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BOUNDS FOR k-GAMMA AND i-BETA FUNCTIONS

C. G. KOKOLOGIANNAKI, V. D. SOURLA

ABSTRACT. Some power product bounds are given for the functions I'y (z) and
By(z,y). The bounds for 'y (x) are k-generalization of bounds given by Starc
(2002) for the function I'(z) and the bounds for By (z,y) are new.

1. INTRODUCTION
In [I] have been introduced the k-Pochhammer symbol by
(@) =z(x+k)(x+2k)...(x+(n—1)k), z€C, keR, neNT, (11)
the T'x(x) function by
nlk™ (nk)% 1

Ti(z) =limp 0o @hr k>0, zeC/kZ™ (1.2)
and the Bg(z,y) function by
L ()T () - -
Bi(z,y) = ———== k>0, e C/kZ™, eC/kZ™. 1.3
oy) = o veC/hz, yec (13)

It is obvious that when k — 1 the above functions tend to Pochhammer symbol,
I'(x) and B(x,y) respectively, so we call them k-generalization of the corresponding
functions.

The introduction of 'y (x) and B (x,y) have been done because of their connec-
tion with the k-Pochhammer symbol, which appears in a variety of contexts, see
[1]. There is also a relation between I';(z) and measure theory , see [2].

In [I] there have been proved the basic identities of I'y (x) and By (x, y), for k > 0,
R(x) > 0 and R(y) > 0:

Ty(x) = /OOO 71~ dt (1.4)
Ty(z + k) = 2T () (1.5)

(@) = (1.6

Tw(k) =1 (1.7)

Bi(z,y) = 116/01 tEN (1 — )kt (1.8)
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Bi(,y) :/ =11 4 £F)= S g (1.9)
0
Another function related with 'y (x) function is the ¢y (z) function defined [I] by:
Iy (2)
= 1.1

which has the series representation [, [3]:

_lnk—~v 1 = x
vrlr) = — _E+an(:c+nk) (1.11)

n=1

where v = 0.57721... is Euler’s constant.

During the recent years there exist papers (see for example [2]- [7]) in which
have been proved bounds, inequalities and monotonicity properties for the functions
Tk (x) and By (x,y) and for functions involving them. The most of these results are
k-generalization of known results concerning the functions I'(x) and B(z, y).

In this paper we give bounds for T'y(x) and Bg(x,y) as power products. The
bounds concerning I'y(z) are k-generalization of corresponding bounds for I'(z)
given in [§] and we use the analogous method. The bounds concerning the By (z,y)
function seem to be new. We have to mention that in [7] the author gave bounds
for T'x(x) analogous to those in [§], but due to some mistakes, the k-generalization
does not hold.

2. MAIN RESULTS.

Theorem 2.1. The function Ty (x) satisfies the inequalities:

eE[H(n)flelnkfﬁy](sz) < Fk(l‘) <

(x + kn) wtn kmnl

k+kn (T)n.k -
Z 1y 1.n+1
(x + lm) Fn kT (n + 1)!e%[H(nJrl)*lelnk*’Y](Ifk) (2.1)
k+kn (T)n+1.k

forx >k, k>0,n=12 ..., where H(n) = ZZ:l %, ~v = 0.57721... is Euler’s
constant and ()n i is the k-Pochhammer symbol defined by . The equalities
hold for x = k.

Proof. From the series representation (1.10]) for 1, (x) we obtain:

(k) = =T (22

and
) B o] 1 _nfl 1 o] 1 03
WO =2 v - LTt L e Y

Now we apply the following proposition: ”Let g(t) be a positive strictly decreasing
function of ¢ for ¢ > 0, with lim;_,g(t) = 0, then the following inequalities

/0 g(t)dt < ;g(i) < ¢(0) —l—/o g(t)dt (2.4)
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hold”, for g(t) = =7 Since g(0) = == and [ g(t)dt = { ;=5 the inequal-
ities (2.4) become:
n—1 n
1 1 1 1 1 1
- < Yr(z) < - . 2.5
;(x+ik)2+kx+nk_wk(x)_;(x+ik)2+kx+nk (25)
We integrate the inequalities (2.5) from & to  and obtain:
n—1
1 x+kn
4= < — (k) <
ot ik k n[k—l—nk;} < Yil@) = (k) <
n n—1
1 1 1 1 x4+ kn
— — —+ -1 . 2.6
k;lJrz' §x+ik+kn[k+nk} (2:6)
Since H(n) = Z; | p» the inequalities (2.6) takes the form:
n—1
1 1 1 x+kn
—H(n)— -1 < — k) <
11 ; ik kD [IHMJ < ¥il@) — vulk) <
Hin+ 1) i {x + kn] (2.7)
— k+nkl ’

