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OPERATIONAL AND LIE ALGEBRAIC TECHANIQUES ON
HERMITE POLYNOMIALS

REHANA KHAN

ABSTRACT. In this paper, we derive generating relations involving multi-index
multi-variable associated Hermite polynomials Gy, n (2, y; p) by using Lie-algebraic
method. Further we use the principle of monomiality and the operational
methods to prove that this approach is more flexible than Lie algebraic tech-
niques.

1. INTRODUCTION

MThe theory of many variable many index Hermite polynomials was initially
developed by Hermite himself [9].There are two kinds of Hermite polynomials
Hy, n(z,y) and Gy, (z,y) which are usually defined with the help of a symmetric
2 x 2 matrix M. Two varirble two index Hermite polynomials are specified by the
generating function [1]

> " S .
> Hpnl(w,y) —— = exp [WTMZ - —w'Mw|. (1.1)
= m!n! 2

where T denotes the transpose and

The 2 x 2 matrixM is
- a b
= (o)
A = ac—b* >0, (a,c) > 0.
The second kind is defined for the purpose of the orthonormalization of the first
kind in the form of bio-orthogonality relations. Recently the associated orthogonal

functions have been discussed in [3] along with a number of applications to classical
and quantum mechanics [6]. The importance of these polynomials for Physical
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applications has been recognized by other authors and a partial list of refrences is
reported in [7],[8],[10],[12].Restricting ourselves to the case of two indices and two
variables, here we consider second kind i.e.associated Hermite polynomials (aHP)
Gm.n(z,y) defined by means of the generating function [1,4,9]
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Z Gm,n(xa y) -

m!n!
m,n=0

where T denotes the transpose and
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= exp [ZTK— 5KTM—lg . (1.1)
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The 2 x 2 matrixM is

where

A = ac—b* >0, (a,c) > 0.

More in general one can introduce the polynomials G, ,(, y; p) defined by([1,4,9]

S G = exp |Z7K - p KTN'K] (1.2)
m,n=0
where
) 1[ 9 5 i
a5 Gmn\T,Y; = N 75— 2b5 Y5 P) L.
g, Cmn(@yin) = 3 [Cc’m dzoy oy 2} Gmnl:43) )

which is a kind of extended heat equation,with the conditions

Gmn(z,y;0) = 2™y". (1.4)
and 1
Gm,n(m7y§_§) = Gm,n(xay)~ (15)

The polynomial Gy, »(z,y; p) are linked to Gy, n(z,y) by the relation

i (2p)" 2

Gmn(z,y:p) = (1.6)

N
! (i\/@p)’ iﬂ2p)> '

The aHP G, n(z,y; p) defined by Eq.(1.2) satisfy the following differential and
pure recurrence relations:

0
Gun(T,y;0) = mGm_1a(z,9;p) ,

oz

0

By Gun(,yip) = nGmap-1(x,y;p) ,

0 1

o Gmn(z,y:p) = Z[cm(mfl)Gm—z,n(x,y;p)*QbmnGm—Ln—l(w,y;p)
+a(n —1)Gpn—a(z,y; p)]. (L.7)
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and

2c 2b
Gm+1,n(xa Y; p) = xG,,Lm(a:,y;p) + Xpme—l,n(xa Y, P) - XpnGm,n—l(xa Y, P):

2a 2b
Gm,n+1(xa Y3 p) = me,,n(xa Y; p) + TpnGm,n—l(xa Y; p) - Xpme—l,n(xa Y3 P)

(1.8)

The theory of special functions from the group-theoretic point of view, provides a
unifying formalism to deal with the immense aggregate of the special functions and
a collection of formulae such as the relevant differential equations, integral represen-
tations, recurrence formulae, composition theorems, etc., see for example [15,16].
The first significant advance in the direction of obtaining generating relations by
Lie-theoretic method is made by Weisner [17-19] and Miller [13].

