)|— (1—|Z|2)a Z ( )

Let

n—1 (k) n=1 (k)
RIS SR E I HE R A DL L SCE)
k=1 ’ k=1 ’

It is known (see [24]) that for each f € H(D) and n € N, we have
(1= =) 1 (2) \+Z|f E0) = (1= =PI ().

From this, (3.2), and since A" (0) = h{”(0) =0, k = 0,1,--- ,n — 1, we have that
there is a 6 > 0 such that
C

(n) (n)
|hi ()] +[hy (2)] > A= Pyt

(3.4)
for |z| > .

Replacing f in (3.1) by hy and hs respectively and applying (3.4), using an
elementary inequality, the boundedness of Cj , : Bf' — Qk(p, q), we obtain that

[sg(2)[P(1 — |=[2)7
/SMN 0= [sp(aypetn-n = 002 0)dA()

<C /D<|h§"><ssa<z>|p + (RS (sp(2)|P)|s"g(2)[P(1 — |2[2)1K (g(2, a))dA(2)

= C/D(Kcz,ghls) (2P +(C 4h2s) (2)P) (1 — |2[*) 1K (9(z, a))dA(2)
<C|cC |21

By Ml + [[h2llga) < oo (3.5)

hold for all @ € D.
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Letting s — 1 in (3.5) and using the Fatou’s Lemma, we get

21P(1 = |2]2)¢
Sup/ s (1|€(|;|(Z()1|2)pla|+3b_l)K(g(z,a))dA(z) < o0. (3.6)

a€D

On the other hand, for fo(z) = %7: € Bf, we get C} , fo € Qk(p, g¢) which implies

lg(2)[P(1 = |2[*)
sup /|4p K(g(z,a))dA(z)

aeD Jjp(z)<s (1 = |p(2)[2)platn=1)
1€ o B e I ol
— (]_ _ 62)p(a+n71)
From (3.6) and (3.7), (3) follows.
(3)=(4). From properties of K and the condition (3), we obtain

9(2)P(1 — [2f2)1 2
Sup/ (1- |gp(z)|2)p(a+n71)K(1 — |pa(2)]?)dA(2)

aceD JD
lg(2)[P(1 — |2]*)?
= su K(2g(z,a))dA(z
B aeg/p (1 — |p(2)|2)platn=1) (29(2,a))dA(z)
2)P(1 — 2;2 q
o [ ALY
aweD Jp (1 —|o(2)]2)P
Thus, by Lemma 2.2, lg()I" (A=) dA(z) is a K—Carleson measure.

(1=[p(z)?)platn=1)
(4)=(1). For any f € B®, we have

sup/ 1T (()Plg(2)IP (1~ [2) K (1 — |pa(2)[*)dA(2)

(3.7)

K(g(z,a))dA(z) < 0o

< 1l s / e A K = L IP)A)

In addition, that (C:,}’gf)(O) = 0. From Lemma 2.2 and Lemma 2.3, we have that
Cy 4 B* = Qi(p, q) is bounded. This completes the proof of Theorem 3.1. ]

Theorem 3.2. Let 0 < a <00, 0<p<oo, —2<g<00, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Then the following statements are equivalent.
(1) C% 42 BY = Qp0(p; q) is bounded.
(2) C% 42 BY = Qro(p, q) is compact.
(3) C3 4 BE = Qro(p, q) is weakly compact.
q)

(4) C3., : B — Qro(p, q) is compact.
(5) 11H1|a|_>1 fD 1‘9‘(:”)‘(1)P(‘a‘+7)b I)K(g(z,a))dA(z) =

(6) 7 |g|(:()lp(1 p(lzlﬁ):‘ 5dA(z) is a vanishing K — Carleson measure.

Proof. (3)<(4). It follows from Lemma 2.5.

(1)&(4). By Lemma 2.5, C7  : B§ — Qko(p,q) is compact if and only if
it is weakly compact, which, by Gantmacher’s theorem (see [2]), is equivalent to
(CZ )™ ((B§)™) € Qro(p,q). Since (BF)™ = B* and by a standard duality
argument (Cy )** = C7 , on B®, this can be written as C7, ((B%) C Qk,o0(p; q),
which by the closed graph theorem is equivalent to C7 , : B* — Qro(p,q) is
bounded.