Now, we integrate the inequalities (2.7) from k to z and obtain

RUORE Zl [ﬁkﬂ po b [
<InTy(x) —Yr(k)(x—k) <
%[H(nﬂ) Zl [iikﬁ ;(x—kkn)ln[%}. (2.8)

Taking in account that 1y (k) is given by (2-2) the inequalities (2.8) take the form

£l =1 - S (] 4 L [
<InTy(z) <
%[H@H)—Hlnk 7} Zl [2““} L@+ k) n [w].(zg)
+ ik k k+nk
Finally from we obtain the desired inequalities (2 . ([l

Corollary 2.2. The function Ty (z) satisfies the inequalities

(k) EH g

2k T 2k T

forx >k, k>0 and v = 0.57721... is Euler’s constant. The equalities hold for
x=kK.

Proof. The inequalities ([2.10) become from the theorem 2.1 for n = 1. (]

k=] < Py (z) < (

Remark. Theorem 2.1 and corollary 2.2 are k-generalization of the main theorem
and corollary 1 of [8] correspondingly.
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Remark. The main theorem of [1] is not the k-generalization of the corresponding
theorem of [§], due to some mistakes.

Corollary 2.3. For x = % the inequalities become:

5/2 5/24
%e% << = ezlz =, (2.11)
Proof. For the proof we used the fact (see [3]) that Iy (2) = k1/2,/7. O

Remark. We note that the inequalities are independent of k and are exactly
the same as those given in [8] for n = 1.

Corollary 2.4. The function Ty (z) satisfies the inequalities

(5) i(knn!ei[H(n)Hlnkv](m(”“)k) <Ti(z) <

k/ (n+1)%
z 1.n+1
({) FETT (n 4 })!6%[H(n+1)71+1nkffy](:rf(n+1)k) (2.12)
k x(n+1)% ’
foraz >+ 1Dk, k>0,n=12, .., where H(n) = ZZ:I % and v = 0.57721... is

Euler’s constant. The equalities hold for x = (n+ 1)k, n > 1.

Proof. Using (1.6]) in (2.1]) we obtain:

£+n
(x+kn)k n, L'y (x) e%[H(n)—l+lnk—’y](m—k) < Fk(x) <

k+ kn " Tu(z + kn)
x + kny\ 5tn Ty (x) 1 _ (o
k’n+1 1 [ k[H(nJrl) 1+lnk 'y](:r: k:) 213
(k+kn> e+ D T k)" (2.13)

which become

(:}z ::—- Zz) IE-l-"knn!C%[H(n)71+1n k—v](z—k) < I‘k(x + kn) <
(m + kn) Etn k" (n + 1)!e%[H(n+1)*1+1nk7’Y](I*k) (2.14)
k+kn x+kn '

because of (|1.5)). By putting x + kn = y in (2.14))we obtain the desired inequalities
for y > (n + 1)k. The equalities in (2.12) hold for y = (n + 1)k, since it is known
[B] that Ty ((n + 1)k) = k™ (n + 1) O

Theorem 2.5. The function By(x,y) satisfies the inequalities:

l‘%yk kn_ln!(x + y) e—%—(n-{-l)[H(n)—l—i—ln k—’y—n—il] <
; L) =

By (z,y) <
ziyt  E"P(n+ D(n+ Dz +y) o ity —(n+D)[H (n+1) = 1+In k—y+ 715 ] (2.15)
(z+y) " ry
for x,y > (n+ 1)k, k > 0, where H(n) = ZZ:”% and v = 0.57721... is Euler’s
constant.

Proof. The inequalities (2.15)) are obtained by using the definition (|1.3)) for Bx(x,y)
B s

and the inequalities ([2.12)) for I'y(z), s (y) and m
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