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LOJASIEWICZ INEQUALITY IN o-MINIMAL STRUCTURES

AZZEDDINE FEKAK AND AHMED SRHIR

ABsTrRACT. Th purpose of this paper is to prove the Lojasiewicz inequality
for definable functions in polynomially bounded o-minimal structures. We give
also a description of the Lojasiewicz exponent by showing that this exponent is
a rational number for definable functions in polynomially bounded o-minimal
structures whose field of exponents is the rational numbers field Q.

1. INTRODUCTION

Let S be a compact semi-algebraic subset of R and f,g: S — R two continuous
semi-algebraic functions such that ¢g=1(0) C f~1(0). The well-known Lojasiewicz
inequality in semi-algebraic geometry (see for instance [3]) states that there exist a
positive integer p > 1 and a constant ¢ > 0 such that

|f(@)]” < clg(z)] (1.1)
for all z € S. The best exponent p in the Lojasiewicz inequality i.e. the
the smallest one is called the Fojasiewicz exponent of f with respect to g on .S,
and denoted by £s(f,g). It is shown that (see [§]) ¢s(f,g) is a rational number.
Moreover, inequality (1.1) holds with exponent £5(f, g) and some constant ¢ > 0.

The origin of the Lojasiewicz inequality (and the Lojasiewicz exponent) lies in the
distribution theory. More precisely, in the problem of the division of a distribution
by a function posed by L. Schwartz [15]. In the solution of this problem (in the full
generality by Lojasiewicz [12]), the main difficulty was to explain the structure of
real analytic sets (i.e. subsets of R described by systems of real analytic equations).
From this description of analytic sets fundamental Y.ojasiewicz inequality follows,
which is the main fact used in solution of the division problem.

The existence of the L.ojasiewicz exponent was first established by Lojasiewicz
[13] for semi-analytic functions, and by Hironaka [10] (using the resolution of sin-
gularities) in the sub-analytic context. The rationality of the Lojasiewicz exponent
for sub-analytic functions was showed by Bochnak-Risler [2]. This result has been
adapted to the p-adic case by Denef-Dries [5]. Note also that the case of semi-
algebraic functions was treated by Fekak [8]. See also Fekak-Srhir [9] for a p-adic
semi-algebraic functions version.

The aim of this paper is to extend these results to the more general setting
of o-minimal structures on the real field R. More precisely, we shall prove the
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Lojasiewicz inequality for definable functions in polynomially bounded o-minimal
structures. We show also the rationality of the Lojasiewicz exponent for definable
functions in polynomially bounded o-minimal structures whose field of exponents
is the field Q of rational numbers. The tools used in semi-algebraic geometry to
prove these results are mainly the compactness and the simple structure of semi-
algebraic sets. The techniques we will use here are an adaption of the ones used in
semi-algebraic case.

The content of the present paper is organized as follows. In section 2 we re-
call some basic definitions and facts from o-minimality. In particular, polynomially
bounded o-minimal structure is presented in detail as we are going to use it exten-
sively throughout the paper. Section 3 is devoted to the Lojasiewicz inequality. In
Section 4 our second main result (the rationality of the Lojasiewicz exponent) is
stated and proved.

2. 0-MINIMAL STRUCTURES

The notion of o-minimality is a more recent notion. It was first introduced
by Van den Dries [4] in attempt to formulate a model-theoretic axiom that could
explain many of the geometric proprieties of semi-algebraic sets. The success of this
attempt was subsequently established by Pillay-Steinhorn [14] and Knight et al. [I1]
in the most fundamental of all theorems concerning o-minimal structures. The main
property of o-minimal structures is their “tameness” which excludes “wild” sets like
the graph of the function z — sin(1/z) for z > 0. After Wilkie’s Theorem [I6]
that the field of real numbers with the exponential function is o-minimal the subject
has grown rapidly. We briefly recall now the definition of an o-minimal structure
(see also [1] or [M]):

Definition 2.1. An o-minimal structure S over R is a sequence (S, )nen of sets,
where each S, is the collection of definable subsets of R™, such that

1) Each S, is a Boolean algebra of sets.