(2)=(1). It is obvious.
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(4)=(5). Assume that C7 ; : B§ — Qk,0(p,q) is compact, from above proofs we
have that CJ , : B = Qk,0(p,q) is bounded. Hence, as in the proof of Theorem
3.1, let hy and hs be as in (3.3). Then from (3.4) and an elementary inequality, we

get
/ P *‘Z'z)q_ K(g(z,a))dA(2)

1> (1= lp(2)P)platn=b)

<C / (RS (@(2)7 + WS (0(2)P)|g(2) [P (1 — |212) 9K (9(2, a))dA(z)

—C/ (€3 gh) ()P + (CF gha) (2)P)(1 = [2]*) K (g(2,a))dA(2).  (3.8)

For fo(z) = % € B, we get C}  fo € Qk,o(p,q). From this and since C7; h; €
Qro(p,q9),j = 1,2, by letting |a| — 1, we get that (5) holds.

(5)<(6). It follows from properties of K and Lemma 2.2.

(5)=(2). Assume that (5) holds. Let

2)P(1 —|2]?)?
Spaacta) = [ AP o aaae)

By the assumption, we have that for every € > 0, there is a r € (0,1) such that
for |a] > r, Y¥p.q.0,kx(a) < e. Similarly to the proof of Lemma 2.3 of [14], we see
that 1 4.0, k(@) is continuous on |a| < r, hence is bounded on |a| < r. Therefore
Vp.q.0.5 (@) is bounded on D. From Theorem 3.1, C3 , : B* — Qx(p, q) is bounded.
We first prove that C , : B — Q0(p, ) is bounded. For any f € B, we have

[ €10 2K (e a)dA)
= / P D K (g(es)dAC) 59)
<Ml J, G Toqmparn (012 AR .

which together with condition (5) imply that Cj  f € Qko(p,q), hence CJ , :

B* — Qr.0(p,q) is bounded. Fix f € Bga. The rlghthand side of (3.9) tend to 0,
as |a| — 1 by condition (5). From Lemma 2.4, we see that C7} / : B — Q. 0(p, )
is compact. The proof of the theorem 3.2 is completed. (]

Theorem 3.3. Let 0 < a <00, 0<p<o0o, —2<g<o00, g€ H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Then the following statements are equivalent.

(1) Cy 4 Bg — 62;.370(1)7 q) is bounded.

(2) Tty 1 [ l9(2) (L~ [22)1K (g(z,a))dA(z) = 0, and

2)|P 2\q
bupaED fD (1‘g‘ia()z‘)l(l)p(‘a‘#ﬂ)L—l)K(g(z7a’))dA(Z) < o0
Proof. (2)=-(1). Suppose that condition (2) holds and f € B§. From Theorem
3.1, C3 , + B — Qk(p, q) is bounded. To prove that C7 : Bf — Qro(p,q) is

bounded, it suffices to prove that C  f € Q,0(p, q) for any f € Bg. Since f € BY,
we have that, for every € > 0, there is a r € (0,1) such that as r < |p(2)| < 1

1S ()P (L= fo(2)Petn—D) <.
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Thus,
Sup/ (G5 o /) (2)P(L = |2*) 7K (9(2, a))dA(2)
a€D J|p(z)|>r
l9(2)[P(1 — |2]*)?
< ssgg/D 1 — [p(2)B)len—D K(g(z,a))dA(z) < Ce. (3.10)
We also have
tm [ O OPA K gl )AC)
—Hpra im 2P — |2]?)e Z,a z
< Oty i [ 1oP 0 B (e, @)a4C)
<oq il [ 190P0 - 1K g o)A 0. @)

Combining (3.10) and (3.11), we get C} f € Qko(p,q). Hence C7  : Bf —
Qk,0(p, q) is bounded.

