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AN INEQUALITY INVOLVING MULTIVARIATE
LOGARITHMIC MEAN

EDWARD NEUMAN

Abstract. A generalization of Trif’s inequality (see [5, Theorem
2.2]) to the case of multivariate weighted logarithmic mean is ob-
tained.

1. Introduction and Notation

Let a and b be positive and unequal numbers. The unweighted log-
arithmic mean of a and b, denoted by L(a, b), is defined as

L(a, b) =
a− b

ln a− ln b
(1.1)

(see, e.g., [1]).
In [5] T. Trif has obtained the following inequality

L(x1, x2)L(y1, y2) < L(x1y1, x2y2) (1.2)

which is valid provided

(x1 − x2)(y1 − y2) > 0. (1.3)

The sign of inequality in (1.2) is reversed if the expression on the left-
hand side of (1.3) is negative.

A related inequality

L(x1, y1)L(x2, y2) < L(x1, y2)L(x2, y1)

holds true if 0 < x1 < x2 and 0 < y1 < y2 (see [3, Corollary A.2]).
The goal of this note is to give a proof of generalization of the in-

equality (1.2) to the case of multivariate weighted logarithmic mean
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introduced in [2]. To this aim let us introduce now notation and defi-
nitions which will be used in the subsequent section of this note.

Let

En−1 = {u = (u1, ..., un−1) : ui ≥ 0, 1 ≤ i ≤ n− 1, u1 + · · ·+ un−1 ≤ 1}

stand for the Euclidean simplex, let un = 1− u1 − · · · − un−1, and let
du = du1 · · · dun−1. For X = (x1, ..., xn) ∈ Rn

+, n ≥ 2, and a probability
measure µ on En−1 the multivariate weighted logarithmic mean Lµ of
X is defined as follows

Lµ(X) =

∫
En−1

n∏
i=1

xuii µ(u)du, (1.4)

(see [2, (2.2)]). Let us note that with n = 2 and µ(u) = 1, Lµ(a, b) =
L(a, b).

2. Main Result

We are in a position to prove the following.

Theorem 2.1. Let µ be a probability measure on En−1. Further, let
X, Y ∈ Rn

+. If xi 6= xj and yi 6= yj for all i 6= j (i, j = 1, 2, . . . , n) and
if

n−1∏
i=1

(xi − xn)(yi − yn) > 0, (2.1)

then

Lµ(X)Lµ(Y ) < Lµ(XY ), (2.2)

where

XY = {x1y1, . . . , xnyn}.
Inequality (2.2) is reversed if the direction of inequality in (2.1) is re-
versed.

Proof. Let

f(u1, . . . , un−1) =
n∏
i=1

xuii .

Applying the formula cd = exp(d ln c) to f(u1, . . . , un−1) we obtain

f(u1, . . . , un−1) = exp(u1 lnx1) · · · exp(un−1 lnxn−1) exp((1−u1−· · ·un−1) lnxn).

Hence

f(u1, . . . , un−1) = xn exp(
n−1∑
i=1

ui ln(xi/xn)). (2.3)
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Similarly, if

g(u1, . . . , un−1) =
n∏
i=1

yuii ,

then

g(u1, . . . , un−1) = yn exp(
n−1∑
i=1

ui ln(yi/yn)). (2.4)

It follows from (2.3) and (2.4) that the functions f and g are strictly
increasing/decreasing if the inequality (2.1) is satisfied. If the inequal-
ity (2.1), with the reversed direction of the inequality sign holds, then
one of these functions is strictly increasing/decreasing while the sec-
ond function is strictly decreasing/increasing. To complete the proof
it suffices to apply Chebyshev’s inequality∫

En−1

f(u)µ(u)du

∫
En−1

g(u)µ(u)du <

∫
En−1

f(u)g(u)µ(u)du

(see, e.g., [4]) which holds true provided both functions f and g are
either strictly increasing or strictly decreasing. The last inequality is
reversed if one of these functions is strictly increasing while the other
one is strictly decreasing. �
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