JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: HTTP://WWW.ILIRIAS.COM
VOLUME 4 ISSUE 4(2013), PAGES 8-11.

MORE ON SOME NEW FRACTIONAL INTEGRAL
INEQUALITIES

BANYAT SROYSANG

ABSTRACT. In 2011, W. T. Sulaiman presented new integral inequalities of
the type Riemann-Liouville. In this paper, we present some generalizations of
the integral inequalities.

1. INTRODUCTION

For any integrable functions f and ¢ in [0, 1], Chebyshev [I] proved, in 1882,
that if f and g are simultaneously increasing or decreasing for same values of x in
[0,1], then

/01 f(z)g(x)dx > /01 f(x)da:/ol g(x)dx

For any « > 0, the Riemann-Liouville fractional integral operator I* f is defined
by

1

I%f(t) = @/0 (t—x)a_lf(m)dm,

for all ¢t > 0.
In 2009, Belarbi and Dahmani [2] proved that for each o, 8 > 0, if f and g are
functions such that

(f(z) = f(y)(g(x) — g(y)) =0 (1.1)
for all x,y > 0, then
tP1*(fg)(t) | t*I°(fg)(t)
rg+1) MNa+1)
for all ¢ > 0.
In 2011, Sulaiman [3] proved that for each o, > 0, if f and g are functions
satisfying the inequality (L.1)) and if A > 0, then
o1 (fgh)(t) | t*I°(fgh)(t)
rg+1) MNa+1)
for all ¢ > 0. This is a generalization of the inequality (|1.2)).

> I f(6)1°(g)(t) + I F()I7(9)(D) (1.2)

> 17 F(OI%(gh)(t) + I f()I° (gh)(t) (1.3)
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Moreover, Sulaiman [3] also proved that for each «, 8 > 0, if f, g, h are functions
such that

(f(@) = f()(g(x) — g(y))(h(z) — h(y)) = 0
for all z,y > 0, then
o1 (fgh)(t)  t*I°(fgh)(t)
r(8+1) T(a+1)

for all ¢ > 0.
In this paper, we generalize of the integral inequalities (1.2]), (1.3) and (1.4)).

> 1P F(OI%(gh)(t) — I° f(DI° (gh)(1) (1.4)

2. RESULTS

Theorem 2.1. Let o, > 0 and let f1, fa, ..., frn be functions such that

n

[[f:@) = fi(y)) = 0

i=1

for all x,y > 0, then

T e n
e (I o o () o
> > (—1)LH#e ([ﬁ (H fi> (t)) (I”‘ <H f¢> (t)>
QC{1,2,...,n},0<#Q<n icQ ig¢Q

(2.1)
for allt > 0.
Proof. By the assumption, we have
t t n
| [P TL ) - fiw)dody = 0
070 i=1
for all £ > 0.
We note that T'(A\)I*(1) = /t(t —2) M ldz = ﬁ = M for all A\,¢ > 0. For
—Jo A T(A+1) ’ ’

any t > 0, we have

K 7xa71n (2)dx K . B—1
/O<t ) l_f[lfl()d/()(t y)P1dy

s [a—p Ty [ 0-a) e

> —/0 /0 (t—z)* Lt —y)?! Z (—1)#lilzi=y} (H fi(zi)> dzdy,

{z1,22,...2n }={z,y} i=1

S
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n B n SN
(nam (H fi) (t)> Ty (F(ﬂ)lﬁ (H ﬂ-) <t)> e

=1

_/0 /0 (t— x)a—l(t - y)B—l Z (_1)#{i‘zi:y} (H ﬂ(%)) dzdy,
i=1

{z1,22,..zn }={m,y}

t°T'(a)T(B) .., t°T(B
WI (H fz) + (=" 0474-1 <H fz)
_/0 /0 (t _ (E)a_l(t _ y)ﬂ—l Z (_1)#{L|Zz=y} <H fz(zz)> d.’l?dy

{z1,22,...2n }={z,y} i=1

=- > (—1)#¢ <F<ﬂ>ﬂ3 (H fi> (t)) (P(a)fﬂ“ (H f¢> (t)) ,
QC{1,2,...,n},0<#Q<n i€Q igQ

S0
tﬂ N n
ml Efi )+ (=1)" a—|—1 Hfz
> — > (—1)*? (Iﬁ (H fi) (t)> (Ia (H fi) (0) :
QC{1,2,...,n},0<#Q<n icQ i¢Q
This is implies the inequality . (I

We note on Theorem that (i) if n = 2 then we obtain the inequality (1.2)),
and (ii) if » = 3 then we obtain the inequality ([1.4]).

Theorem 2.2. Let o, 5 >0, fo >0, and let f1, fa, ..., fn be functions such that

n

[1:@) = fi(w)) = 0

i=1
for all x,y > 0, then

ta n
ﬁ -y (H ﬁ) V' rarn? (H ﬁ-) (t)

=0
S S (ﬂﬂ (H fi) <t>> (1& (H f,-) <t>)
QC{0,1,....n},0<#Q<n+1 i€Q 29
(2.2)
for allt > 0.

Proof. By the assumption, we have

//t—l‘al Blfo )+ foly H y))dxdy > 0
i=1
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for all ¢t > 0.
Similar to the proof of Theorem we have, for any t > 0,

t — )t - (x)dx t — )Pt
/O (t—x) ilzlofl( )d /O (t—y)""dy

1\ ' _ B-1 - R ! — a—1 -
+(-1) / =0 [L st / (t - x)*td

> —/0 /0 (t— )Lt — )P~ Z (—1)#{>0lz=y} (H fi(zi)> dxdy,

{z0,...2n}={z,y} i=0

() (B) . [ TP 5 (T
e (L) oS () o

=0

> - > (—1)#O-oD (F(ﬁ)lﬁ (H fi> <t)>

QC{0,...,n},0<#Q<n+1 i€Q
X (F(a)]a (H fi> (t)) :
igQ
This is implies the inequality (2.2)). a

We note on Theorem [2.2| that if n = 2 then we obtain the inequality (1.3).
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