Within the group-theoretic context, indeed a given class of special functions ap-
pears as a set of matrix elements of irreducible representation of a given Lie group.
The algebraic properties of the group are then reflected in the functional and differ-
ential equations satisfied by a given family of special functions, whilst the geometry
of the homogeneous space determines the nature of the integral representation as-
sociated with the family.

The 4-dimensional complex local Lie group G(0, 1) is the set of all 4 x 4 matrices
of the form

1 ce™ a T
g = 8 8 Zi 8 , bye,T €C, (1.9)
0 0 0 1
A basis for the Lie algebras G(0,1) = L[G(0,1)] is provided by the matrices
0 0 0 O 01 00
0 0 1 0 0 0 0O
+ _ - _
T = 00 0 0|’ Jo= 0 0 0 O
00 0 O 0 0 0 O
0 0 0 1 0 0 1 0
3 01 0 0 _ 00 0 O
JU = o0 0 0|’ B = o0 0 0|’ (1.10)
00 0 O 00 0 O
with commutations relations
[J3,J%F] = £J3, [J*,J7] = —E, [E,J*] = [E,J%] = 0, (1.11)

In this paper, we consider aHP G, ,(z,y;p) and derive generating relations
involving these polynomials by using representation 1, , of Lie algebra G(0,1).In
Section 2, we consider the problem of framing aHP G, .(x,y;p) into the con-
text of the representation 1, , of four dimensional Lie algebra G(0,1) and obtain
generating relations involving aHP G, »(z,y; p) and associated Laguerre polyno-
mials L% (z). In Section 3, we consider some applications of the generating relations
obtained in Section 2. Finally, in Section 4,some concluding remarks are given.
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2. Representation 1, , of G(0,1) and generating relations

The irreducible representation 1., of G(0,1) is defined for each w,u € C such
that u # 0. The spectrum S of this representation is the set {—w + &k : k a
nonnegative integer} and there is a basis (f,,)mes for the representation space V,
with the properties

Lofm = mfm, Efm = pfms T i = pfmir, I fm = (m+0) fron,
Corfm = (JTI = EJ)frm = pwfm, p#0. (2.1)
(Here f_,y—1 =0,80 J~ f_,, =0).
The commutation relations satisfied by the operators J°, J*, E are

(J3, 0% = +J%, JY,J7] = —-E, [E,JF] = [E,J)] = 0. (22

In order to obtain a realization of the representation 1, , of G(0,1) on a space
of functions of two complex variables z and y, Miller ([13]; p.104) has taken the
functions f,,(x,y) = Zn(x)e™Y, such that relations (2.1) are satisfied for all m € S,
where the differential operators J3, J*,J~, E are given by

0
J o= =
Jy 5
1
+ |- _ Z
J [ﬁx 2”4’
o 1
- - ey |z
J ‘ { ox Q'ME]
E = p. (2.3)
In particular, we look for the functions
fmn(@,y,7,85p) = Zimn (2,95 p)r™'s", (2.4)

such that
KBfm,n = mfm,n, Ifm,n = Mfm,n> K+fm,n = ,U/ferl,n

9

Kﬁfm,n - (m'i‘w)fmfl,nco,lfm,n = (K+K7_IK3)fm,n = wam,nv N#Oa
(2.5)
foralln € S.

We assume that the set of linear differential operators K+, K3, I takes the form
2cpr 0 2bpr 0

Kt = ar _———
YA ar A oy
B 10
K = —,
r Ox (2.6)
0
K = r—
or’
1 = 1

and note that these operators satisfy the commutation relations identical to (2.2).