2) All algebraic subsets of R™ are in Sy,.

3) The finite Cartesian product of definable sets are definable.

4) If A € 8,41, then 7(A) € S,,, where 7: R"1 — R" is the canonical
projection on R".

5) The elements of S; are precisely the finite unions of points and intervals of
R.

A function f: D C R"™ — R is said to be definable if its graph I'(f) is definable.

Example 2.1. 1) The class of all semi-algebraic subsets forms an o-minimal struc-
ture.

2) The class of all globally subanalytic subsets forms an o-minimal structure.

3) The class of semi-algebraic exponential subsets forms an o-minimal structure.

We will give now some results of o-minimality which we will use in this paper:

Theorem 2.2 (Definable Choice). Let D C R™ x R™ be a definable subset of
R™ x R™ and 7: R"™™ — R™ the canonical projection on R™. Then there exists
a definable function f: w(D) — R™ such that T'(f) C D.

Let us note that a subset is said to be locally closed if it is the intersection of an
open and a closed subset. Then we have:
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Proposition 2.3 ([1], Pr. 2.2.9). Let D be a locally closed definable subset of R™.

Then there is a definable homeomorphism from D onto a closed definable subset of
R+,

Theorem 2.4 ([I], Th. 3.4). Let D be a compact definable set of R™ and f: D —
R™ a continuous definable function. Then f(D) is a compact definable subset of
R™.

Definition 2.5. An o-minimal structure S over R is called polynomially bounded
if for every function f: R — R definable in S, there are d € N and M > 0 such
that for all x > M

|f ()] < 2

Example 2.2. 1) The class of all semi-algebraic subsets is polynomially bounded.
2) The class of all globally subanalytic subsets is polynomially bounded.
3) The class of semi-algebraic exponential subsets is not polynomially bounded.

3. LOJASIEWICZ INEQUALITY

Throughout this section we work with a fixed but arbitrary polynomially bounded
o-minimal structure S on R. The following proposition shows that the growth of a
continuous definable function with values in R is bounded by a polynomial:

Proposition 3.1. Let D be a closed definable subset of R™ and f: D — R a
continuous definable function. Then there exist a positive integer d and ¢ > 0 such
that for all x € D

()] < (14 [|l2]1*)
Proof. Let us put for r € R,
D.={xzeD: |z|=r}

Then D, is a compact definable subset of R™. According to Theorem we can
define a function v: R — R by

o(r) = sup{|f(z)|: z € D} if D, # 0,
0 otherwise.
The function v is definable since its graph is given by
{(r;t) eRxR: 3z e D,, t=|f(z)]andVy € D,, |f(y)| <t) or (D, =0andt=0)}-

Therefore there exist a positive integer d and a constant M > 0 such that

jo(r)] < 14
for all » > M. Let ¢ = sup {|v(r)| : » < M}. It follows that
[f(@)] < e(1+[|z]|*)?
for all x € D. This completes the proof. ([

Proposition 3.2. Let D be a locally closed definable subset of R™ and f: D — R
a continuous definable function. Let g: {x € D: f(z) # 0} — R be a continuous
definable function. Then there exists a positive integer m > 1 such that the function
x— f™(x)g(x) can be continuously extended to D by 0 when f(x) = 0.
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Proof. According to Proposition [2:3] we may assume that D is a closed definable
subset of R™. For z € D and t € R, consider

Dyp={yeD: [ly—=z| <1 and t|f(y) =1}

Then D, ; is a comact definable subset of R™. Let us define

bup{‘g(y)‘ HNVRS Da:,t} if Dw,t 7& Qv
v(x,t) =
0 otherwise.

The function v: D x R — R is well-defined and definable. Let zg € D such that
f(zo) = 0. According to [[4], C.4 Proposition], there exist a positive integer p
(independent of xy) and r(xg) > 0 such that

oo, )] < ¥
for all t > r(zp). This means that

lfW)IPlg(y)l <1 on {yeD: f(y) #0and [ly —z| <1}

for | f(y)| sufficiently small. The function fP™lg, extended by 0, is thus continuous
at xg. This is precisely the assertion of the proposition. (I

Theorem 3.3. Let D be a locally closed definable subset of R™ and f,g: D — R
two continuous definable functions such that g=*(0) C f~1(0). Then there exist a
positive integer m > 1 and a continuous definable function h: D — R such that
fMm=hg on D.