(D)=(2). I C3, : BY = Qko(p,q) is bounded, then C7 : Bf — Qk(p,q)
is bounded too. Thus by Theorem 3.1, we get the second cond1t10n in (2). For
fo(z) = %y € B§, n € N, we get C}  fo € Qko(p,q), which is equivalent to the
first condition in (2). This completes the proof of Theorem 3.3. g

Theorem 3.4. Let 0 < a < 00, 0 <p <00, —2< g <00, g € H(D) and ¢ be an
analytic self-map of D. Assume that K is a nonnegative nondecreasing function on
[0,00). Then the following statements are equivalent.

(1) C3 , : B = Qk(p, q) is compact.

(2) C} . B — Qk(p, q) is compact.

(3) C% 4+ BS = Qi(p,q) is weakly compact.

(4) $une [ l9()IP(1 — |22)1K (g(2, 0))dA(2) < 50, and

2)|P(1—|z]%)?
hrnr_>1 SupaED f\tp(z)\>r (1Lq|(tp()2|‘,)‘(21)p(la‘+r)z—1) K(g(Z, a’))dA(Z) =

Proof. (2)<(3). It follows from Lemma 2.5.

(1)=(2). It is obvious.

(2)=(4). Assume that C7 @ By — C%k(p, q) is compact, then C3 , : Bf —
Qr(p,q) is bounded. By choosing f(z) = Z; € Bf,n € N, we obtain

sup / ()P~ 229K (g(2, a))dA(2) <

Thus, we have that the first condition in (4) holds.

Since C7 , : B§ — Qk(p,q) is compact, we have that for every € > 0 there is
a finite collection of functions f1, fa,--+, fx € Bpg such that, for each f € Bpgg,
there is a j € {1,2,--- , k}, such that

sup / 11 (0(2)) = D (p(2)Plg(2)[P(L — |212) K (g(2,a))dA(z) <e.  (3.12)

a€D JD

On the other hand, by Lemma 2.8, it follows that if 7 := maxi<;j<x n;(fj,€), then
for r € (p,1) and all j € {1,2,--- ,k}, we have

Sup/l . £ (@) Plg(2)P (A — 221K (9(z,a))dA(z) <e.  (3.13)

a€D
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From (3.12) and (3.13), we have that for 7 € (n,1) and every f € Bpe

sup [ )Pl (1~ PR (g )dAG) < P (3.14)
a€D Jip(2)|>r

If we apply (3.14) to the delays of the functions in (3.3) which are normalized so
that they belong to B« and then use the monotone convergence theorem, we easily
get that for r > max{d,n} where ¢ is chosen as in (3.4)

lg(2)[P(1 — [2]*)?
sup/ ———K(9(z,a))dA(2) < Ce, (3.15)
aeD Jip()>r (1= |(2)[2)Plotn=D)
from which the second condition in (4) follows, as desired.

(4)=(1). Assume that {fi}ieny C B%, ||fillBe < 1 and f; — 0 uniformly on
compact subsets of D. By condition (4), for every £ > 0 there is a 6 € (0,1) such
that as r € (9,1),

sup / M () Pla() (1 = 229K (g(2, a))dA(2)
[ (z)|>r

a€D

2P(1 = |2]2)¢
< |l fillge sgg/l . (1|g(|;|(z()1|2)platrz_1)K(g(z,a))dA(z) <e. (3.16)

On the other hand, since fl(n)(go(z)) — 0 uniformly on {z : |p(z)| < r}, for the
above € > 0 there is an integer N > 1 such that as [ > N,

sup / L™ (@(2))Plg(2) P (1 — |212) 7K (9(2, a))dA(=)
lp(2)|<r

a€D

< sup [f"(p(2))] sup /| . 9(2)[P(1 — |2[2)1K (g(2, a))dA(2)

le(z)<r a€D
< e sup / 9()P(L = [22)9K (g, a))dA(z) < Ck. (3.17)
aeD Jip(z)|<r

Since (Cy ,£1)(0) = 0, then we obtain ||C  fillg,(p.q) — 0, as I — oo. By using
Lemma 2.6, we get C, ; : B — Q(p, q) is compact. This completes the proof of
Theorem 3.4. ]
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