There is no loss of generality for special function theory if we set w =0, p =1,
then in terms of the function Z,,(x), relation (2.1) reduce to ([13]; p.104(4.72))
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(dd_;x) In(@) = Zomia(a),
<CZ _ ;x) Tn(3) = MmZm 1 (3),
(_CZ; N %2 _ % _ m) Zon(z) = 0. (2.7)

Further, for the same choice of w and p and using operators (2.6), relations (2.5)
take the form

2cp 0 2bp 0O oy )
+ X % - Aay] Zm,n(l‘,yap) - m+1,n($7y7p),
2| Zslei) = mZus ey
_% mn\T, Y5 0) = Mbm—1n x,y,p),
2¢p 0  2cp 0? 20p 0?2
A+t 5: YA 92~ A dway " Fmen@win) =0

(2.8)
Again if we take the functions fy, »(x,y,7,s;p) = Zmn(z,y; p)r™s™ such that
Klgfm,n = nfm,na I/fm,n = ,ufm,m K/Jrfm,n = ,Ufm,n-i-l

)

Kl_fm,n = (n+w)fm,nflc(,),1fm,n = (KH_K/__IIKIB)fm,n = pwfmmn, p#0,

(2.9)
for all n € S,where the differential operators K'*, K'~, K’ I are
2bps 0 2aps O

K+t = — —_ —_

VTN o T A oy
k- - L9

s Oy (2.10)

0

K/3 — .

95’
I = 1

and note that these operators satisfy the commutation relations identical to (2.2).

again taking w = 0 and p = 1 relations (2.9) becomes

A T A A Zm,n(‘rvy;p) = m,n+1(x7y;p>7

Ay A oz
K Zmn(z,y;0) = mZ (z,y;p)
_ay mn\L,Y;0) = m,n—1(T,Y;P),
[ 2ap o 2ap 9% 2p 0O
Oy L2 20 T (i) = 0.
A Y%, T A a2~ A geay "] Zmn(@yie) =0

(2.11)
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Miller [13] have used relations (2.7) to compute the functions Z,,(x), which are
easily expressed in terms of parabolic cylinder functions or Hermite polynomials
H,(z). In fact,

_ m _ m ‘T m/2 _
Zn(@) = (=1)™ Dy () = (—1) exp( . )2 H,, (\/i) m=0,1,2,... .

(2.12)
Similarly, we observe that, for all n € S, the choice for fp, n(z,y,7,8;p) =
Zmn(z,y; p)r™s™ satisfy Egs. (2.8) and (2.11). It follows from the above discus-
sion that the functions fy, . (z,y,7,8;p) = G n (2, y; p)r™s™, m,n € S form a basis
for a realization of the representation 19 1 of G(0,1). By using ([13];P.18(Theorem
1.10)), this representation of G(0,1) can be extended to a local multiplier repre-
sentation T'(g), g € G(0,1) defined on F', the space of all functions analytic in a

neighbourhood of the point (2°,9° 7% 5%, p%) = (1,1,1,1,0).

Hence using operators (2.6), the local multiplier representation takes the form

[T(expalE)f](x,y,r,s;p) = exp(al)f(x,y,r,s;p),

[T(expbyJ ™) f)(x,y,7,5:p) = exp (”bl(l + C[Zolc)l )>

2pcrby 2pbrby
1 1-— :
- Sy & )
[T(experd ™) fl(zy,m,850) = f (x (1 + xr) 7y,7",s,p) ,

[T(expr1J®) fl(x,y,r,5:0) = flx,y,re™, s:p), (2.13)
for f € F, where J*, J—, J3, E are given by the matrices (1.10) and form a basis
for Lie algebra G(0,1). If g € G(0, 1) has parameters (a1,b1,c1,71) then

T(g9) = T(expaiFE)T(expbiJJ") T(expcyJ )T (expriJ?)

and therefore we obtain
(T(9)f1(x,y,7,85p) =

b 2pcrb 2pbrb
o (o0 G (o (155 5 ) o (155 o)

(2.14

~—

The matrix elements of T'(g) with respect to the analytic basis fi, »(x,y, 7, s;p) =
Gmn(z,y; p)r™s™, are the functions A;x(g), uniquely determined by 1.1 of G(O 1)
and we obtain relations