Proof. The function 1/g is continuous definable on {z € D : f(z) # 0}. By Propo-
sition there exists a positive integer m > 1 such that the function h: D — R
defined by

W) = {’ZES) if /() 0,

0 otherwise.

is continuous, definable and f™ = hg on D. O

As a corollary one gets the Lojasiewicz inequality (which is the first main result):

Corollary 3.4 (Lojasiewicz inequality). Let D be a compact definable subset of R™
and f,g: D — R two continuous definable functions such that g=1(0) C f~1(0).
Then there exist a positive integer m > 1 and ¢ > 0 such that for any x € D

[f (@)™ < clg(x)]:
Proof. We use theorem [3.3| with ¢ = sup {h(z) : z € D}. O
Corollary 3.5. Let D be a compact definable subset of R™ and f: D — R a

continuous definable function. Then there exist a positive integer m > 1 and ¢ > 0
such that for any x € D

[f(@)™ < cd(a, f7(0)):
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4. LOJASIEWICZ EXPONENT

Throughout the rest of the paper we work with a fixed but arbitrary polynomially
bounded o-minimal structure S over the real field R whose field of exponents is
the rational numbers field Q, that is for every function f: R — R definable in
S (which is not identically nul for all sufficiently large positive x), there exist a
nonzero constant ¢ and a rational number ¢ such that

f(z) ~caf
for x sufficiently large. According to Corollary we can state the following
Definition:

Definition 4.1. Let D be a compact definable subset of R” and f,g: D — R
two continuous definable functions such that g=(0) € f~1(0). The Lojasiewicz
exponent of f with respect to g on D, denoted by £p(f,g), is defined as the best
exponent 6 for which the Lojasiewicz inequality holds

f(@)]” < clg(2)]
for some constant ¢ > 0 and all x € D. More precisely,
(p(f,g) =inf{6>0: J¢>0, If(2)]% < elg(z)| forall z € D}

The next theorem shows the rationality of the f.ojasiewicz exponent for definable
functions defined over definable compact subsets:

Theorem 4.2. Let D be a compact definable subset of R™ and f,g: D — R two
continuous definable functions such that g=1(0) C f=1(0). Then the Lojasiewicz
exponent £p(f,g) of f with respect to g on D is a rational number. Moreover, there
exists a constant ¢ > 0 such that for any x € D

|f ()P0 < clg()|-
Proof. For v € R, let us put D, = {x € D: |f(z)| = |v|}- Define p: R — RT by
inf {|g(x)| : z € D,} if D, #0,
oy it st bt D
1 otherwise.

Consider

A={(v,w) eRxR: |w|=pv)}-
It is easy to see that A is a definable subset of R?. According to Theorem there
exists a definable function h: R — R such that for all v € R, we have

hw)] = inf |g(o)]

By assumption, there exist a rational number L € Q and a constant ¢ > 0 such
q

that ’
h(v) ~ cva

for v sufficiently close to 0. Therefore for v sufficiently close to 0

|7 (v)

1 »
> —clu|a-
2
It follows that for f(x) sufficiently close to 0

l9(@)| > 5 el ()]

P
q .
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This means that for |f(z)| < é and § > 0 sufficiently small, we have

2
P
(@) < =lg(@)] (4.1)
For |f(z)| = 0, the inequality (4.1) remains true since g(x) does not vanish. Thus
2
P
7@ < 2lg(a)

for all z € D. Therefore »

On the other hand, let # > 0 such that
|f(@)]” < clg()]
for any z € D and some constant ¢ > 0. It follows easily that for all v € R
[0]” < clh(v)].

We also have
clh(v)] < Juls

for v sufficiently close to 0. It follows that p < 6. Hence p <Ip(f,9). O
q q
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