[T(g)fk)n](x,y,r,s P ZAHC fln fE y Y, Ty S5 p) kvl:031727°'~7 (215)
which on using (2.14) yields

b 2pcrb 2pbrb
oot ) (258 2) (- 52)

Z (9)Grnl(z,y; )™, k1=0,1,2,... . (2.16)
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The matrix element A, (g) are given by ([13]; p.87(4.26))
Ai(g) = exp(ar + le)clf_lLf_l(fblcl), k,1>0. (2.17)

Substituting (2.17) into (2.16) and simplifying, we obtain the generating relation
cprby 2pcrby c1 2pbrby
bi(1 G 1 — 1- ;
eXp(:vr 11+ =1 )) kn( ( + = +W),y< Ay )P

=Y a* L (=bie) G @,y p)r'F, k=10,1,2,--- (2.18)
=0

Again taking the operators (2.10) and proceeding exactly as before , we obtain
the generating relation

apsby 2pbsbs 2pasbs  co
1 1-— 1 —];
exp (ysbg( + Ay ) Gum.r <x ( ~, )Y + Ay + Js )

- Z C2riiL;7i(_b262)Gm,i(xv Y; p)siira rT= O» ]-v 27 Tt (219)
=0

3. Applications

We consider the following applications of generating relation (2.18).

I. Taking by — 0 in generating relation (2.18) and using the limit ([13];

p.88(4.29))
( ntl )cln if n>0,
n
= 0 if n<O0,

ey Lj (bicr)

(3.1)
we get

k
c k _ _
Gk,n ((!IJ+ %),y;p) = E (k l>clk lGltn(xay;p)Tl k. (32)
=0

Again, taking ¢; — 0 in generating relation (2.18) and using the limit ([13];
p.88(4.29))

0 if n>0,
C1 Ll (blcl) 10 = (—bl) 7 lf n S 07 (33)
(—n)!
we get
cprby 2pcrby 2pbrby \
exp (xrbl(l + AL )) G (m (1 + Az ) Y <1 Ay i
c- bll i Ik
= Z Gl n z,Y; p)T (34)

Similar results can be obtain from generating relation (2.19).

II. Taking p = —1/2 in generating relation (2.18) and using Eq. (1.5), we get
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crby erby brb,
exp (xrbl(l — 2A1;)> G (x (1 ~As + 3:7") Y (1 + Ay))

=> oL (=bie)Gun(,y)r'™F, k=012, (3.5)
=0
where Gy (z,y) denotes aHP of two variables given by Eq.(1.1). Similar results
can be obtain from generating relation (2.19).

III. Taking p = —1/2, —5% =y and ¥ = ¢ in generating relation (2.18)

2
exp(arby +yr°b1*) G (a? (1 LAh ;) Y (1 + W))
y

xT

= > e LT (i) G (2, y) P, (3.6)
=0

which is the correct form of a result of Miller[13]. Similar results can be obtain
from generating relation (2.19).

4. Concluding Remarks

The principle of monomiality, combined with the operational techniques, pro-
vides a powerful and flexible mean to deal with multi-variable and multi-index
polynomials than the ordinary Lie-algebraic methods used in section 2 also in [14].

In this section , we will show that Lie-algebraic methods of generalized Hermite
polynomials can be replaced by the methods developed in [2],which albeit a by-
product of the Lie-algebraic theory [13] , gives more flexiblity in the treatment of
multi-dimentional Hermite polynomials.

The associated Hermite polynomials Gy, (z,y; p) satisfies the identities

0 1 [ 02 0? 0?
- GmnlZ,Y; = —|cg5 —205—F .y m,n\T,Y;P).
8,0G (2,93 P) NG 3xay+aay2 Gmn(z,y;p)

and
Gmn(z,y;0) = 2™my™.
are defined by means of the operational rule

2 2 2
el el fol
(c—aac2 72b7€):{;8y +a—8y2 )

Gun(,y;p) = €% ay". (4.1)
The Lie-algebraic study of these polynomials can be achived by considering the
separate realizations of G(0,1) algebras and by coupling them through a similarity
£ (02 _op 02 L, 02
transform involving the operator eB oz Doy tag,z),
We can therefore apply a procedure of generalization of the Lie algebraic method
by defining the following generators of the algebra G;(0,1) & G,(0,1)

o +20pr£726pr2 L y572bps£ 2aps O

* A Ox A 9y’ Y A Ox A oy’
_ 7] _ 10
Ja = T = ey
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s (00 MY D (Mo p oo
Ja _<” o T VT A T A ay) ey

A Jr A 0Oy
E = 1. (4.2)
with commutation relations
(JPa,JE 5] = £Jabaps [T asd 8] = Saps (4.3)
where d,, 3 is the Kronecker symbol.
According to the relization asserted by Eq.(4.2) we can conclude that by means
of the operational representation in Eq.(4.1), we can transform a result involv-

ing products of the type an, »x""y" into a corresponding result for the associated
Hermite polynomials G, ,(x,y; p), namely

P (.02 _ 22 22
e’ (0312 2b daoy T 9y2 )

am,najmyn = am,nGm,n(gjay;p)' (44)
Now we extend this process to a product of two series of the relation [13]

ch_lle_l(—bc)xl = e (x40, (4.5)
1=0

with L;*(x) being associated Laguerre polynomials [11],

= —1)rx"
L,%z) = T 1 ( 4.6
(@) (a+n+ )EJ7’!F(a+7’+1)(nf1")!7 (46)
accordingly we find from Eq.(4.5) that
Z Z C1kimCzsiankim(*5101)Ln57n(*b202)€%(c<98?72b329y +a$)xmyn
m=0n=0
2 (002 _op 0% Lo 02 .
— eA( 922 2b3$3y+ 942 )e(blm+b2y) (x + cl)k(y —|— 02)5_ (47)

which on using some properties of the exponential operators, yields the generating
relation of aHP G, ,(x,y; p)

o0 o0
Z Z e F ey T L P (<bier ) Lt (—bac2) G (2, 45 )

m=0n=0
_ e(b1w+b2y7 2b1Z2bp+b12cp+bQZap)Gk S((:L’ i 2b10p _ 2b2bp n 01)7
' A A
2bzap  2b1bp )
_ ). 4.8
(y + A A + 02)7 P ( )
Again using the identity [2]
2 2 2

eWaz twaz Hgm)pmyn = Hypn(z,y,z,w | €). (4.9)

in Eq.(4.7), we obtain a generating relation of two index Hermite polynomials in
four variables

— k—m , s—n k—m s—n cp ap
Ly, —b1c1) Ly " (—baco) Hpon (2, — Y, ——
> ot (=b1c1) (=bac2) Hinn (2, o951 |

2b1 ¢ 2b2b,
%* 2p+cl)7y7

—2bp)
A

m=0n=0

_ 2bybobp | by%cp | by2ap



52 REHANA KHAN

2bsap  2b1bp
(z+ A A

teo)w | g). (4.10)

Now replacing ¢ by y, y by z, % by w and %bp by £ in Eq.(4.10), we obtain

([5];p-86(40))

Z ZC1k_m023_"Lmk_m(—b1C1)Lns_n(—bzcz)Hm,n(%y§Zaw | €)

m=0n=0
= el tbastbibal by tba W) [y (2 4 21y + bof + 1),y (2 + 202w + bi€),w | €).
(4.11)
where H,, (2,9, 2z, w | £) are defined as follows [2]
min[m,n]
er_T ) Hn—T' )
Hyn( o 5w &) = mint S S Hmerl@uorow) = gy

o ri(m —r)l(n —r)!

The interest for polynomials of the type (4.12) is manifold, they can indeed be
used in the problems involving coupled harmonic oscillators. Moreover they are
the generalized forms of the biorthogonal families of polynomials introduced by
Hermite himself [9].
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